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INTEGRAL ERROR REPRESENTATION OF HERMITE
INTERPOLATING POLYNOMIALS AND RELATED
GENERALIZATIONS OF STEFFENSEN’S INEQUALITY

JosIP PECARIC, ANAMARIJA PERUSIC PRIBANIC*
AND KSENIJA SMOLJAK KALAMIR

(Communicated by J. Jakseti¢)

Abstract. Some representations of Steffensen’s inequality are obtained by using Hermite inter-
polating polynomials. The obtained representations are used to prove new generalizations of
Steffensen’s inequality for n— convex functions and to give some bounds for integrals in these
representations.

1. Introduction

We will first mention some results regarding Hermite interpolation polynomials
used in this paper (for details see [1]). Let —c <a < a; <ay < ... <a, < b < oo,
(r = 2) be given. For f € C"[a,b] there exists a unique polynomial Py of degree n—1,
called the Hermite interpolating polynomial of the function f, fulfilling the following
Hermite conditions:

P (aj) = fD(a)), 0<i<kj

N
~
N
D
M
\?V‘
_|_
~
I
S

Notice that Hermite conditions include the following particular cases:

Simple Hermite or Osculatory conditions (n = 2m,r =m, k; =1 forall j)
PO(aj) = f(aj)7 P(/)(aj) = f/(aj)v 1<j<m,
Lagrange conditions (r =n, k; = 0 for all j)

Piaj) = flaj), 1< j<n,
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Type (m,n—m) conditions (r=2,a1 =a,ap=b,1<m<n—1,ki=m—1,ky =
n—m—1)

One-point Taylor conditions (r=1,kj =n—1)
P(a) = fO(a), 0<i<n—1,
Two-point Taylor conditions (n=2m,r=2,ay =a,a =b,ky =ky =m—1)
Pi@) = 1O (@), P (b) = fO(b), 0<i<m—1.
n [1] the following result is given:

THEOREM 1. Let f € C"[a,b], and let Py be its Hermite interpolating polyno-
mial. Then

f({t)="Pult )+€H()
- ZZHZJ aj)+/ubGH,n(t,S)f(”)(s)ds7 (1)

Jj=1i=0

where H;; are fundamental polynomials of the Hermite basis defined by

kj—i kj+1
1 o) G1d ((—a)” .
Hi(t) = -———F—— - t—a;), o)
(1) it —a)kitt- kgg) kldik \ o) ;:a_,.( aj) @)
where
o(t) = [T —a) ', (3)
j=1
and Gy , is Green’s function for Hemite interpolation given by
ki e
3y %Hw), s<1,
Graltis) =3 77 . @
> Z ;}Sz) o Hij(t), s >1,
J=l+1i=

SJorall ap <s<ap1,£=0,1,...,r (ap =a, a,11 =Db).

The following lemma describes positivity of Green’s function (4) (see Beesack [3]
and Levin [6]).

LEMMA 1. Green’s function Gu ,(t,s) given by (4) has the following properties:
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(i) GH#(SS)>O7 foray <t <a, a <s<a;
) 1 ,
(ll) GHJZ(QS) < m‘w(lﬂ,
b
(iii) /u GH’n(t,s)dSZ %

The aim of this paper is to obtain some new generalizations of Steffensen’s in-
equality for n—convex functions using Hermite polynomials. The well-known Stef-
fensen inequality states ([10]) :

THEOREM 2. Suppose that f is nonincreasing and g is integrable on [a,b] with
0<g<land A = ffg(t)dt. Then we have

b b a+A
< [ wgwar< [ pwar )
b—A a a

The inequalities are reversed for f nondecreasing.

Over the years Steffensen’s inequality has been generalized in many ways. Exten-
sive overviews of generalizations of Steffensen’s inequality can be found in [7] and [9]
(see also [2], [8]).

2. Generalizations of Steffensen’s inequality by Hermite polynomial

Using Hermite polynomials we obtain the following representations of Steffensen’s
inequality.

THEOREM 3. Let —o < a<a) <ap..<a,<b<eoo, (r=2) be given points
and f € C"[a,b]. Let g,p: [a,b] — R be integrable functions such that p is positive,
0<g<land f;“t p(t)dt = [P g(t)p(t)dt. Let the function 9 be defined by

a

4 0) = {f;u ~&()p)dr, x€aa+al, ©

[Lgn)p()ar, X€la+A.bl.

Then

ath b ro ko b
| ropwa= [ ros@p@di+ Y, 3 10 a) [ @y (x)ax
a a j=1i=0 a (7)

- /ab (/ab 4 (x)GHﬂl(x,s)dx) f(")(s)ds

where H;j are defined on [a,b] by (2) and Gy 1 is Green’s function defined by (4).
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Proof. Using identity

a+A b a+A b
[ ropwar = [ rosopoa= [ o0 -gepnd- [ pegop@ar
a a a a+A

and integration by parts we have

a+A b
| s [ rwsopy

_ / Flat V)1 — g@)]p(t)di+ / Fla+2) = £(0)]g(e)p(t)dt

- /M [ / (¢ <z>>p<t>dr} af(x) /M [ etwwalase
/ G (0)df(x) / G (x)f

By Theorem 1 f/(x) can be expressed as

r kj
') =3 Hi(x) £ (a) +/b Gryn(x,8) "V (s)ds. (8)
j=1i=0 a

a j=1i=0 9)

+/ ) (x (/ Gpn1(x,9)f )(s)ds)dx.

After applying Fubini’s theorem on the last term in (9) we obtain (7). O

THEOREM 4. Let —o < a<a) < ap..<a, <b<oo, (r=2) be given points
and f € C"[a,b]. Let g,p: [a,b] — R be integrable functions such that p is positive,
0<g<land fbb_k p(t)dt = ffg(t)p(t)dt. Let the function %, be defined by

X g(t)p(t)dt X € |a,b—A],
#0= {f H1 - gl)p(dr, v (b 5] v
Then

b b b
| s [ o dt+22f’“ a)) [ @)y ()

j=1li= (11)

S /ah (/ah 4, (x)GHﬁn_l(x,s)dx) f(") (s)ds,

where H;j are defined on [a,b] by (2) and Gy 1 is Green’s function defined by (4).
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Proof. Similar to the proof of Theorem 3 using identity

b b
[rwsopwar [ swpea= [ rosopma [ 00 -g@m. o

Using Theorems 3 and 4 we can obtain the following generalizations of Stef-
fensen’s inequality by Hermite polynomials.

THEOREM 5. Let —o < a<a) <ap..<a, <b<oo, (r=2) be given points
and f € C"[a,b]. Let g,p: [a,b] — R be integrable functions such that p is positive,

0<g<1and faHL (t)dt = ffg(t)p(t)dt. Let the function ¢, be defined by (6). If f
is n—convex and

b
/ 9 (xX)Gyp—1(x,8)dx >0, s¢€a,b], (12)

then

b a+A b
| rwspa= [ rwp dt+ZZf‘“ (@) [ @wH,mdx. (3

j=1i=0

where H;; are defined on [a,b] by (2) and Gy ,—1 is Green’s function defined by (4). If
the reverse inequality in (12) holds, then the reverse inequality in (13) holds.

Proof. If the function f is n-convex, without loss of generality we can assume
that f is n—times differentiable and f(") >0 see [7, p. 16 and p. 293]. Now we can
apply Theorem 3 to obtain ( 13). [J

THEOREM 6. Let —o < a<a) <ap..<a, <b<oo, (r=2) be given points
and f € C"[a,b]. Let g,p: [a,b] — R be integrable functions such that p is positive,
0<g<1and fb A p)dt = ffg(t)p(t)dt. Let the function %, be defined by (10). If
f is n—convex and

/bgz(x)GHm,l()@s)dx >0, s€lab], (14)
then
b b t+l b
| rwsopmar< [ ropt jZlZf (@) [ G wax,  (3)

where H;; are defined on [a,b] by (2) and Gy ,—1 is Green’s function defined by (4). If
the reverse inequality in (14) holds, then the reverse inequality in (15) holds.

Proof. Similar to the proof of Theorem 5. [
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REMARK 1. Note that functions ¥;, i = 1,2 defined by (6) and (10) are nonneg-
ative. If all ky,...,k, are odd then @(x) = ITj_;(x —a;)"*! > 0 and according to
(i)-part of Lemma 1 Gy, (x,s) > 0. Therefore, in Theorems 5 and 6 it is enough to
assume that the function f* is n—convex. For the case when only one k; is even and
others are odd we have @ (x) =[T)_; (x— a;)%t!1 <0 and by Lemma 1, Gy (x,5) <O.
Hence, integrals in (12) and (14) are nonpositive and the reverse inequalities in (13) and
(15) hold.

2.1. Related results for type (m,n —m) conditions

Letr=2,a1=a,ap=b,1<m<n—1,kf=m—1 and ky =n—m— 1. In this
case

m—1 n—m—1
f0) = ¥ w0+ F m@rOe)+ /me,n(M)f(")(S)dS»
i=0 i=0 a

where

1 x— b\ k= 1\ [x—a\*
Ti(x) = 5 (x—a) (a_b> kzo( N )(b_a), (16)

1 ) _ mp—m—1-i k—1 —b k
ni(x)=i—!(x—b)’<z_z> )) (’”k )(i_l) an

k=0
and Green’s function G, is of the form
m—1 m—1—j (n— m+p l x— —a J( ) j-1 n—m
Gn(x,5) = 20 [21’ o ' (=5) } ==t 1 ba) o SSE
MRS 2) n—m—1 |yn—m— l —i (m+q—1 @=b) (b—s)"" b)! )" X—a
z |:2q7 ( ) ):| l‘nl l ( ) ) § 2 X

(18)
The following corollaries are representations of Steffensen’s inequality by Hermite
polynomials for type (m,n —m) conditions.

COROLLARY 1. Let —oo < a < b < oo be given points and f € C" [a,b]. Let g,p:

[a b] — R be integrable functions such that p is positive, 0 < g < 1 and |, e p(t)dt =

fa g(t)p(t)dt. Let the function ¢, be defined by (6) and t;, M; be defined by (16) and
(17), respectively. Then

a m—1
[ eptera- /bf(t)g 'S 1 / ()5

+"_m_ (1) /% Wi / ( / G1(x) Gy 1XS)dX>f(")(S)ds,

where Gy, ,—1 is Green’s function defined by (18).
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COROLLARY 2. Let —oo < a < b < oo be given points and f € C" [a,b]. Let g,p:
[a,b] — R be integrable functions such that p is positive, 0 < g < 1 and ff_k p(t)dt =
fabg(t)p(t)dt. Let the function %, be defined by (10) and T;, n; be defined by (16) and
(17), respectively. Then

[ rwgopa- [ sopars 2 F40a) / (0T (0
—i—n ﬁ 2f’Jrl / G (x)mi(x / (/ G (X)Gmp—1(x s)dx) 1 (s)ds,

where Gy, ,—1 is Green’s function defined by (18).

By using type (m,n —m) conditions we obtain the following generalizations of
Steffensen’s inequality.

COROLLARY 3. Let —oo < a < b < oo be given points and f € C" [a,b]. Let g,p:
[a b] — R be integrable functions such that p is positive, 0 < g < 1 and |, e p(t)dt =

fa g(t)p(r)dt. Let the function ¢, be defined by (6) and T;, 1; be defined by (16) and
(17), respectively. If f is n—convex and

/ G (X)Gpp—1(x,5)dx >0, s€[a,b],
then
b at+A m—1 b
[ rosopwac [ jopods 3 5@ / 9, (x)(x)dx

n—m—2

+2fl+l /% x)mi(x

where G, ,—1 is Green’s function defined by (18).

COROLLARY 4. Let —oo < a < b < oo be given points and f € C" [a,b]. Let g,p:
[a,b] — R be integrable functions such that p is positive, 0 < g < 1 and fffl p(t)dt =
ffg(t)p(t)dt. Let the function %, be defined by (10) and 1;, M; be defined by (16) and
(17), respectively. If f is n—convex and

/ D (x)Gpp—1(x,5)dx >0, s€[a,b],
then
b b m-1 b
[ rostpar< [ sopa='S 14 / ()2

n—m—2

- X e /% O

where Gy, ,—1 is Green’s function defined by (18).
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3. Ostrowski-type inequalities

In this section we present the Ostrowski-type inequalities related to generalizations
obtained in the previous section.

Here, the symbol L, [a,b] (1 < p < o) denotes the space of p-power integrable
functions on the interval [a,b] equipped with the norm

i1, =( b|f<t>"dr)‘l’

and L. [a,b] denotes the space of essentially bounded functions on [a,b] with the norm

[1f]l. = ess sup |f(1)].

t€la,b]

THEOREM 7. Suppose that all assumptions of Theorem 3 hold. Assume also that
(p,q) is a pair of conjugate exponents, thatis 1 < p,q < e, 1/p+1/q=1 and f(”) €
Ly a,b] for some n > 2. Then we have

ath b ro ko b
| ropoa= [ ros@p@d + Y, 3 1) [ @ xax

j=1i=0

19)

< H #n) / () Grn 1 (5, )

p ‘ q

The constant on the right-hand side of (19) is sharp for 1 < p < o and the best possible
for p=1.

Proof. Let’s denote
b
K(s) = / G ()Gt (x,5)dx.
a

By taking the modulus of (7) and applying Holder’s inequality we obtain

a+A b ro ki . b
| rwpwa= [T roswpod + 3,31V @) [ xds

j=1i=0

/ab K(s)f" (s)ds

<[] et

For the proof of the sharpness of the constant ||K||, let us find a function f for which
the equality in (19) is obtained.
For 1 < p < oo take f to be such that

F(s) = sgn K (s) | K (s)| 7T
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For p =1 we prove that

b
| K7 s

"1 o)
<;$3HK@M(L f <9Ln) 20)

is the best possible inequality. K (+) is a continuous function on [a,b] and so is |K(-)|.
Suppose that |K(-)| attains its maximum at sy € [a, b]. First we assume that K(sp) > 0.
For € > 0 small enough we define f¢(s) by

07 a<5<507
fg(s): ﬁ(s_so)}a S0 <S<so+E,
mils—so)"™, so+e<s<b.

Then

[ K6 s)as

so+€ 1 1 so+€
/ K(s)—ds‘ = —/ K(s)ds.
50 £ € Jso

Now from the inequality (20) we have

1 rsote 1 s0+E€
: / K(s)ds < ~K(s0) / ds = K(so).
Since,
1 so+€
lim — K(s)ds = K(so)
e—0 € Jy

the statement follows. In the case K(sg) < 0, we define fz(s) by

%(s—so—s)”_l, a<s<sg,
Sfe(s) = —ﬁ(s—so—e)", 5o < s < 5o+ €,
0, so+€<s<D,

and the rest of the proof is the same as above. [J
Using identity (11) we obtain the following result.

THEOREM 8. Suppose that all assumptions of Theorem 4 hold. Assume also that
(p,q) is a pair of conjugate exponents, that is 1 < p,q < e, 1/p+1/q=1. Let
" € L, a,b] for some n > 2. Then we have

b b ro ki b
| rspa= [ rop@d + X3 1 @) [ o (xax

j=1i=0

2y

< H ) / ()G 1 (5,

p ‘ q

The constant on the right-hand side of (21) is sharp for 1 < p < oo and the best possible
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for p=1.

Proof. Similar to the proof of Theorem 7. [
By using (m,n —m) conditions we obtain the following results.

COROLLARY 5. Suppose that all assumptions of Corollary 1 hold. Assume also

that (p,q) is a pair of conjugate exponents, that is 1 < p,q<e, 1/p+1/q=1 and
" € L, a,b] for some n > 2. Then we have

m—1
ai— [ F@@p)ae Y £(a) / G n ()
a i=0 a
! i t+l / (‘jl nl

The constant on the right-hand side of (22) is sharp for 1 < p < o and the best
possible for p=1.

<

/ Eql mn l )dx

q

COROLLARY 6. Suppose that all assumptions of Corollary 2 hold. Assume also
that (p,q) is a pair of conjugate exponents, that is 1 < p,q<e, 1/p+1/q=1 and
" € L, a,b] for some n > 2. Then we have

m—1
wai— [ rprar+ ;) £+ (a) / () n(dx

mn l )dx

n—m—2
£ 5 ) [ aom(a <|
i=0 a

The constant on the right-hand side of (23) is sharp for 1 < p < oo and the best
possible for p = 1.

q

4. Inequalities related to the bounds for the éeby§ev functional

For two Lebesgue integrable functions f,h : [a,b] — R we define the Cebygev
functional T'(f,h) b

"ba/f dt_—/fdtba/h

In 1882, Cebysev in proved that

1 / 1 2

provided that f’,h’ exist and are continuous on [a,b] and |[f'|.. = sup,c(, £ (£)].
It also holds if f,h : [a,b] — R are absolutely continuous and f’,g’' € L. [a,b] while
1f Il = esssupyci ) 1 £ (£)] -



GENERALIZATION BY HERMITE POLYNOMIAL 1187

In 1934, Griiss in his paper [5] proved that

1
IT(f, M| < 7 (M=m)(N—n),
provided that there exist real numbers m,M,n,N such that
m< f(t) <M, n<h(t)<N

fora.e. t € [a,b]. The constant 1/4 is the best possible.
In [4] Cerone and Dragomir proved the following theorems:

THEOREM 9. Let f:[a,b] — R be a Lebesgue integrable function and h: [a,b] —
R be an absolutely continuous function with (- —a)(b—-)[')* € Ly[a,b]. Then we have
the inequality

1

1 1 1 b , 2
IT(f,h)I<E[T(f,f)}2 ([e-ae-awwre)’ e

The constant in (24) is the best possible.

THEOREM 10. Assume that h: [a,b] — R is monotonic nondecreasing on [a,b]
and f : [a,b] — R is absolutely continuous with [’ € Lw|a,b]. Then we have the in-
equality

T(f,h)] <

20 l_a) /ah(X—a)(b—x)dh(x). (25)

The constant % in (25) is the best possible.

Now, using the above theorems we obtain some new bounds for integrals on the
left hand side in the perturbed versions of identities obtained in Theorems 3 and 4.
Firstly, let us denote

b
(s) = / G(x)Grrpr (x,s)dx, i=1,2 (26)
and
/54 Gun 1 (x,8)dx, i=1,2, 27)

for ¢; defined by (6) and (10) and Gy —1, Gpmu—1 defined by (4) and (18), re-
spectively.

THEOREM 11. Let —c<a<a; <ap..<a, < b <o, (r=2) be given points,
fect! la,b] and (-—a)(b— .)[f("+1)}2 € Ly|a,b]. Let g,p : [a,b] — R be integrable
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Sfunctions such that p is positive, 0 < g < 1 and f;”l p(t)dt = [P g(t)p(t)dt. Let %
and Q) be defined by (6) and (26), respectively. Then

a+A b b
| s [ s dt+22f‘“ (@) [ %

j=li= (28)
() — £

SO [0 (s = shrzan),

where the remainder S)(f;a,b) satisfies the estimation

vb—a
V2

D=

IS} (f3a,b)| <

@0t ([ - ap-areeks) . e

Proof. Applying Theorem 9 for f — Q; and & — £ we obtain

/Q1 ds_b a/ (s dsb a/f

1 1 b ;
<sir@ant = ([ c-ae-s1r +1><s>12ds)

1 (30)
2

Nl—

If we add

b 5 (n=1)(py — f=1) () b
_(bia)/a Ql(s)ds/a f(")(s)ds:f (l(’;_i:) ()/a Qi (s)ds

to both sides of identity (7) and use inequality (30) we obtain representation (28) and
bound (29). O

Similarly, using identity (11) we obtain the following result:

THEOREM 12. Let —c<a<aj <ap...<a, < b <o, (r=2) be given points,
fec™a,b] and (- —a)(b—-)[f"tV]? € Ly[a,b]. Let g,p : |a, ] — R be integrable
functions such that p is positive, 0 < g < 1 and [}, p(t)dt fb (t)p(t)dt. Let 9
and Q; be defined by (10) and (26), respectively. Then

b b b
| rswpwa= [ s dt+22f’“ @) [ G, (x)dx

s 3D
(n—1) b) — (n—1 b
+f (I)J_ZZ (a)/a Qy(s)ds = S;(f;a,b),

where the remainder S2(f;a,b) satisfies the estimation
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vb—a
V2

Nl—

|S2(f3a,b)| <

T (@0, )] ( / h(s—a)(b—s>[f<"+1><s>}2ds) g

Proof. Similar to the proof of Theorem 11. [
Using Theorem 10 we obtain the following Griiss type inequalities.

THEOREM 13. Let —c<a<a; <ap..<a, < b <o, (r=2) be given points,
fec™ a,b] and £V >0 on [a,b]. Let functions Q;, i = 1,2 be defined by (26).

(a) Let ffﬂlp(t)dt = ffg(t)p(t)dt. Then the representation (28) holds and the
remainder S)(f;a,b) satisfies the bound

(n—1) (n—1) a (n—2) _ r(n=2) a
’Si(f;a,b)lé(b—a)ﬁﬁw{f WS ST ”}.

(32)

(b) Let ff_l p(t)dt = ffg(t)p(t)dt. Then the representation (31) holds and the re-
mainder S3(f;a,b) satisfies the bound

(n—1) D)+ (n—1) a (n—2) b) — (n—2) a
S2(f:a.0)] S(b—a)glzw{f W e e
Proof.
(a) Applying Theorem 10 for f — Q;, h — £ and multiplying by (b —a) we
obtain
b b 1 b
/ Q1 (5) £ (s)ds — / Q1 (s)ds- / £ (s)ds
a a b—ala (33)
1 b
<194l [ (s=a)b—s) " (s)ds.
Since

[ s—ao-s s = [ps— @rn)rsas
=(b=a)[f" )+ @] =2 (£ 6) - @)
Using representation (7) and inequality (33) we deduce (32).
(b) Similar to the (a)-part. [J

Similary, using the (m,n —m) conditions we obtain the following results.
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COROLLARY 7. Let —oo < a < b < oo be given points, f € C""![a,b] and (- —
a)(b—)[f"* V)% € Ly[a,b]. Let g,p : [a,b] — R be integrable functions such that p is
positive, 0 < g < 1 and f,:”lp(t)dt = fubg(t)p(t)dt. Let 4, ®y, 1; and M; be defined
by (6), (27),(16) and (17) respectively. Then

a m—1
[ rowoa= [ sosonoas S 140 [ 6w

—m—2 n 1) b n— 1
+ Z FH b /% X)Mi(x )dx+ 2 Z /d)l S3(fa,b),
(34)

where the remainder S3(f;a,b) satisfies the estimation

1

2

vb—a

|3(f3a,b)| < Yo

7 (@, )] ( [ =091 0Ras)

COROLLARY 8. Let —oo < a < b < oo be given points, f € C""![a,b] and (- —
a)(b—-)[f"*V2 € Ly[a,b]. Let g,p: [a,b] — R be integrable functions such that p is
positive, 0 < g < 1 and fffl p(t)dt = ffg(t)p(t)dt. Let %, ®,, 1; and n; be defined
by (10), (27),(16) and (17) respectively. Then

/ ? )20 p(t)dt — / ’ f(t)p(z)dt+m§ P / ’ ()i (1)
b—A i—0 a '

—m—2 Fo=(p) — fln=1)
+ 3 e o) [ om0

b
/ @, (s)ds = S*(f1a,b),
(35)

—a

where the remainder S*(f;a,b) satisfies the estimation

vb—a

|S4(f1a,b)| < NG

[T(q)27q)2)ﬁ (/ub(s —a)(b— S)[f(”“)(S)]st) 2

COROLLARY 9. Let —co < a < b < o be given points, f € C""[a,b] and "+ >
0 on [a,b]. Let functions ®;, i = 1,2 be defined by (27).

(a) Let fa“'%p(t)dt = ffg(t)p(t)dt. Then the representation (34) holds and the
remainder S;(f;a,b) satisfies the bound

S

>
|

Q

(n—1) _
’Sﬁ(f;a,b)’ (b—a)||®@, w{f (b)+ B
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(b) Let ff_l p(t)dt = ffg(t)p(t)dt. Then the representation (35) holds and the re-
mainder S*(f;a,b) satisfies the bound

, (n—1) b (n—1) (n—2) b) — (n—2)
[Si(:a0)| < (b @)y § L OE D SO 2T
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