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Abstract. The boundedness, compactness, essential norm, Hilbert-Schmidt class and order bound-
edness of generalized weighted composition operators on weighted Bergman spaces are investi-
gated in this paper.

1. Introduction

Let D = {z : |z| < 1} be the unit disk of complex plane C and let ∂D be the
boundary of D . Denote by H(D) the class of functions analytic in D . For a ∈ D ,
σa(z) = a−z

1−az is the Möbius transformation of D .
For a subarc I ⊆ ∂D , let S(I) be the Carleson box based on I with

S(I) = {z ∈ D : 1−|I|� |z| < 1 and
z
|z| ∈ I}.

If I = ∂D , let S(I) = D . Let μ denote a positive Borel measure on D . For 0 < α < ∞ ,
we say that μ is an α -Carleson measure on D if (see [1])

sup
I⊂∂D

μ(S(I))/|I|α < ∞.

Here and henceforth supI⊂∂D indicates the supremum taken over all subarcs I of ∂D .
|I|= (2π)−1 ∫

I |dξ | is the normalized length of the subarc I . Note that α = 1 gives the
classical Carleson measure.

For 0 < p < ∞ and γ > −1, the weighted Bergman space, denoted by Ap
γ , is the

set of all functions f ∈ H(D) satisfying

‖ f‖p
Ap

γ
=
∫

D

| f (z)|pdAγ(z) < ∞,

where dAγ(z) = (γ +1)(1−|z|2)γdA(z) and dA is the normalized Lebesgue area mea-
sure in D such that A(D) = 1. This means that Ap

γ = H(D)
⋂

Lp(D,dAγ). When p = 2,
A2

γ is a Hilbert space.
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We denote the set of nonnegative integers by Z . Let ϕ be an analytic self-map
of D , u ∈ H(D) and n ∈ Z . The generalized weighted composition operator Dn

ϕ,u is
defined as follows (see [34, 36]).

(Dn
ϕ,u f )(z) = u(z) · f (n)(ϕ(z)), f ∈ H(D), z ∈ D.

If n = 0, then Dn
ϕ,u is just the weighted composition operator, which is frequently

denoted by uCϕ in the literature. When n = 0 and u(z) = 1, then Dn
ϕ,u is just the

composition operator Cϕ , which is defined by

(Cϕ f )(z) = f (ϕ(z)), f ∈ H(D).

See [2, 32] for more information about the theory of composition operators. When
u(z) = 1, Dn

ϕ,u = CϕDn . See, for example, [4, 7, 8, 9, 12, 18, 19, 21, 25, 31] for the
study of the operator CϕDn . See, for example, [5, 6, 10, 11, 13, 20, 22, 23, 24, 26, 27,
33, 34, 35, 36, 37] and the references therein for the study of the operator Dn

ϕ,u . For
some other product-type operators see, for example [16, 28, 29].

In [19], Stević studied the operator CϕDn on weighted Bergman spaces. In [30],
Ueki studied the order boundedness of the operator uCϕ : Ap

α → Aq
β . In [34], the au-

thor studied the operator Dn
ϕ,u : Ap

α → Aq
β . Among others, we prove that, under the

assumption that u ∈ A2
β , Dn

ϕ,u : A2
α → A2

β is bounded if and only if

sup
a∈D

∫
D

|u(z)|2 (1−|a|2)α+2

|1−aϕ(z)|2α+4+2n dAβ (z) < ∞.

Dn
ϕ,u : A2

α → A2
β is compact if and only if Dn

ϕ,u : A2
α → A2

β is bounded and

lim
|a|→1

∫
D

|u(z)|2 (1−|a|2)α+2

|1−aϕ(z)|2α+4+2n dAβ (z) = 0.

Motivated by results in [19, 30, 34], in this work we give another characterization
of the boundedness, compactness and essential norm of the operator Dn

ϕ,u : A2
α → A2

β .
Moreover, we study the order boundedness and the Hilbert-Schmidt class of the opera-
tor Dn

ϕ,u : A2
α → A2

β .
Recall that the linear operator T : X →Y is order bounded if T maps the unit ball

of X into an order interval of Z , namely there exists a nonnegative element P in Z
such that |T ( f )| � P for all f belongs to the unit ball of X . Here X is a quasi-Banach
space and Y a subspace of quasi-Banach Lattice Z .

Throughout the paper, we denote by C a positive constant which may differ from
one occurrence to the next. In addition, we say that A � B if there exists a constant C
such that A � CB . The symbol A ≈ B means that A � B � A .

2. Boundedness and essential norm of Dn
ϕ,u : A2

α → A2
β

In this section, we give another characterization for the boundedness, compactness
and essential norm of the operator Dn

ϕ,u : A2
α → A2

β . Hence, we first state some lemmas
which will be used in the proofs of the main results in this section.
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LEMMA 2.1. [14] Let μ be a positive measure on D , m ∈ Z and −1 < α < ∞ .
Then μ is a bounded 2+ α + 2m-Carleson measure if and only if there is a positive
constant C , depending only on α and m such that∫

D

| f (m)(z)|2dμ(z) � C‖ f‖2
A2

α

for all f ∈ A2
α . Moreover, if μ is a bounded 2+ α +2m-Carleson measure, then C =

C1C2, where C1 > 0 depends only on α and m and

C2 = sup
I

μ(S(I))
|I|2+α+2m .

Let 0 < s < ∞ . The bounded s-Carleson measure can be characterized by a global
integral condition (see [1]), namely,

sup
I

μ(S(I))
|I|s ≈ sup

a∈D

∫
D

|σ ′
a(z)|sdμ(z). (1)

LEMMA 2.2. [15] Let 0 < ρ < 1,1 � s < ∞ and let μ be a positive Borel measure
on D . Then

sup
I

μ(S(I)\Δ(0,ρ))
|I|s � sup

|b|�ρ

∫
D

|σ ′
b(z)|sdμ(z),

where Δ(0,ρ) := {z : |z| < ρ} .

LEMMA 2.3. [2] Let g and u be positive measurable functions on D , and let ϕ
be an analytic self-map of D . Then∫

D

(g ◦ϕ)(z)|ϕ ′(z)|2u(z)dA(z) =
∫

D

g(w)U(ϕ ,w)dA(z),

where U(ϕ ,w) = ∑z∈ϕ−1(w) u(z) for w ∈ D\{ϕ(0)} .

For an f (z) = ∑∞
k=0 akzk ∈ H(D) , define

Tj f (z) =
j

∑
k=0

akz
k, Rj f (z) =

∞

∑
k= j+1

akz
k.

LEMMA 2.4. Let m ∈ Z and −1 < α < ∞ . For each w ∈ D , positive integer j
and f ∈ A2

α ,

∣∣∣(Rj f (w))(m)
∣∣∣� ‖ f‖A2

α

∞

∑
k= j+1

Γ(k+ α +2+m)
k!Γ(α +2+m)

|w|k,

where Γ denotes the Gamma function.

Proof. Since f ∈ A2
α , it is clear that Rj f ∈ A2

α . Hence

(Rj f )(w) =
∫

D

(Rj f )(z)Kα (w,z)dAα (z),
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where Kα (w,z) = 1
(1−wz)a+2 is the Bergman Kernel function. Thus, by the orthogonality

of monomials zγ with respect to dAα ,

(Rj f )(m)(w) =
∫

D

Rj f (z)
Γ(α +2+m)

Γ(α +2)
zm

(1− zw)α+2+m dAα(z)

=
∫

D

f (z)
Γ(α +2+m)

Γ(α +2)
Rj

(
zm

(1− zw)α+2+m

)
dAα(z).

Using Hölder’s inequality, we get∣∣∣(Rj f )(m)(w)
∣∣∣ � Γ(α +2+m)

Γ(α +2)

∫
D

| f (z)|
∣∣∣Rj

(
zm

(1− zw)α+2+m

)∣∣∣dAα(z)

≈
∫

D

| f (z)|
∣∣∣ ∞

∑
k= j+1

Γ(k+m+ α +2)
k!Γ(m+ α +2)

wk zk+m
∣∣∣dAα(z)

� ‖ f‖A2
α

(∫
D

( ∞

∑
k= j+1

Γ(k+m+ α +2)
k!Γ(m+ α +2)

|w|k|z|k+m
)2

dAα(z)

) 1
2

� ‖ f‖A2
α

∞

∑
k= j+1

Γ(k+m+ α +2)
k!Γ(m+ α +2)

|w|k. �

THEOREM 2.1. Let ϕ be an analytic self-map of D , −1 < α,β < ∞,n ∈ Z and
u ∈ H(D) . Then Dn

ϕ,u : A2
α → A2

β is bounded if and only if

sup
b∈D

∫
D

|σ ′
b(ϕ(z))|2+α+2n|u(z)|2dAβ (z) < ∞. (2)

Proof. First we assume that (2) holds. Let dμ(z) = |u(z)|2dAβ (z) . By (1) and
Lemma 2.3 we have

sup
I

μ ◦ϕ−1(S(I))
|I|2+α+2n ≈ sup

b∈D

∫
D

|σ ′
b(w)|2+α+2ndμ ◦ϕ−1(w)

= sup
b∈D

∫
D

|σ ′
b(ϕ(z))|2+α+2n|u(z)|2dAβ (z) < ∞. (3)

For any f ∈ A2
α , by Lemmas 2.1 and 2.3, and (3) we have

‖Dn
ϕ,u f‖2

A2
β
≈
∫

D

|Dn
ϕ,u f (z)|2dAβ (z) =

∫
D

| f (n)(w)|2dμ ◦ϕ−1

� sup
I

μ ◦ϕ−1(S(I))
|I|2+α+2n ‖ f‖2

A2
α

< ∞.

Thus Dn
ϕ,u : A2

α → A2
β is bounded.

Conversely, assume that Dn
ϕ,u : A2

α → A2
β is bounded. For any a ∈ D , set

fa(z) = (
1−|a|2

(1− az)2 )
α+2

2 , z ∈ D.
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Then ‖ fa‖A2
α
≈ 1. Let I ⊂ ∂D , and let ζ ∈ ∂D be the center of arc I and b = (1−

|I|)ζ ∈ D. Then

f (n)
b (z) =

Γ(2+ α +n)
Γ(2+ α)

(1−|b|2) α+2
2 b

n

(1− bz)2+α+n

and

| f (n)
b (z)|2 � 1

(1−|b|)2+α+2n , z ∈ S(I).

Thus, by the boundedness of Dn
ϕ,u : A2

α → A2
β , we get

∞ > ‖Dn
ϕ,u‖2‖ fb‖2

A2
α

� ‖Dn
ϕ,u fb‖2

A2
β

=
∫

D

| f (n)
b (ϕ(z))|2|u(z)|2dAβ (z)

=
∫

D

| f (n)
b (w)|2dμ ◦ϕ−1(w) �

∫
S(I)

1
(1−|b|)2+α+2ndμ ◦ϕ−1(w) ≈ μ ◦ϕ−1(S(I))

|I|2+α+2n ,

for all I ⊂ ∂D . By (1) and Lemma 2.3 we have

sup
b∈D

∫
D

|σ ′
b(ϕ(z))|2+α+2n|u(z)|2dAβ (z) = sup

b∈D

∫
D

|σ ′
b(w)|2+α+2ndμ ◦ϕ−1

≈ sup
I

μ ◦ϕ−1(S(I))
|I|2+α+2n < ∞.

This completes the proof of this theorem. �
THEOREM 2.2. Let ϕ be an analytic self-map of D , −1 < α,β < ∞,n ∈ Z and

u ∈ H(D) . Suppose that Dn
ϕ,u : A2

α → A2
β is bounded. Then

‖Dn
ϕ,u‖2

e,A2
α→A2

β
≈ T,

where

T := limsup
|b|→1

∫
D

|σ ′
b(ϕ(z))|2+α+2n|u(z)|2dAβ (z).

Proof. First we prove that ‖Dn
ϕ,u‖2

e,A2
α→A2

β
� T. Let b ∈ D . Set

fb(z) =
( 1−|b|2

(1− bz)2

) α+2
2

, z ∈ D.

We have ‖ fb‖A2
α
≈ 1 and fb → 0 weakly in A2

α as |b| → 1. Thus ‖K( fb)‖A2
β
→ 0 as

|b| → 1 for every compact operator K : A2
α → A2

β . Thus,

‖Dn
ϕ,u−K‖2

A2
α→A2

β
� limsup

|b|→1
‖Dn

ϕ,u( fb)−K( fb)‖2
A2

β

� limsup
|b|→1

‖Dn
ϕ,u( fb)‖2

A2
β
− limsup

|b|→1
‖K( fb)‖2

A2
β

= limsup
|b|→1

‖Dn
ϕ,u( fb)‖2

A2
β
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for every compact operator K : A2
α → A2

β . By Lemma 2.3 we have

limsup
|b|→1

‖Dn
ϕ,u( fb)‖2

A2
β
≈ limsup

|b|→1

∫
D

| f (n)
b (w)|2dμ ◦ϕ−1

= limsup
|b|→1

∫
D

∣∣∣Γ(2+ α +n)
Γ(2+ α)

(1−|b|2) α+2
2 b

n

(1− bw)2+α+n

∣∣∣2dμ ◦ϕ−1

� limsup
|b|→1

∫
D

|σ ′
b(w)|2+α+2ndμ ◦ϕ−1 = T.

Therefore, from the definition of the essential norm, we obtain

‖Dn
ϕ,u‖2

e,A2
α→A2

β
= inf

J
‖Dn

ϕ,u− J‖2
A2

α→A2
β

� T.

Next, we prove that ‖Dn
ϕ,u‖2

e,A2
α→A2

β
� T. It is clear that

‖Dn
ϕ,u‖e,A2

α→A2
β

= ‖Dn
ϕ,u(Tj +Rj)‖e,A2

α→A2
β

� ‖Dn
ϕ,uTj‖e,A2

α→A2
β
+‖Dn

ϕ,uR j‖e,A2
α→A2

β

= ‖Dn
ϕ,uR j‖e,A2

α→A2
β

� ‖Dn
ϕ,uR j‖A2

α→A2
β
.

Here we used the fact that Tj is compact on A2
α . Hence

‖Dn
ϕ,u‖e,A2

α→A2
β

� liminf
j→∞

‖Dn
ϕ,uR j‖A2

α→A2
β
.

For an f (z) = ∑∞
k=0 akzk ∈ H(D) , by Lemma 2.3 we have

‖Dn
ϕ,u‖2

e,A2
α→A2

β
� liminf

j→∞
‖Dn

ϕ,uR j‖2
A2

α→A2
β

� liminf
j→∞

sup
‖ f‖

A2α
�1

‖Dn
ϕ,u(Rj f )‖2

A2
β

≈ liminf
j→∞

sup
‖ f‖

A2α
�1

∫
D

|(Rj f )(n)(ϕ(z))|2|u(z)|2dAβ (z)

= liminf
j→∞

sup
‖ f‖

A2
α

�1

∫
D

|(Rj f )(n)(w)|2dμ ◦ϕ−1. (4)

Let r ∈ (0,1) . For each f ∈ A2
α , by Lemma 2.4 we have∫

|w|�r
|(Rj f )(n)(w)|2dμ ◦ϕ−1

� ‖ f‖2
A2

α

∫
|w|�r

( ∞

∑
k= j+1

Γ(k+ α +2+n)
k!Γ(α +2+n)

|w|k
)2

dμ ◦ϕ−1(w)

� ‖ f‖2
A2

α

( ∞

∑
k= j+1

Γ(k+ α +2+n)
k!Γ(α +2+n)

rk
)2 ∫

|w|�r
dμ ◦ϕ−1.

By the boundedness of Dn
ϕ,u : A2

α → A2
β is bounded, we have u∈ A2

β . Hence by Lemma
2.3 we have ∫

|w|�r
dμ ◦ϕ−1 =

∫
|ϕ(z)|�r

|u(z)|2dAβ (z) < ∞.
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Hence

liminf
j→∞

sup
‖ f‖

A2
α

�1

∫
|w|�r

|(Rj f )(n)(w)|2dμ ◦ϕ−1 = 0. (5)

We now estimate
∫
|w|>r |(Rj f )(n)(w)|2dμ ◦ϕ−1 . By Lemmas 2.1, 2.2 and 2.3 we obtain

∫
|w|>r

|(Rj f )(n)(w)|2dμ ◦ϕ−1 � ‖Rj f‖2
A2

α
sup

I

∫
S(I)\Δ(0,r) dμ ◦ϕ−1

|I|2+α+2n

� ‖Rj f‖2
A2

α
sup
|b|�r

∫
D

|σ ′
b(w)|2+α+2ndμ ◦ϕ−1

= ‖Rj f‖2
A2

α
sup
|b|�r

∫
D

|σ ′
b(ϕ(z))|2+α+2n|u(z)|2dAβ (z). (6)

Using (4), (5) and (6), for any r ∈ (0,1) we get

‖Dn
ϕ,u‖2

e,A2
α→A2

β
� liminf

j→∞
sup

‖ f‖
A2

α
�1

∫
|w|>r

|(Rj f )(n)(w)|2dμ ◦ϕ−1

� liminf
j→∞

sup
‖ f‖

A2α
�1

‖Rj f‖2
A2

α
sup
|b|�r

∫
D

|σ ′
b(ϕ(z))|2+α+2n|u(z)|2dAβ (z)

� sup
|b|�r

∫
D

|σ ′
b(ϕ(z))|2+α+2n|u(z)|2dAβ (z).

Taking the limit as r → 1, we get the desired result. The proof is complete. �
From Theorem 2.2, we immediately get the following result.

THEOREM 2.3. Let ϕ be an analytic self-map of D , −1 < α,β < ∞,n ∈ Z and
u∈H(D) . Suppose that Dn

ϕ,u : A2
α → A2

β is bounded. Then Dn
ϕ,u : A2

α → A2
β is compact

if and only if

limsup
|b|→1

∫
D

|σ ′
b(ϕ(z))|2+α+2n|u(z)|2dAβ (z) = 0.

3. Hilbert-Schmidt operator Dn
ϕ,u : A2

α → A2
β

When α = β = 0, Čučković and Zhao [3] proved that uCϕ : A2 → A2 is a Hilbert-
Schmidt operator if and only if∫

D

|u(z)|2
(1−|ϕ(z)|2)2 dA(z) < ∞.

In this section, we generalize the above result and study the Hilbert-Schmidt operator
Dn

ϕ,u : A2
α → A2

β . For the case u = 1 see also [2]. The following result was essentially
proved in [24], but since there are some minor differences and for the completeness we
present a proof of it.
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THEOREM 3.1. Let ϕ be an analytic self-map of D , −1 < α,β < ∞,n ∈ Z and
u∈H(D) . Assume that Dn

ϕ,u : A2
α →A2

β is bounded. Then Dn
ϕ,u : A2

α → A2
β is a Hilbert-

Schmidt operator if and only if∫
D

|u(z)|2
(1−|ϕ(z)|2)α+2+2n dAβ (z) < ∞.

Proof. Let eα
m(z) =

√
Γ(m+α+2)
m!Γ(α+2) zm . Then {eα

m}∞
m=0 is an orthonormal basis for

A2
α . We have

Dn
ϕ,u : A2

α → A2
β is Hilbert-Schmidt

⇔
∞

∑
m=0

‖Dn
ϕ,u(e

α
m)‖2

A2
β

< ∞

⇔
∞

∑
m=0

∫
D

|u(z)|2|(eα
m)(n)(ϕ(z))|2dAβ (z) < ∞

⇔
∫

D

|u(z)|2
∞

∑
m=n

Γ(m+ α +2)
m!Γ(α +2)

(n−1

∏
j=o

(m− j)
)2|ϕ(z)|2m−2ndAβ (z) < ∞

⇔
∫

D

|u(z)|2
(1−|ϕ(z)|2)α+2+2n dAβ (z) < ∞. �

From the last theorem, we easily get the following result.

COROLLARY 3.1. Let ϕ be an analytic self-map of D such that ‖ϕ‖∞ < 1 , −1 <
α,β < ∞ and n ∈ Z . Then for any u ∈ A2

β , Dn
ϕ,u : A2

α → A2
β is a Hilbert-Schmidt

operator.

THEOREM 3.2. Let ϕ be an analytic self-map of D and u ∈ H(D) . Let −1 <
α,β < ∞ , n ∈ Z such that β > 2n−1+ α . If∫

D

|u(z)|2(1−|z|2)β−α−2−2ndA(z) < ∞,

then Dn
ϕ,u : A2

α → A2
β is a Hilbert-Schmidt operator.

Proof. From page 41 of [2], we have

1−|z|2
1−|ϕ(z)|2 � 2

1+ |ϕ(0)|
1−|ϕ(0)| ,

which implies that∫
D

|u(z)|2(1−|z|2)β

(1−|ϕ(z)|2)α+2+2n dA(z)

� 2α+2+2n
∫

D

|u(z)|2(1−|z|2)β

(1−|z|2)α+2+2n

(1+ |ϕ(0)|
1−|ϕ(0)|

)α+2+2n
dA(z)

�
∫

D

|u(z)|2(1−|z|2)β−α−2−2ndA(z) < ∞.
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Here we use the fact that 1+|ϕ(0)|
1−|ϕ(0)| is a constant. By Theorem 3.1, we see that Dn

ϕ,u :

A2
α → A2

β is a Hilbert-Schmidt operator. �
The above theorem gives a sufficient condition for Dn

ϕ,u : A2
α → A2

β to be a Hilbert-
Schmidt operator for any ϕ . However, when ϕ is an automorphism of D , we prove
that this condition is also a necessary condition.

THEOREM 3.3. Let u ∈ H(D) , −1 < α,β < ∞ and n be a nonnegative integer
such that β > 2n−1+α . Assume that ϕ is an automorphism of D . Then Dn

ϕ,u : A2
α →

A2
β is a Hilbert-Schmidt operator if and only if

∫
D

|u(z)|2(1−|z|2)β−α−2−2ndA(z) < ∞.

Proof. We only need to prove the necessary part. Suppose that Dn
ϕ,u : A2

α → A2
β is

a Hilbert-Schmidt operator. For a ∈ D , let ϕ(z) = λ a−z
1−az where |λ | = 1. After some

calculation, we have

(1−|z|2) � 1−|a|
1+ |a|(1−|ϕ(z)|2).

Hence by Theorem 3.1 and the fact that 1+|a|
1−|a| is a constant, we get

∫
D

|u(z)|2(1−|z|2)β−α−2−2ndA(z) �
(1+ |a|

1−|a|
)α+2+2n∫

D

|u(z)|2(1−|z|2)β

(1−|ϕ(z)|2)α+2+2n dA(z)

< ∞. �

4. Order boundedness of Dn
ϕ,u : A2

α → A2
β

In this section, we investigate the order boundedness of Dn
ϕ,u : A2

α → A2
β .

THEOREM 4.1. Let ϕ be an analytic self-map of D , −1 < α,β < ∞ , n ∈ Z and
u ∈ H(D) . The operator Dn

ϕ,u : A2
α → A2

β is order bounded if and only if

∫
D

|u(z)|2
(1−|ϕ(z)|2)2+α+2n dAβ (z) < ∞. (7)

Proof. First we assume that Dn
ϕ,u : A2

α → A2
β is order bounded. Then, for any

f ∈ A2
α with ‖ f‖A2

α
� 1, there exists a nonnegative function g ∈ L2(D,dAβ ) such that

|Dn
ϕ,u f (z)| � g(z)

for almost every z ∈ D . For any z ∈ D , set

hz(a) =

(
1−|ϕ(z)|2

(1−aϕ(z))2

) α+2
2

, a ∈ D.
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A simple computation shows that hz ∈ A2
α with ‖hz‖A2

α
� 1. So

|ϕ(z)|n|u(z)|
(1−|ϕ(z)|2) (α+2)

2 +n
� |Dn

ϕ,uhz(z)| � g(z).

Since g ∈ L2(D,dAβ ) , the above inequality implies

∫
|ϕ(z)|>1/2

|u(z)|2
(1−|ϕ(z)|2)α+2+2n dAβ (z) �

∫
D

|g(z)|2dAβ (z) < ∞. (8)

On the other hand, set

k(z) =
zn

‖zn‖A2
α

, z ∈ D.

Here

‖zn‖A2
α

=

√
(α +1)Γ(n+1)Γ(α +1)

Γ(n+2+ α)
.

It is clear that k ∈ A2
α with ‖k‖2

A2
α

= 1. So,

|u(z)| � |Dn
ϕ,uk(z)| � g(z), z ∈ D.

Since g ∈ L2(D,dAβ ) , the above inequality implies u ∈ A2
β . Hence

∫
|ϕ(z)|�1/2

|u(z)|2
(1−|ϕ(z)|2)α+2+2n dAβ (z) �

∫
|ϕ(z)|�1/2

|u(z)|2dAβ (z) < ∞. (9)

From (8) and (9), we get

∫
D

|u(z)|2
(1−|ϕ(z)|2)α+2+2n dAβ (z) < ∞.

Conversely, assume that (7) holds. By a classical estimate (see, e.g., a general
point-value estimation in Lemma 5 of [17]), for any f ∈ A2

α , we have

|Dn
ϕ,u f (z)| = |u(z)| · | f (n)(ϕ(z))| � cn,α

|u(z)|
(1−|ϕ(z)|2) α+2

2 +n
‖ f‖A2

α
, z ∈ D, (10)

and so

‖Dn
ϕ,u f‖2

A2
β

� cn,α

∫
D

|u(z)|2
(1−|ϕ(z)|2)2+α+2n dAβ (z) · ‖ f‖2

A2
α

< ∞.

Here cn,α is a constant depending only on n and α . Therefore Dn
ϕ,u : A2

α → A2
β is

bounded.
Now take a function f ∈ A2

α with ‖ f‖A2
α

� 1. From (10),

|Dn
ϕ,u f (z)| � cn,α |u(z)|

(1−|ϕ(z)|2) α+2
2 +n

,
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for any z ∈ D . Set

g = cn,α |u|(1−|ϕ |2)− α+2
2 −n.

Then the assumed condition implies g ∈ L2(D,dAβ ) and g � 0. Moreover, |Dn
ϕ,u f | �

g . That is, Dn
ϕ,u : A2

α → A2
β is order bounded. This completes the proof. �
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[11] S. LI AND S. STEVIĆ, Weighted differentiation composition operators from the logarithmic Bloch
space to the weighted-type space, An. Stiint. Univ. “Ovidius” Constanta Ser. Mat. 24 (3)(2016), 223–
240.

[12] Y. LIANG AND Z. ZHOU, Essential norm of the product of differentiation and composition operators
between Bloch-type space, Arch. Math. 100 (2013), 347–360.

[13] X. LIU AND S. LI, Differences of generalized weighted composition operators from the Bloch space
into Bers-type spaces, Filomat, 31 (6)(2018), 1671–1680.

[14] D. LUECKING, Forward and reverse Carleson inequalities for functions in Bergman spaces and their
derivatives, Amer. J. Math. 107 (1985), 85–111.
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[17] S. STEVIĆ, Integral-type operators from a mixed norm space to a Bloch-type space on the unit ball,
Siberian Math. J. 50 (6) (2009), 1098–1105.
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[26] S. STEVIĆ, Weighted iterated radial operators between different weighted Bergman spaces on the unit
ball, Appl. Math. Comput. 218 (2012), 8288–8294.
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