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FURTHER IMPROVEMENT OF AN
EXTENSION OF HOLDER-TYPE INEQUALITY

JULIE JAKSETIC, JOSIP PECARIC AND KSENIJA SMOLJAK KALAMIR*

(Communicated by S. Varosanec)

Abstract. In 1995 Pearce and Pecari¢ proved an extension of Holder’s inequality. In this paper
we extend their result in a measure theoretic sense and further improve it using log-convexity of
related linear functionals. Moreover, we study the action of related linear functionals on families
of exponentially convex functions.

1. Introduction

In [10] Pearce and Pecari¢ proved an extension of Holder’s inequality using the
following generalization of Steffensen’s inequality.
THEOREM 1.

(i) Suppose that f and g are integrable functions on |a,b], f is nonincreasing and
A > 0. If a positive function g satisfies the condition

l/g xa/g (1)

for every x € [a,b], then

12 (g 11 5
fg() / 1 @

while if a positive function g satisfies

) / ()t < (b—x) / ’ o(t)dr 3)

forevery x € [a,b], then

- f f(2)g(t)dr
At RLA R A
b— lf() J2 g(r)ar

In either case equality holds if f is constant.

)
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(ii) If f is nondecreasing, the reverse inequalities hold in (2) and (4).
In the following theorem we recall the aforementioned extension of Holder’s in-
equality from [10].
THEOREM 2. Let f and g be two integrable and positive functions defined on
[a,b] and let M, K be real numbers satisfying a < K < M < b.

(i) Suppose that for every x € [K,b] we have

1 X 1 b
—= [ s0a < [ s )

1

that p>1, p~'4q~

/ahf(t)g(t)dt < (/quP(t)dz) v (/aMgM(t)dt> l/q, (6)

g(t):{g(t), a<t<K

e [Pe(t)dr, K <t<M.

=1 and that f is nonincreasing. Then

where
(7)
The inequality in (6) is reversed if p < 1 and f is a nondecreasing function. In
both cases, equality holds in (6) if

fr(t)=cg’(t), a<i<M
(where c is constant) and

f(t) :f(K)7 re [K7b}'

(ii) Suppose that for every x € [a,M] we have

1 M 1 M
| soan< s [ e ®)

1

that p>1, p~'+q~

/ubf(t)g(t)dt < (/bel’(t)dt) v (/KbgLI(t)dt> 1/!1, 9)

3(t) = {Aﬁﬁ”g(t)dt, K<t<M

=1 and that f is nondecreasing. Then

where

g(r), M <t <b. (10)

The inequality in (9) is reversed if p < 1 and f is a nonincreasing function. In
both cases, equality holds in (9) if

fP(r)=cg?(t), K<t<b

(where c is constant) and
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In [13] Pecari¢ and Smoljak improved the above extension of Holder’s inequality
using log-convexity. The aim of this paper is to obtain further improvement of an
extension of Holder’s inequality in measure theory settings. For this purpose we use
generalization of Steffensen’s inequality for positive measures. First, let us recall that
over the years Steffensen’s inequality has been generalized in measure theory settings
for various motivations, for example see [3], [4], [5], [7], [8], etc. For a complete survey
see [14]. Throughout the paper by #([a,b]) we denote Borel o -algebra on [a,b].

Let us conclude the introduction by generalization of Steffensen’s inequality for
positive measures proved in [9].

THEOREM 3. Let U be a finite, positive measure on B([a,b]), f:[a,b] — R
nonincreasing, right-continuous function . Then

Jaw FOG@)du (1) B Jaara) SO)du(r)
Jap GOau(t) = p(la,a+A))

ifand only if G : [a,b] — R is p—integrable function and A is a positive constant such
that

(11)

Jia GOARE) _ pi([a.x))
Jup G@)du(t) = u(la,a+2

for every x € |a,b], assuming [y, ;) G(t)dpu(t) > 0.
For an increasing, right-continuous function f : [a,b] — R inequality (11) is reversed.

5y and /[Xﬁb}G(t)du(t)>O, (12)

2. Extension of Holder’s inequality for positive measures

By simple modification of Theorem 3 for an interval [a,a+ A] and using similar
reasoning for an interval (b— A,b] we have the following generalization of Steffensen’s
inequality for positive measures.

THEOREM 4.

(i) Let U be afinite, positive measure on 9B([a,b]). Suppose that g is |1—integrable
function on |a,b], f is nonincreasing, right-continuous function on [a,b] and A
is a positive constant. If a positive function g satisfies the condition

ullaa+2)) [ g0 <) /[ , 00 (13)

[a.x) a,
for every x € [a,b], then
o ORI Foea FOIR )
Jap8@du(e) = p(la,a+A))

while if a positive function g satisfies the condition

u((b—.,0)) /[ ,,8(04m(0) < (b /[ g(1)du(r) (15)

a,b]

(14)
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for every x € [a,b], then

Ji 2 fOARE) _ Jay FO50)d(0)
W28 S fuys@dut)

In either case equality holds if f is constant.

(16)

(ii) If f is nondecreasing, right-continuous function, the reverse inequalities hold in
(14) and (16).

Using the above generalization of Steffensen’s inequality we obtain the following
extension of Holder’s inequality for positive measures.

THEOREM 5. Let [ be a finite, positive measure on AB([a,b]). Let f and g
be two [ —integrable and positive functions defined on |a,b| and let M, K be real
numbers satisfying a < K <M < b.

(i) Suppose that for every x € [K,b] we have

1 / 1
e [ e a0 < s [ gdu@), A
BK) Jico SO S G iy SO0
that p> 1, p~' +q ' =1 and that f is a nonincreasing, right-continuous func-
tion. Then
1/p 1/q
[ foeoaun < ([ o) ([ oown) L as)
[a,b] [a,M] [a,M]
where
R 8(1), a<t <K
8(t) = (19)
v {mmgow(r), K<i<M.

The inequality in (18) is reversed if p < 1 and f is a nondecreasing, right-
continuous function.

(ii) Suppose that for every x € [a,M] we have

m/w]g(t)d” 1)< m /[Q’M]g(t)du(t), (20)
that p > 1, p*l +q*1 =1 and f is a nondecreasing, right-continuous function.
Then

1/1’ 1/q
I (/ frindut ) (/ g“f(t)du(t)) e
[a,b] (K4
where

1
8(1) = {@f[a,M]g(I)d.u(I)a K<t<M 22
g(t

), M<t<b.

The inequality in (21) is reversed if p <1 and f is a nonincreasing, right-
continuous function.
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Proof.

(i) Let A =M — K and replace a by K in Theorem 4 (i). Now, by (17) we have that
condition (13) is satisfied. Hence, (14) holds, that is

1
[K7b]f(f)g(’)d“(’)<M/Kb] / 1
:/ F(0&()du ().
[K.M)

[, fosoau = [ rosan+ [ r0)swau)

< [ SR+ [ g

[a.K)

= [ ra0dn).
[a.M]

So,

Now using Holder’s inequality, inequality (18) follows.

(ii) Let A =M — K and replace b by M in Theorem 4 (ii). Now, by (20) we have
that condition (15) is satisfied. Since f is nondecreasing reversed inequality in
(16) holds, that is

1
/ FO8OR0) < s /[mM]g(t)du(t) oy SO0

= [ r08an).
(K.M]
/w]f(t)g(t)dﬂ(t) = /[%M] f(t)g(t)du(t)+/(M7h] F(0)g()du(t)

< [ O8O+ [ 7080w

(K.M]

= | f(0)&)du().

(K,b]

So

Now using Holder’s inequality, inequality (21) follows.

The other cases follow similarly. [

COROLLARY 1.
(i) Suppose the assumptions of Theorem 5(i) are satisfied and further g is nonin-
creasing. Then Theorem 5(i) is also valid if condition (17) is replaced by

1
80K) < e e S0
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(ii) Suppose the assumptions of Theorem 5(ii) are satisfied and further g is nonde-
creasing. Then Theorem 5(ii) is also valid if condition (20) is replaced by

1
800 < SRR oy B

Proof. 1If g is nonincreasing, then

! 1
R e O <80 < Sy fy 80

that is, (17) holds. Similarly, if g is nondecreasing, then

1 1
1 (fx, M]) /[X,M] g()dult) <sM) < s /[aM]g(t)dt,
that is, (20) holds. [

3. Applications

We begin with definitions and properties of classes of exponentially convex and
n-exponentially convex functions. For more details see [1], [2], [6] and [11].

DEFINITION 1. A function f: 1 — R is exponentially convex on I if it is contin-
uous on / and

i EEif (xi+xj) =0

iji=1
forall n € N and all choices § € R,i=1,...,n such that x; +x; € I, 1 <i,j <n.

DEFINITION 2. A function f:1 — R is n—exponentially convex in the Jensen

sense on I if
Xi+x
Z &&if ( ’) >0

i,j=1

forall choices & € R, x; €1. f is n—exponentially convex on I if itis n—exponentially
convex in the Jensen sense and continuous on /.

REMARK 1.
(1) f(x) =™ is exponentially convex on R, for any o € R.

(ii) g(x) =x"% is exponentially convex on (0,e), for any a > 0.

2
Z E&if (X’H’) = (_21 éieaf) > 0 or from Theorem ??
=

i,j=1

In the following lemma we give a family of functions which is useful in construct-
ing exponentially convex functions. This family was also used in [9] so we omit the
proof.



FURTHER IMPROVEMENT OF AN EXTENSION OF HOLDER-TYPE INEQUALITY 1167

LEMMA 1. For p € R let ¢p: (0,00) — R be defined with
xP
Pplx) =147 (23)
logx, p=0.

Then x +— @p(x) is increasing on (0,0) for each p € R and p — @,(x) is exponentially
convex on (0,0) for each x € (0, )

Using characterization of convexity by monotonicity of first order divided differ-
ences it follows (see [12, p. 4]):

THEOREM 6. Let I C R be an open interval. Let f: 1 — (0,00) be log-convex,
differentiable function on I and M : 1 x I — (0,c0) be defined with

1
f) )=y .
()", i
exp(f((;c)))7 X =)y
If x1,x2,y1,y2 €I such that x1 < X2, y1 <2 then
M(xlayl) <M(X27Y2)~

Let @, be defined by (23). Under assumptions of Theorem 5 (i), let us define the
following linear functional

L(ppof) = /(pp / @p(f(2)8(t)du(r) (24)

M(x7y) =

which is positive on a class of nondecreasing, right-continuous functions f.
Also, we have that —£(¢, o f) is positive on a class of nonincreasing, right-
continuous functions f.

THEOREM 7. Let @ : R — R be defined with

@(p) = L(@pof)

where £ is defined with (24), @, is defined by (23) and f is a nondecreasing, right-
continuous function. Then the following statements hold:

(i) The function @ is continuous on R.

(ii) If ne N and py,...,p, € R are arbitrary, then the matrix

()],

is positive semidefinite. Particularly,

det [CD (M)] >0.
2 k=1
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(iii) The function ® is exponentially convex on R.
(iv) The function @ is log-convex on R.

(v) If r,s,t € R are such that r < s <t, then
D(s) " < D(r) D).

Proof. (i) Continuity of the function p — ®(p) is obvious for p € R\ {0}. For
p =0 itis directly checked using Heine characterization.

(i)LetneN, &, p;eR, (i=1,...,n) be arbitrary and define auxiliary function
¥:(0,00) = R by

¥ = Y & rson ().

Jk=1

Since s
n pj-1
W (x) = (2 éjx2> >0
J=1

we have that W is increasing on (0,e0).

By (17), condition (13) is satisfied with A = M — K and a replaced by K. Hence,
by Theorem 4, the reverse inequality in (14) holds, so for a nondecreasing function
Yo f we obtain

Y(f(0)g()du(r) > W(f(1)8(0)du (o).

[K,b] [K.M]
By definition
WS (1)g(r)du(e) =/ Y (0)&)du(),
[a,K) [a,K)

so we obtain

Y(f(0)g(0)du(r) > P (0)8(0)du),

[a,b] [a,M]
thatis, £(¥ o f) > 0. This is means that

()],

is a positive semi-definite matrix.
(iii), (iv), (v) are simple consequences of (i) and (ii). [J

REMARK 2. Similarly as in Theorem 7 we obtain that for a nonincreasing, right-
continuous function f statements of Theorem 7 hold for —®(p).
Hence, the following inequality holds true

D)7 < @)@ (e) " (25)

for every choice r,s,# € R such that r <s <t.
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In the following theorem we obtain an improvement of Holder-type inequality in
measure theory settings.

THEOREM 8. Let U be a finite, positive measure on %B([a,b]). Let f and g be
two [L—integrable and positive functions defined on [a,b], let § be defined by (19) and
let M, K be real numbers satisfying a < K <M < b. Suppose that for every x € [K, b]
we have (17).

-1

(i) Suppose that p>1, p~' +q7' =1, 1 <s <t and that f is a nonincreasing,

right-continuous function. Then

(Lo o) (o gq(t)"’“(’))l/q‘/[a,m F0)50)du(0)

If p <1 and f is a nondecreasing, right-continuous function, then

osoaso ([ roao) ([ sown)”

—1 1-s

> [@(s)] 7 [@(1)] .

@

1

(ii) Suppose that p> 1, p~' +q~' =1, r <s <1 and that f is a nonincreasing,

right-continuous function. Then

1/p 1/q
( S fp(t)du(t)) ( S gq(t)du(t)) [, Soeauto
> [~0(s)] 7 [~@(r)]

If p< 1 and f is a nondecreasing, right-continuous function, then

[, f0an- (., roao) v ( [ #0au() ) "

> [@(s)] 5 [@(r)]

[a.M]

—

|
<

Proof.

(i) Taking substitution » — 1 in (25) and then raising both sides of inequality (25)
to the power ﬁ we obtain
1-=s

B(1)] > [@(s)] 7 [D(1)|

For a nonincreasing function f, we have

@(1)] = —@(1) = /[M_M] FO)@(0)dp () - /[ F(0)g(0)du(r) > 0.

a,b]
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Now by Holder’s inequality we have

> f@)§@)du(t)— [ f1)g(r)du(r)

[a,M] [a,b]

=—0(1) > [~P(s)]

1=s

(]

—

~
©

Hence, we obtain (26).

For a nondecreasing function f, we have

@l =e()= | @0~ [ | F0f0du) >0

Now by Holder’s inequality for p < 1 we have

[, Fosann- ( / f”(t)du(t)> W ( L gq<t>du<t>) "

/f (o)~ [ 0g@du()

a,M
t—1

= 0(1) > [@(s)] ™ [@(z)}?—.
Hence, we obtain (27).

(i) Similar to the proof of (i), taking substitution t — 1. [

Let ¢, be defined by (23). Under assumptions of Theorem 5 (ii), let us define the
following linear functional

Rgpos)= [ oo(a0an)~ [ opr0)san) @8
B a,
which is positive on a class of nondecreasing, right-continuous functions f.
Also, we have that —91(¢, o f) is positive on a class of nonincreasing, right-

continuous functions f.

THEOREM 9. Let V' : R — R be defined with

Y'(p) =N (@yof)
where N is defined with (28), @, is defined by (23) and f is a nondecreasing, right-
continuous function. Then the following statements hold:

(i) The function T is continuous on R.

(ii) If n€ N and py,...,pn € R are arbitrary, then the matrix

()

is positive semidefinite. Particularly,

det [r (Mﬂ >0.
2 k=1
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(iii) The function Y is exponentially convex on R.
(iv) The function T is log-convex on R.

(v) If r,s,t € R are such that r < s <t, then
Y(s) <Y ()T E)

Proof. Similar to the proof of Theorem 7. [

REMARK 3. Similarly as in Theorem 9 we obtain that for a nonincreasing, right-
continuous function f statements of Theorem 9 hold for —Y'(p).
Hence, the following inequality holds true

Y(s) < ErT (29)
for every choice r,s,# € R such that r < s <.

In the following theorem we obtain another improvement of Holder-type inequal-
ity in measure theory settings.

THEOREM 10. Let U be a finite, positive measure on B(|a,b]). Let f and g be
two [L—integrable and positive functions defined on |a,b), let § be defined by (22) and
let M, K be real numbers satisfying a < K < M < b. Suppose that for every x € [a, M|
we have (20).

-1

(i) Suppose that p>1, p~' +q ' =1, 1 <s <t and that f is a nondecreasing,

right-continuous function. Then

( o (t)> r ( [, &0 (t)> Ve [, fe)auts)

1—s

> [Y(s)] = X)) .

If p <1 and f is a nonincreasing, right-continuous function, then

[, sosoane ([ roao) ([ o)

> [-Y(s)]7

._

—_
|

£

~

HRICIEE

1

(ii) Suppose that p> 1, p~'4+q ' =1, r <s <1 and that f is a nondecreasing,

right-continuous function. Then

(f ) N (/. #0au) = , f0s0au()

> (Y ()] X ()] .

If p <1 and f is a nonincreasing, right-continuous function, then

[, sosoane ([ roao) ([ o)

> [T Y]

“
|

r
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Proof. Similar to the proof of Theorem 8. [

We continue with Lagrange-type mean value theorems.

THEOREM 11. Let f be a nondecreasing, right-continuous function and let y €
C'[f(a),f(b)]. Let £ be a linear functional defined with (24). Then there exists & €

[f(a),f(b)] such that
L(yo f)=vy'(§)L(idof),

where id(x) = x.

Proof. Since y € C[f(a), f(b)] there exist

m=  min "(x) and M= max "(x).
xe[f(a),f(D)] V) x€(f(a),f(D)] V)

Denote hj(x) = Mx— y(x) and hy(x) = y(x) —mx. Then
Hy(x) =M —y'(x) >0
Pyx) = ¥/ (x) —m > 0

so Ay and hy are nondecreasing on [f(a), f(b)], which means that £(h; o f) > 0 and
(o f) >0 ie.
mL(idof) < L(wo f) < MEL(idof).

If £(idof) =0, the proof is complete. If £(idof) > 0, then

< L(yof)
L(idof)

and the existence of & € [f(a), f(b)] follows. O

<M

THEOREM 12. Let f be a nondecreasing, right-continuous function and let y €
C'[f(a),f(b)]. Let M be a linear functional defined with (28). Then there exists 1 €
[f(a),f(b)] such that

N(yof)=y'(n)N(idof),

where id(x) = x.

Proof. Similar to the proof of Theorem 11. [

Using, standard, Cauchy-type mean value theorem we obtain the following corol-
lary.

COROLLARY 2. Let f be a nondecreasing, right-continuous function and let 1,
v, € Clf(a), f(b)]. Then there exist &,m € [f(a), f(b)], such that

vil) _ Llwies) . wiln) _ Nyiof)
¥;(6)  L(yaof) w(n) - N(yaof)’

provided that the denominator on right sides is non-zero, where £ and 2t are linear
functionals defined with (24) and (28).

(30)
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REMARK 4. If the inverse of yj/y} exists then various kinds of means can be
defined by (30). That is

—1 7N\ —1
v (yiof) Vi N(yiof)
g:<_> ( and n=() (22T gy
2 L(y20f) 7 N(yz0f)
Particularly, if we substitute yi(x) = @,(x), ya(x) = @4(x), where ¢, is defined by
(23), in (31) and use continuous extens10n the following expressions are obtained:

( 225;2?3)’%, P#a

M(p,q) =
Lleo-(@pof)) 1 _
eXp( 2(%57‘) B 1_7)  P=4,
and
1
N (‘Ppof) P=q .
M(p,q): ( (Qoqof)) ’ p#q’

CXp( (90 (P‘PC[:;f _ll_7

By Theorem 6, if p,q,u,v € (0,o0) such that p < u, g < v then,
M(p,q) < M(u,v) and M( .q) <M(u V).

Similar as in [7] we see that we can further refine obtained results by dropping
some of analytical properties of family of functions from Lemma 1. Proofs are similar
to the ones in [7] so we omit the details.

By

C={vy,: Yp:[a,b| =R, pelJ}
let us define a family of functions from C([a,b]) such that p — [xo,x1; )| is log-convex

in the Jensen sense on J for every choice of two distinct points xo,x; € [a,b].

THEOREM 13. Let G;:J — R, be defined with

Gi(p) = £(ypo f) and G2 (p) = N(yp o f) (32)

where functionals £ and N are defined with (24) and (28), y, € € and [ is a non-
decreasing right-continuous function. Then the following statements hold, for every
i=1,2:

(i) G; is log-convex in the Jensen sense on J.

(ii) If G; is continuous on J, then it is log-convex on J and for p,q,r € J such that
p < g <r, we have
Gi(q)"" < Gi(p)" 1Gi(r)?™". (33)

(iii) If G; is positive and differentiable on J, then for every p,q,r € J such that
p <u, q<v, we have
Mi(p.q) < M;(u,v) (34



1174 J. JAKSETIC, J. PECARIC AND K. SMOLJAK KALAMIR

where A7Ii(p7q) is defined with

1
Gi(F)) p=d #+q,
Vi — (G'(q) ’ P7
Mi(p,q) = £ (Gilp) _ )
exXp Gi(p) » P=4

REMARK 5. Using inequality (33) we could also obtain improvements of Holder-
type inequality as in Theorems 8 and 10.

By
2 ={y,: yp:la,b] =R, pelJ},
let us define a family of functions from C([a,b]) such that p — [xg,x1; )] is exponen-

tially convex on J for every choice of two distinct points xo,x; € [a,b].

THEOREM 14. Let H; : J — R, be defined with

Hi(p) = £(ypo f) and Hy(p) = Ny, o f)

where functionals £ and N are defined with (24) and (28), y, € Z and f is a non-
decreasing right-continuous function. Then the following statements hold for every
i=1,2:

(i) If ne N and py,...,pn € R are arbitrary, then the matrix

|:Hi (Pk—FPm)]
2 k.m=1

is positive semidefinite. Particularly,

det [H,- (pk+pm)] >0.
2 k.m=1

(ii) If the function H; is continuous on J, then H; is exponentially convex on J.

(iii) If H; is positive and differentiable on J, then for every p,q,r € J such that
p <u, qg<v, we have

Ni(p,q) < Ni(u,v)

where Itfi(p7 q) is defined with
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