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INEQUALITIES OF THE EDMUNDSON-LAH-RIBARIC TYPE
FOR SELFADJOINT OPERATORS IN HILBERT SPACES

ROZARIJA MIKIC* AND JOSIP PECARIC

(Communicated by M. Praljak)

Abstract. By exploiting some scalar inequalities obtained via Hermite’s interpolating polyno-
mial, we will obtain lower and upper bounds for the difference in Jensen’s inequality and in
the Edmundson-Lah-Ribari¢ inequality for selfadjoint operators in Hilbert space that hold for
the class of n-convex functions. As an application, main results are applied to quasi-arithmetic
operator means, with a particular emphasis to power operator means.

1. Introduction

Let H be a Hilbert space and let Z(H) be the C*-algebra of all bounded (i.e.,
continuous) linear operators on H. A bounded linear operator A on a Hilbert space H
is said to be selfadjoint if A = A*.

An operator A € Z(H) is selfadjoint if and only if (Ax,x) € R for every x € H.
We denote by %;,(H) a semi-space of all selfadjoint operators in Z(H).

If A is a selfadjoint operator and f is a real valued continuous function on Sp(A), then
f(t) >0 forevery r € Sp(A) implies that f(A) >0, i.e., f(A) is a positive operator on
H.

Equivalently, if both f and g are real valued continuous function on Sp(A), then the
following property holds:

f(t) > g(t) forany r € Sp(A) implies that f(A) > g(A) (D)
in the operator order of #(H).

Since it was proved, the famous Jensen inequality and its converses have been
extensively studied by many authors and have been generalized in numerous directions.
The following result that provides an operator version for Jensen’s inequality is due to
Mond and Pecari¢ [11] (see also [3] and [5]):
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THEOREM 1. [11] (Mond — Pecari¢) Let A € Zy(H) be a selfadjoint operator
with Sp(A) C |a,b] for some scalars a;b. If f is a convex function on |a,b), then

J((Ax,x)) < (f(A)x,x) 2
holds for each unit vector x in H.

We also need the following converse for the Mond-Pecari¢ inequality that gener-
alizes the scalar Edmundson-Lah-Ribari¢ inequality for convex functions found in [10]
(see also [5] ):

THEOREM 2. ([10]) Let A be a selfadjoint operator on the Hilbert space H and
assume that Sp(A) C [a,b] for some scalars a and b with a;b. If f'is a convex function
on la,b], then
b—(Ax,x)

b—a

(Ax,x) —a
(f(A)x,x) < Th—a

holds for each unit vector x in H.

fla)+ f(b) 3)

For some recent results on the converses of the Jensen inequality, the reader is
referred to [2], [4], [5], [6], [7] and [8]. Most of the mentioned results require operator
convexity or convexity in the classical sense of the involved functions.

Definition of n-convex functions is characterized by n-th order divided differ-
ences. The n-th order divided difference of a function f: [a,b] — R at mutually dis-
tinct points 79,1, ...,t, € [a,b] is defined recursively by

f[tl}:f(tl)7 i:()?""n’

f[lo,...,t,,} _ f[ll,...,tn] —f[tow..,tn,l].

h—1Ip

The value f[ry,...,1,] is independent of the order of the points 7o, ..., .
Definition of divided differences can be extended to include the cases in which
some or all the points coincide (see e.g. [1], [12]):

1 n—1
fla,....a] = mﬂ )(a), neN.
n times

A function f: [a,b] — R is said to be n-convex (n > 0) if and only if for all
choices of (n+ 1) distinct points #y, 7y, ...,1, € [a,b], we have flto,...,t,] > 0.

Following representations of the left side in the scalar Edmundson-Lah-Ribari¢
inequality are obtained in [9] by using Hermite’s interpolating polynomials in terms of
divided differences. For more details about the Hermite interpolating polynomial, the
reader is referred to [1].

LEMMA 1. ([9]) Let a,b be real numbers such that a < b. For a function f €
¢"(|a,b]), n > 3, the following identities hold:

b—t t—a ol _
o fla) = —f(b) :k%f[a;b,...,b](t—a)(z—b)" YR (1) (4)

k times

o fl1)—
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b— —
o (0) = T fla) ~ s F(b) =fla,a:b)(t ~ )t~ b)
n—2
+ 3 fla,ab,...bl(t—a)*(t = b)* T+ Ry(r) (5)
k=2
k times
where
Ru(t) =(t —a)™(t —b)" " f[t;a,...,a; b,b,...,b]. (6)
N N——

m times (n—m) times

Additionally, if n > m > 3, then we have

% (a)

o 1)~y fla)~ =% 1) =t ~a) (fladl —f[a7b})+r:Z2l 2 e—a)t
+n§nf[a7...,a;b,...,b](t—a)’“(t—b)k_l—|—Rm(t).
k=1 m times  k times
(N

LEMMA 2. ([9]) Let a,b be real numbers such that a < b. For a function f €
¢"([a,b]), n > 3, the following identities hold:

b— _ n—1
o f(0) = T fla) ~ T (D) :'sz[b;i’{,-;;’:](t DR ®)
b
o f(0) = T fla) ~ s F(b) =fIbbial e~ b)(r ~ a)
n—2
+ Y fIb,bia,....al(t—b)*(t —a) " +R5(t) (9)
k=2 k times
where
R (t) = flt;D,....D; a,a,...,a](t —b)"(t —a)"". (10)
m times (n—m) times
Also, if n > m > 3, then
b—t t—a, . CSA) k
o f(t) =5 f(a) = 5—f(b) =(b—1) (fla,] —f[b7b}>+k§2 - =b)
+"i"f[b7...,b;a,...,a](z—b)m(t—a)kfl + R (1).
=l —— ——

m times k times

(11)
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In this paper, the goal is to exploit identities from Lemma 1 and Lemma 2 in
order to obtain inequalities of the Jensen and Edmundson-Lah-Ribari¢ type that hold
for n-convex functions, that is, to find lower and upper bounds for the difference in
the Jensen and Edmundson-Lah-Ribari¢ inequality which are valid for the class of n-
convex functions.

2. Results

Throughout this paper, whenever mentioning the interval [a,b], we assume that
a,b are finite real numbers such that a < b. Let A € %,,(H) be a selfadjoint operator
with Sp(A) C [a,b]. We can write the Edmundson-Lah-Ribari¢ operator inequality (3)
in the form

o (Ax,x) + Br — (f(A)x,x) = 0 (12)

with standard notation

f(b) — f(a)

bf(a)—af(b)
b—a '

% = b—a

and B =
An inequality of the Edmundson-Lah-Ribari¢ type for scalar product obtained
from Lemma 1 is given in the following theorem.

THEOREM 3. Let A € %,(H) be a selfadjoint operator with Sp(A) C |a,b] and
let f € €"(|a,b)). If the function f is n-convex andif n >m >3 are of different parity,
then

/ milf(k)(a) k
1(4) ~ oy~ Bl <(4—al) (@) = flabl) + 3 T =4 -al)

n—m

+ Y fla,...,a;b,....b](A—al)™(A— 1)1 (13)

=1 S~ =
m times k times

Inequality (13) also holds when the function f is n-concave and n and m are of equal

parity. In case when the function f is n-convex and n and m are of equal parity, or

when the function f is n-concave and n and m are of different parity, the inequality

sign in (13) is reversed.

Proof. Because f € €"([a,b]), it is continuous and its n-th order divided differ-
ence f,(t) = flt;a,...,a; b,b,...,b] is continuous, so consequently the function Ry,()
S~ ——
m times (n—m) times
defined in (6) is also continuous. Now, due to continuous functional calculus we can
replace ¢ with operator A in (7) and obtain:

m—1 r(k) a
f(A) —arA—Brl =(A—al)(fla,a] — fla,b])+ Z ! kg( )

k=2

(A—al)k
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+ninf[a7...,a;b,...,b}(A —al)™(A-b1)*" P4+ R, (A). (14)
i—1 N—— N——

m times k times

Next, we set our focus on positivity and negativity of the term R,,(A). Due to property
(1), it is enough to study positivity and negativity of the function:

Ru(t)=(—a)" (t—b)""f[t;a,...,a; b,b,....b].
—— ——

m times (n—m) times

Since a <t < b, we have (t —a)™ > 0 for any choice of m. For the same reason
we have (¢t —b) < 0. Trivially it follows that ( —5)"™ < 0 when n and m are of
different parity, and (r — )"~ > 0 when n and m are of equal parity.

If the function f is n-convex, then f[t;a,...,a; b,b,...,b] > 0, and if the function

—— ——
m times (n—m) times
f is n-concave, then fIt;a,...,a; b,b,...,b] <0 for any 7 € [a,D].
—— ——
m times (n—m) times
Now (13) easily follows from (14). [

Next result is another inequality of the Edmundson-Lah-Ribari¢ type in terms of
divided differences, but obtained from Lemma 2.

THEOREM 4. Let A € %,(H) be a selfadjoint operator with Sp(A) C |a,b] and
let f € €"(|a,b)). If the function f is n-convex and if m >3 is odd and n > m, then

m—1 r(k)
F4)— A B <1 ) (k] - £ ) + 3, P
k=2 :

—l—ninf[b,...,b;a,...,a](A—bl)m(A—al)k*I. (15)
=1 N N —

m times k times

Inequality (15) also holds when the function f is n-concave and m is even. In case
when the function f is n-convex and m is even, or when the function f is n-concave
and m is odd, the inequality sign in (15) is reversed.

Proof. In a similar manner as in the proof of the previous theorem, since all the
involved functions are continuous, we can replace ¢ with operator A in (11) . In that
way we get

m—1 r(k)
f(A)— ayA—Br1 =(b1 —A) (fla,b] — f'(b)) + Y, / k,(b) (A—b1)f
k=2 :
+"§f[b,...,b;a,...,a}(A—bl)m(A—al)’H+R;;(A). (16)
=1 —— ——

m times k times
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Now, we study positivity and negativity of the term R, (A). Again, due to property
(1), it is enough to study positivity and negativity of the function:

R, (t)=(—D)"(t —a)" " flt;b,...,D; a,a,...,a].
—— ——

m times (n—m) times

Since 7 € [a,b], we have (1 —a)"" > 0 for every ¢ and any choice of m. For the same
reason we have (f —b) < 0. Trivially it follows that ( — b)" < 0 when m is odd, and
(t—b)" >0 when m is even. If the function f is n-convex, then its n-th order divided
differences are greater of equal to zero, and if the function f is n-concave, then its n-th
order divided differences are less or equal to zero.

Now (15) easily follows from Lemma 2. [

When we combine the results from Theorem 3 and Theorem 4, we get lower and
upper bounds for the difference in the Edmundson-Lah-Ribari¢ inequality that hold for
the class of n-convex functions.

COROLLARY 1. Let A € B(H) be a selfadjoint operator with Sp(A) C [a,b], let
n be an odd number and let f € 6" ([a,b]). If the function f is n-convex, m =3 is odd
and m < n, then

(A—al) (f'(a) - fla,b]) + i A al)t
+"§"f[a7...,a;b,...,b}(A—al)m(A—bl)k*I <fA)—apA—Brl (17)
k=1 m times k times
<(b1-A4) (fla.b] ~ (b)) + i La—p1yt
+"§f[b,...,b;a,...,a}(A—bl)m(A—al)k*I
=1 N—— N——

m times k times

Inequality (17) also holds when the function f is n-concave and m is even. In case
when the function f is n-convex and m is even, or when the function f is n-concave
and m is odd, the inequality signs in (17) are reversed.

The result that follows also provides us with a lower and upper bound for the
difference in the Edmundson-Lah-Ribaric¢ inequality, and it is obtained from Lemma 1.

THEOREM 5. Let A € %,(H) be a selfadjoint operator with Sp(A) C [a,b] and
let f € €"(|a,b)). If the function f is n-convex and if n > 3 is odd, then

Efa b b)(A—al)(A—b1)*"1 < f(A) — A — Bs1 (18)

k times
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<fla,a;b](A —al)(A —b1) +n§f[a,a;b,...,b}(A —al)*>(A—b1)K L,
k=2 SN——

k times

Inequalities (18) also hold when the function f is n-concave and n is even. In case
when the function f is n-convex and n is even, or when the function f is n-concave
and n is odd, the inequality signs in (18) are reversed.

Proof. For the reasons stated in proofs of the previous theorems, we can replace ¢
with operator A in (4) and (5) then apply scalar product to the obtained relations . In
that way we get

b,....b|(A—al)(A—b1)* '+ R (A) (19)
——"

k times

n—1
fA)—apA= Bl =" fla;
=

and
F(A) — oA — Byl =fla,asb](A — al)(A — b1)

n—2
+ Y fla,a;b,....bJ(A—al)*(A—b1)* '+ Ry(A).  (20)
=2 N——"

k times

From the discussion about positivity and negativity of the term R,,(A) in the proof
of Theorem 3, for m = 1 it follows that

* Ri(A) > 0 when the function f is n-convex and n is odd, or when f is n-
concave and n even;

* Rj(A) < 0 when the function f is n-concave and n is odd, or when f is n-
convex and n even.

Now the relation (19) gives us

n—1
— — ab, ... —a — k=1
f(A)— oA ﬁfl>k§,2f[ :b,....b|(A—al)(A—b1)

k times

for R;(A) > 0, and in case R;(A) < O the inequality sign is reversed.
In the same manner, for m = 2 it follows that

* Ry(A) < 0 when the function f is n-convex and n is odd, or when f is n-
concave and n even;

* Rp(A) = 0 when the function f is n-concave and n is odd, or when f is n-
convex and n even.
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In this case the relation (20) for Ry(A) < 0 gives us
f(A) — oA =Bl
n—2

<fla.a;b)(A—al)(A—b1)+ Y fla,a;b,...,b](A—al)*(A—b1)* !,
k=2 ~—~
k times
and when R;(A) > 0 the inequality sign is reversed.
When we combine the two inequalities obtained above, we get exactly (18). [
By utilizing Lemma 2 we can get similar lower and upper bounds for the difference
in the Edmundson-Lah-Ribari¢ operator inequality that hold for all n € N, not only the
odd ones.

THEOREM 6. Let A € %,(H) be a selfadjoint operator with Sp(A) C |a,b] and
let f € €"(|a,b)). If the function f is n-convex, n >3, then

flb,b;a)(A —b1)(A —al) +nff[b,b;a,...,a](A —b1)}(A—al)k!

k=2 )
k times
n—1
<f(A) —aA—BL< Y flbia,....a)(A—b1)(A—al)*". 1)
e} ——

k times

If the function f is n-concave, the inequality signs in (21) are reversed.

Proof. For already stated reasons we can replace ¢ with operator A in (8) and (9),
and get

n—1
f(A)—aA—Brl =Y flbia,....al(A—b1)(A—al) "' +R(A) (22)
k=2 k times

and

F(A) — oA — Byl =flb,bia)(A— b1)(A— al)

n—2
+ Y flb.bia,....a(A—b1)*(A—al) T+ R3(A).  (23)
= ——

k times

Now we need to return to the discussion about positivity and negativity of the term
R} (A) in the proof of Theorem 4. For m = 1 we have

(t —b)'(t —a)""' <0 forevery € [a,b],

so Rj(A) > 0 when the function f is n-concave, and Rj(A) < 0 when the function f
is n-convex. The relation (22) for a n-convex function f gives us

n—1

A)— oA —Brl < bia,...,al(A—b1)(A—al)< !,
f(A) —aA— By k%f[ i,,-m:]( )(A—al)
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and if the function f is n-concave, the inequality sign is reversed.
Similarly, for m =2 we have

(t —b)*(t—a)" 2> 0 forevery € [a,b],

so R5(A) > 0 when the function f is n-convex, and R5(A) < 0 when the function f
is n-concave. In this case the identity (23) for a n-convex function f gives us

F(A) — oA — By 1 > flb,bial(A— bL)(A —al)

n—2
+Y flb.bia,...,a)(A—b1)*(A—al)!
= N——"

k times

and if the function f is n-concave, the inequality sign is reversed.
When we combine the two results from above, we get exactly (21). [

3. Jensen-type inequalities

In this section we will utilize the results from the previous section, as well Lemma
1 and Lemma 2, in order to obtain some Jensen-type inequalities that hold for n-convex
functions.

Our first result is a consequence of Corollary 1, and it provides us with a lower
and an upper bound for the difference in the Mond-Pecari¢ inequality (2).

THEOREM 7. Let A € %y, (H) be a selfadjoint operator with Sp(A) C [a,b], let n
be an odd number and let f € €"([a,b]). If the function f is n-convex, n > m, and if
m > 3 is odd, then

fla) = f(b) +bf'(b) —af'(a) + (f'(a) — f'(b))(Ax,x)

m—1 (k) a (k)
+ Z (f k!( )<(A—al)kx,x> — f (b)(<Ax,x> —b)k>

!
= k!

+n§lf[a7...,a;b,...,b]<(A —al)™(A— b1y x)
P

m times k times

S b bidy ) () — B (Arx) — @) < (F(Ax) — F({Ax, )
k=1 S—— N~

m times k times

24)
—fla +af a)=bf'(b)+ (f'(b) — f'(a)){Ax,x)

®(a
( o1 - D () —a)k>

"gf (A= b1)"(A— a1 )

m times k times
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n—m
— Y fla,...,a:b,....b]((Ax,x) — a)" ((Ax,x) — p)k-1
o = —
m times k times

where x € H is a unit vector. Inequalities (24) also hold when the function f is n-
concave and m is even. In case when the function f is n-convex and m is even,
or when the function f is n-concave and m is odd, the inequality signs in (24) are
reversed.

Proof. Because Sp(A) C [a,b], we have (Ax,x) € [a,b] for each unit vector x in
H , so we can substitute ¢ with (Ax,x) in (7) and obtain

m—1

F((Ax2)) — o {Ax,x) — By =((Ax,x) — a) (la,a] — fla.b]) + 2 ((Ax,) — a)f

+ Y fla,...;a;b,....b|((Ax,x) — a)" ({Ax,x) —b)k!
=1 S~ =
m times k times

+ Ry ({Ax,x)). (25)
Next, we study positivity and negativity of the term:

Ru({Ax,x)) = ((Ax,x) —a)" ({Ax,x) —b)"™ f[(Ax,x);a,...,a; b,b,....b].

m times (n—m) times

Since (Ax,x) € [a,b] for any unit vector x € H, we have ((Ax,x) —a)" >0 for
any choice of m, and ((Ax,x) —b)"~™ < 0 when n and m are of different parity, and
((Ax,x) —b)"~™ > 0 when n and m are of equal parity.

If the function f is n-convex, then f[(Ax,x);a,...,a; b,b,...,b] > 0 for any ¢ €

—— ——
m times (n—m) times
[a,b], and if the function f is n-concave, then the inequality sign is reversed.

Now the relation (25) for n-convex function f and n and m > 3 of different parity,

or n-concave function f and n and m > 3 of the same parity, becomes

m—1

f((Ax,x)) — oy (Ax,x) — By <((Ax,x) —a) (fla,a] = fla,b]) + 2

Ax,x) —a)

n—m
+ 2 fla,...,a;b, ...,b]({Ax,x) — a)" ({Ax,x) — b)*~ !,
- = —
m times  k times

(26)

and for n-convex function f and n and m > 3 of the same parity, or n-concave function
f and n and m > 3 of different parity, the inequality sign is reversed.
In the same way we can replace 7 with (Ax,x) in (11) and get

m—1

x,x) = b)*

f((Ax,x)) — o (Ax,x) — By =(b = (Ax,x)) (f[a,b
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n—m
+ Y flb,....bia,....a)((Ax,x) — b)"({Ax,x) —a)*!
- = ~—
m times k times

+ R, ((Ax,x)). 27)
Now, we study positivity and negativity of the term R}, ((Ax,x)):

R ((Ax,x)) = ({(Ax,x) — )" ((Ax,x) —a)"" " f[(Ax,x);b,...,b; a,a,...,a].

m times (n—m) times

Again, since (Ax,x) € [a,b], we have ({(Ax,x) —a)"™™ >0 for any choice of m, and
((Ax,x) —b)™ < 0 when m is odd, and ({Ax,x) —b)™ > 0 when m is even. If the
function f is n-convex, then its n-th order divided differences are greater of equal to
zero, and if the function f is n-concave, then its n-th order divided differences are less
or equal to zero.

Equality (27) now turns into

=) k
f(<Ax7x>) - af<Ax7x> _ﬁf g(b_ <Ax7x>) (f[a7b] _f[b7b]) + ];2 X! (<Ax7x> _b)
—i-ni‘:nf[b,...,b;a,...,a}((Ax,x)—b)m(<Ax,x>—a)k71
- = ——

m times k times

(28)

for n-convex function f and an odd number m > 3 or n-concave function f and an
even number m > 3. If f is n-convex and m is even, or if f is n-concave and m is
odd, the inequality is reversed.

By combining inequalities (26) and (28) we get that

(k

m—1 ) a
((Ax) —a) (fla.a] — flab) + % L@ (ax0) —a)
k=2 .

n—m

+ 2 fla,...,a;b, ...,b]((Ax,x) — a)" ({Ax,x) — b)¥!

k=1 v )
m times k times

gf(<Ax’x>) - af<Ax’x> - ﬂf (29)

(k)
f k!(b) ((Ax,x) — b)*

m—1
<(b— (Ax,x)) (fla,b] — flb,b]) + kgz

+ Y flb,....ba,....a)((Ax,x) — b)" ({Ax,x) — a)!
=1 S~ =
m times k times
holds if n is odd and f is n-convex and m is odd, or f is n-concave and m is even.

If f is n-convex and m is even, or f is n-concave and m is odd, then the inequality
signs are reversed.
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Scalar product is linear in the first argument and ||x|| = 1, so when we apply it to
(17) and then add series of inequalities (29) multiplied by —1, we get exactly (24), and
the proof is complete. [J

Next result also provides us with a lower and upper bound for the difference in the
Mond-Pecari¢ inequality, and it is obtained from Theorem 5 and Lemma 1.

THEOREM 8. Let A € %,(H) be a selfadjoint operator with Sp(A) C [a,b] and
let f € €"(|a,b)). If the function f is n-convex and if n >3 is odd, then

n—1

fla,a;b](b — (Ax,x))({Ax,x) — a) + if[a;b,...,b}«A —al)(A—b1)"1x,x)
k=2 k times
n—2
— ((Ax,x) —a)* Y fla,a;b,....b]((Ax,x) — b) ! < (f(A)x,x) — f({Ax,x)) (30)
= N——"

k times

n—1
<fla,a;b]((A—al)(A—bl)x,x) — ((Ax,x) —a) Y. fla:b,...,b]((Ax,x) — b)k!
) ——

k times
n—2
+ fla,a;b,...,b{(A —al)}(A—b1)F1x,x),

k times

where x € H is a unit vector. Inequalities (30) also hold when the function f is n-
concave and n is even. In case when the function f is n-convex and n is even, or when
the function f is n-concave and n is odd, the inequality signs in (30) are reversed.

Proof. By following a similar procedure as in the proof of the previous theorem,
we start by replacing 7 with (Ax,x) in with relations (4) and (5) from Lemma 1. We
get

n—1
= ab,... X, X) —a x,x) —b)*! X, X
f(<Ax’x>)_af<Ax7x>_ﬁf_kg,zf[ ’b7 ’b}(<A ’ > )(<A ) > b) +Rl(<A ) >)

k times

(31
and
F({Ax,x)) — o (Ax,x) — By =fla, a;b|({Ax,x) — a)({Ax,x) — D)

n—2
+ Z f[ava;ba ~"7b}(<Ax7x> - a)2(<Ax7x> - b)k_l
k=2 k times

+ Ry ({Ax,x)) (32)

respectively. After discussing the positivity an negativity of terms R;({Ax,x)) and
R>((Ax,x)) in the same way as in the proof Theorem 7, from relations (31) and (32) we
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get a series of inequalities

n—1
Ax,x) —a a;b,....b|({Ax,x —p)lg Ax,x)) — otr{Ax,x) — 33
((Ax,x) )k%f[ kn-mm )= b)) < f({Ax,x)) — o (Ax,x) =By (33)
n—2
<fla,a;b]({Ax,x) —a)((Ax,x) = b) + ((Ax,x) —a)* ¥, fla,a;D,...,b] ((Ax,x) — b)*"!
i— ——

k times

that holds when 7n is odd and f is n-convex, or when 7 is even and f is n-concave.
If n is odd and f is n-concave, or if n is even and f is n-convex, then the inequality
signs in (33) are reversed.

By applying scalar product to (18) with ||x|| = 1, and then adding (33) multiplied
by —1, we get exactly (30), which completes the proof. [

In the analogue way as described in the proof of the previous theorem, but with
utilizing Lemma 2 and Theorem 6, we can get a similar lower and upper bound for the
difference in the Mond-Pecari¢ inequality (2) that holds for all n € N, not only the odd
ones.

THEOREM 9. Let A € %,(H) be a selfadjoint operator with Sp(A) C |a,b] and
let € ¢"(|a,b)). If the function f is n-convex, n >3, then

fb,b;a]{(A—b1)(A —al)x,x) — ((Ax,x) Zfb a,...,a)({(Ax,x) — a)k!
H/—/

k times

n—2
+ Y flb,bia,...,a) (A —b1)*(A—al)* 'x,x) < (f(A)x,x) — f((Ax,x))  (34)
k=2 k times

n—1

<[flb,ba](b — (Ax,x))((Ax,x) —a) + Y. flbsa,...,al{(A—b1)(A —al)*xx)
—

k=2 _
k times

b)? k1
— ({Ax,x) Zfb ba,...,a)((Ax,x) —a)*" ",

k times

where x € H is a unit vector. If the function f is n-concave, the inequality signs in
(34) are reversed.

4. Applications to quasi-arithmetic means

Let A be a positive invertible operator on a Hilbert space such that Sp(A) C [a, b]
for some scalars a < b and x a unit vector in H. Let f be a strictly monotone contin-
uous function on [a,b]. Quasi-arithmetic mean of the operator A with respect to f is
defined by

My(A,x) = £~ {f(A)x,x). (35)
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In papers [2] and [8] the authors have obtained some bounds for quasi-arithmetic
operator means for convex and operator convex functions via Jensen’s inequality.

Now, our intention is to derive mutual bounds for quasi-arithmetic means for a
wider class of functions. In such a way, we will obtain some new reverse relations for
quasi-arithmetic means that correspond to n-convex functions.

Before we state such results, we have to introduce some notations arising from this
particular setting. Throughout this section we denote

f(b) — f(a)
8(b)—g(a)’

F=fog™!, oap= Br =

and
8o =min{g(a),g(b)}, g»=max{g(a),g(b)},

where f and g are strictly monotone functions. It is obvious that if the function g is
increasing, then g, = g(a), g, = g(b), and if g is decreasing, then g, = g(b), gp =
g(a).

Operator g(A) is selfadjoint, and its spectrum is contained in the interval [g4, g5],
so all of the results from previous sections can be exploited in establishing some new
reverses of Jensen’s inequality and the Edmundson-Lah-Ribari¢ inequality for selfad-
joint operators related to quasi-arithmetic means by substituting f with F = fog™!
and A with g(A).

We start with some Edmundson-Lah-Ribari¢ type inequalities for quasi-arithmetic
means which arise from the results from Section 2. The first result in this section is
carried out by virtue of our Theorem 3.

COROLLARY 2. Let A € By(H) be a selfadjoint operator with Sp(A) C [a,b],
andlet f,g be strictly monotone continuous functions such that F = fog=' € €""([a,b]).
If the function F is n-convex and if n > m > 3 are of different parity, then

f(Mf(A,x)) — org (Mg(A,x)) — Br

m—1 (k)
<(g(Me(4.3)) — 0) (F'(80) — Flgwngs)) + 3, T 8e)

((g(A) — gal)fx,x)  (36)

& K
+ Z F[glh~"7ga;gb7~”7gb}<(g(A)_gal)m(g(A)_gbl)k_1x7x>a

m times k times

where x € H is a unit vector. Inequality (36) also holds when the function F is n-
concave and n and m are of equal parity. In case when the function F is n-convex and
n and m are of equal parity, or when the function F is n-concave and n and m are of
different parity, the inequality sign in (36) is reversed.

The following result is a direct consequence of Theorem 4.
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COROLLARY 3. Let A € %,(H) be a selfadjoint operator with Sp(A) C |a,b] and
let f,g be strictly monotone continuous functions such that F = fog~' € €"([a,b]).
If the function F is n-convex and if m > 3 is odd, n > m, then

F(My(A,x)) — org (Mg(A,x)) — Br
"= FW(gy)

<(8p — 8 (Mg(A,x))) (Flgas 8] — F'(85)) + 2 7 ((g(A4) —gp1)'x,x) (37
= ~

S Flgbn 880 2a) ((2(4) — 251" (8(A) — g} ),
k=1

—— ——

m times k times

where x € H is a unit vector. Inequality (37) also holds when the function F is n-
concave and m is even. In case when the function F is n-convex and m is even, or
when the function f is n-concave and m is odd, the inequality sign in (37) is reversed.

Our next result arises from Theorem 5.

COROLLARY 4. Let A € #y,(H) be a selfadjoint operator with Sp(A) C [a,b] and
let f,g be strictly monotone continuous functions such that F = fog~' € €"([a,b]).
If the function F is n-convex and if n > 3 is odd, then

n—1
> Flga:8p,---85)(((A) — ga1)(2(A) — g51)* 'x,x)
———

k times
<f(Mp(A,x)) — org (Mg(A,x)) — Br < F(ga:84:80]((8(A) — 841)(8(A) — g»1)x,x)
n—2
+ > Flgar8ai8bs - 8b)((8(A) — 841)*(2(A) — go1)*'x,x), (38)
k=2 k times

where x € H is a unit vector. Inequalities (38) also hold when the function F is n-
concave and n is even. In case when the function F is n-convex and n is even, or when
the function F is n-concave and n is odd, the inequality signs in (38) are reversed.

As a consequence of Theorem 6, we have the following result.

COROLLARY 5. Let A € By,(H) be a selfadjoint operator with Sp( ) C [a,b] and
let f,g be strictly monotone continuous functions such that F = fog~' € €"([a,b]).
If the function F is n-convex, n > 3, then

Flgp,8p:84)((g(A) — gp1)(g(A) — gal)x,x)
n—2
+ Y Flgp,8b:8as - 8al((8(A) — g»1)*(g(A) — ga1)* 'x,x)
—_——

k=2 )
k times

<f(My(A,x)) —arg (Mg(A,x)) — Br (39)
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n—1

<Y Flgnigar -84 ((8(A) — gp1)(2(A) — ga1)* '),

- H,_/
k times

where x € H is a unit vector. If the function F is n-concave, the inequality signs in

(39) are reversed.

The corollaries below arise from the results from Section 3 and give us Jensen
type inequalities for quasi-arithmetic means. They are obtained from Theorem 7, 8 and
9 respectively.

COROLLARY 6. Let A € B(H) be a selfadjoint operator with Sp(A) C [a,b], let
n be an odd number and let f,g be strictly monotone continuous functions such that
F = fog '€ %"([a,b]). If the function F is n-convex and if m >3 is odd, n > m,
then

F(ga) —F(g) +8oF" (85) — 8aF" (8a) + (F'(8a) — F'(81))8 (M, (A, x))

m—1 (k) ®
. (F k(!gu) ((g(A) = galox,x) — FT(!g”)(g(Mg(A x)) — &) )

k=2
n—m

+ X, Flgar- 8418, - 8)((8(A) — 8a1)" (8(A) — 851) Lx,x)
= =~ ——

m times k times
N Flg e 8538 80)(8 (Me(4,3)) — )" (8 (My (A, ) — gt
k=1 m times k times
<f(My(Ax)) — f(Mg(A,x)) (40)
<F(g) — F(8a) + 8aF" (8a) — 8oF"' (g5) + (F'(85) — F'(8a))g (Mg (A, x))

m—1 (k) (k)
.S (Fk—fg’”<<g<A>—gb1>kx7x>—F 180 (g (b1y(4,) ~ 20) )

k=2
n—m

+ Y Flghs 853 8ar-8a) ((8(A) — g51)" (g(A) — ga1)*'x,x)

m times k times
- 2 F[ga7 -y 8as8b> 7gb}(g (Mg(A»x)) _ga)m(g (Mg(A7x)) _gb)k717
— Y=

m times k times

where x € H is a unit vector. Inequalities (40) also hold when the function F is n-
concave and m is even. In case when the function F is n-convex and m is even,
or when the function F is n-concave and m is odd, the inequality signs in (40) are
reversed.

COROLLARY 7. Let A € B, (H) be a selfadjoint operator with Sp(A) C [a,b] and
let f,g be strictly monotone continuous functions such that F = fog~! € €"([a,b]).



INEQUALITIES OF THE EDMUNDSON-LAH-RIBARIC TYPE 1209

If the function F is n-convex and if n > 3 is odd, then

Flgasgasv](gp — 8 (Mg(A;x))) (g (Mg (A,x)) = 8a)

n—1

+ Y Flgaigp - 85)(((A) — ga1)(g(A) — g1)* 'x,x)
k=2 k times
n—2
— (8 (Mg(A,x)) — 8a)* Y, Fl8a:8a:8bs - 85) (8 (Mg(A,x)) — gp)* !
k=2 k times
<f(My(A,x)) — f(Mg(A,x)) (41)
<F[8a,8438b]((8(A) — g41)(8(A) — gp1)x,x)
n—1
— (8 (Mg(A,x)) — 8a) D Flgai8b: - 85) (8 (Me(A,x)) — g) !
k=2 k times
n—2
+ Y Flga,8a:8bs--85) ((8(A) — gal)*(g(A) — g»1)* x,x),
k=2 k times

where x € H is a unit vector. Inequalities (41) also hold when the function F is n-
concave and n is even. In case when the function F is n-convex and n is even, or when
the function F is n-concave and n is odd, the inequality signs in (41) are reversed.

COROLLARY 8. Let A € #,(H) be a selfadjoint operator with Sp(A) C |a,b] and
let f,g be strictly monotone continuous functions such that F = fog~' € €"([a,b]).
If the function F is n-convex, n > 3, then

Flgp, 8384l ((8(A) = 851)(8(A) — gal)x,)

n—1
- (g (Mg(A7x)) _gb)kz,zF[gb;ga];t-i;;fa](g (Mg(A7x)) _ga)k_l
n—2
+ Y Flgs:8b:8ar - 8a) ((8(A) — 851)7 (8(A) — gal)*'x,x)
k=2 k times
<F(My(4,3)) — f(M(4,2)) 42)
<Flgb,80:8a)(86 — 8 (My(A,x)))(8 (Mg (A, x)) — ga)
n—1
+ ) Flepigar - ga) ((8(A) = 851)(8(A) — ga1)* 'x,x)
k=2 k times
n—2
— (8 (Mg(A, %)) — 85)> Y, Flb8538ar - 8a) (8 (Mg (A,%)) — ga)* ",
k=2 k times

where x € H is a unit vector. If the function F is n-concave, the inequality signs in
(42) are reversed.
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4.1. Examples with power means

Let A be a positive invertible operator on a Hilbert space and x a unit vector in H .
For r € R, the power mean M, (A, x) is defined by

M, (A,x) = ((A7x,x))/".

In [5] it has been shown that if » — 0, then ((A”x,x))!/” converges monotone
to exp(logAx,x), so we can extend the definition of the power mean to the case r = 0.
Since power means are a special case of quasi-arithmetic means for particular
choices of functions f and g, first letus set f(r) =¢* and g(¢) =¢", where s and r are
real parameters such that sr # 0 and 7 > 0.
Now we have

. s/r (n) _S(5_ S S_ Fn
> forrs #0: F.i(r) =" and Fpy (t)—r(r 1) (r 2) (r n+1>t
> forr£0: Fot) = llogt and Fr(g)(t) = l(—1)"‘1(n— N
r 5 r

> fors#£0: Fy(t)=e" and F()(";)(t) =s"e",

and we see that the function F;.(f) belongs to the class " (R) for any n € N and any
r,s € R.

It is trivial to check under which conditions on parameters r and s the func-
tion F,.4(r) is n-convex (or n-concave), so all of the results regarding quasi-arithmetic
means from Section 4 can be applied to power means.

Here below we will show only Jensen type inequalities for power means that hold
for every n € N which are a special case of Corollary 8. All of the other inequalities
regarding power means that arise from the previous section are obtained in the same
manner. Let n € N, n > 3.

e Ifnisevenand s <O <r,orif nisoddand 0 <s <r,orif |s/r| and n are of
different parity and 0 < r < s, then we have

! (Ebsr - “) (A" = b"1) (A" — d"1)x,x)

br—a’ \'r b —a’
n—1
— (My(Ax) — 1) Y, Frg[ba o) (Mi(A,2) — !
k=2 ~——
k times
n—2
+ X Fulb b1 d ) (AT = 1A~ a 1) )
k=2 H,—/
k times

<Mi(A,x) — My(A,x)*

<! Gwﬂﬁ“w)W—mmwmmmmud>

br—a" \'r br—a”
n—1

+ Y Flbha ., d (AT =01 (A" —a'1)F x,x)
k=2



INEQUALITIES OF THE EDMUNDSON-LAH-RIBARIC TYPE 1211

n—2
— (M (A,x)"—b")? N Fub' b"d,..d | (M (A, x) — a)k

k times

where x € H is a unit vector. If n is odd and s < 0 < r, or if n is even and

0<s<r,orif |s/r] and n are of same parity and 0 < r < s, then the inequality
signs are reversed.

e If nisevenand r <0< s,orif nisoddand r <s <0, orif |s/r] and n are of
different parity and s < r < 0, then we have

! (b;“ - fas—f> (A" — & 1)(AT— ' 1))

br—a \b"—a" r
n—1
— (My(A,x)" —d") Y Frylasb",....b | (M (A,x)" — b))
i— H/—/
k times
n—2
+ N Fld,a b, . b (A" —a"1)? (A" — b 1) 1y x)
k=2 k times

<M,(A,x)* — M, (4,x)

1 b*—a* s
S (o 2 ) O - M M43 )
n—1
+ Y Fld:b, .. b (A" —d" 1) (AT — b 1)y x
k% sl (( ) ) )
k times
n—2
— (My(Ax) —d")? Y Frla,asb . 07| (Me(A,x)" = 7)1,
k=2 SN——

k times

where x € H is a unit vector. If n is odd and r < 0 < s, or if n is even and

r<s<0,orif |s/r] and n are of same parity and s < r < 0, then the inequality
signs are reversed.

e If nisoddand r >0

1 1 logb—loga
= e AT =P 1A = a1
b'—a’ (rb’ b —a’ ><( ) a1)xx)

n—1
— (M(Ax) =) Foglb'sd...d") (M (A,x)" —a")*!
= ——

k times
n—2
3 Frolb B AT = BT1PA—a D )
k=2 W—/
k times
<logMy(A,x) —logM,(A,x) “3)

1 1 logb—1loga , - P
Sy —a (W - W) (b =M (A,x)")(Mg(A,x)" —a")
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n—1
+ Y Folbsd, .., d (A= b 1) (A" —a'1)F x,x)
= H,_/
k times
n—2
— (M(Ax)" =) Y Frolb",07:d”,...d | (M (A,x) —a")< !,
— H,_/
k times
where x € H is a unit vector. If n is even and r > 0, the inequality signs are
reversed.

e If nisevenand r <0

1 logh—loga 1 . P
T ( o _W> ((A"—=d"1)(A" = D"1)x,x)

n—1
— (M(Ax) —a") S Fold's b b (Mo(A,x) — )
k=2 SN——

k times
n—2
+ Y Frold a0, .. b ]((A"—a'1)*(A" = b'1)* x,x)
= W—/
k times
<logMy (A, x) — logM,(A,x) (44)
1 logh—loga 1 - . P
S (B L) (- M 04 )

n—1
+ Y Froldsd",..,b (A" —a'1) (A" — b"1)* 'x,x)
= H,_/
k times
n—2
— (M (Ax)" =) Y Fola',a"b", ..., b7 (My(A,x)" — b)),
N——

k=2 )
k times

where x € H is a unit vector. If n is odd and r < 0, the inequality signs are
reversed.

e If s >0, orif nisevenand s <0, then

1 b’ —a’
— [ sb' — ——— | ((logA —logb1)(logA —logal
logh —loga (S logb—loga> {(log oghl)(log ogal)x,x)

n—1
— (logMo(A,x) —logh) > Fy[logh;loga,...,loga](log My (A, x) — loga)k!
k=2 o
mes

n—2
+ Y Fosllogh,logb:loga,....logal{(logA — logh1)?(logA — logal)*'x, x)

k=2
k times

<M(A,x)* — Mp(A,x)* (45)

1 X bS_as
<—— (sb'————" ) (logh — logM,(A,x)) (logM, (A, x —1
logb —loga (S logb—loga>(0g 0gM,(A,x)) (log M, (A,x —loga)
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n—1
+ 2 Fys[logh;loga, ..., loga)((logA — logh1)(logA — logal )* ' x, x)

— (logMy(A,x) —logh)?

n—2
Y Fosllogh,logb;loga, ...,logal (log My (A, x) — loga)F1,
—_———

k=2
k times

where x € H is a unit vector. If n is odd and s < 0, the inequality signs are
reversed.
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