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GENERALIZATION OF WEIGHTED OSTROWSKI TYPE

INEQUALITIES BY ABEL–GONTSCHAROFF POLYNOMIAL

ANDREA AGLIĆ ALJINOVIĆ, LJILJANKA KVESIĆ, JOSIP PEČARIĆ

AND SANJA TIPURIĆ-SPUŽEVIĆ

(Communicated by J. Jakšetić)

Abstract. We present a weighted generalization of Ostrowski type inequality for continous func-
tions presented by Abel-Gontscharoff interpolating polynomial

1. Introduction

The well known Ostrowski inequality states:∣∣∣∣ f (x)− 1
b−a

∫ b

a
f (t)dt

∣∣∣∣�
[

1
4

+

(
x− a+b

2

)2
(b−a)2

]
(b−a)

∥∥ f ′
∥∥

∞ . (1.1)

It holds for every x ∈ [a,b] whenever f : [a,b] → R is continuous on [a,b] and dif-
ferentiable on 〈a,b〉 with bounded derivative. Ostrowski proved it in 1938. in [8]
and since then it has been generalized in a number of ways. Over the last decades some
new inequalities of this type have been intensively considered and applied in Numerical
analysis and Probability (see [6], [7]).

The aim of this paper is to give a weighted generalization of Ostrowski type in-
equality for functions presented by Abel-Gontscharoff interpolating polynomial. For
this purpose we will first introduce Abel-Gontcharoff interpolation.

Let -∞ < a < b < ∞, and a � a1 � . . . � an � b be given knots. We denote
a = (a1, . . . ,an) . It is well known, that for f ∈ Cn [a,b] a unique polynomial PA (t)
of degree (n−1) exists (see [1] ), fulfilling one of the following Abel-Gontcharoff
conditions:

P(i)
A (ai+1) = f (i) (ai+1) ; 0 � i � n−1. (1.2)

The associated error eA (t) can be represented in terms of the Green’s function
Ga,n (t,s) of the boundary value problem

z(n) (t) = 0

z(i) (ai+1) = 0, 0 � i � n−1

eA (t) =
∫ b

a
Ga,n (t,s) f (n) (s)ds, t ∈ [a,b]
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and it is given by

Ga,n (t,s) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

k−1

∑
i=0

Ta,i (t)
(n− i−1)!

(ai+1− s)n−i−1 , ak � s � t

−
n−1

∑
i=k

Ta,i (t)
(n− i−1)!

(ai+1− s)n−i−1 , t � s � ak+1

k = 0, . . . ,n

(1.3)

where a0 = a , an+1 = b and

Ta,i (t) =
1

1!2! . . . i!

∣∣∣∣∣∣∣∣∣∣

1 a1 a2
1 . . . ai−1

1 ai
1

0 1 2a2 . . . (i−1)ai−2
2 iai−1

2
. . . . . . . . . . . . . . . . . .
0 0 0 . . . (i−1)! i!ai

1 t t2 . . . ti−1 ti

∣∣∣∣∣∣∣∣∣∣
(1.4)

=
t∫

a1

t1∫
a2

. . .

ti−1∫
ai

dtidti−1 . . .dt1 (t0 = t) .

The first few are

Ta,0 (t) = 1,

Ta,1 (t) = t −a1,

Ta,2 (t) = 1/2
[
t2−2a2t +a1 (2a2−a1)

]
,

Ta,3 (t) = 1/2
[
(t−a3)

3 /3− (a2−a3)
2 (t−a1)− (a1−a3)

3
]
.

The following result holds (see [1]).

THEOREM 1. Let f ∈Cn [a,b] and let PA be its Abel-Gontscharoff interpolating
polynomial. Then for a = a0 � a1 � . . . � an � an+1 = b it holds

f (t) = PA (t)+ eA (t) (1.5)

=
n−1

∑
i=0

Ta,i (t) f (i) (ai+1)+
∫ b

a
Ga,n (t,s) f (n) (s)ds

where Gn is the Green’s functions, defined by (1.3) .

We will also need the weighted Montgomery identity, obtained by J. Pečarić in [9]

f (x) =
∫ b

a
w(t) f (t)dt +

∫ b

a
Pw (x, t) f ′ (t)dt (1.6)

where w : [a,b] → [0,∞〉 is some normalized weight function i.e. integrable function
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satisfying

b∫
a

w(t)dt = 1,

W (t) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0, t < a,
t∫

a

w(x)dx, t ∈ [a,b] ,

1, t > b.

and Pw (x, t) is the weighted Peano kernel

Pw (x,t) =

⎧⎨
⎩

W (t) , a � t � x,

W (t)−1, x < t � b.
(1.7)

In Section 2 we present weighted generalization of the Montgomery identity by
using Abel-Gontscharoff interpolating polynomial. In Section 3 we derive Ostrowski
type inequality for differentiable functions of class Cn . Finally, we obtain special cases
n = 2 for uniform weighted function, as well as for normalized weight functions w(t) =

1

π
√

1−t2
, t ∈ 〈−1,1〉; w(t) = 2

π
√

1− t2 , t ∈ [−1,1]; w(t) = 3
2

√
t , t ∈ [0,1] and w(t) =

1
2
√

t
, t ∈ 〈0,1] . For some other applications of Montgomery type identities for integral

Ostrowski type inequalities we refer interested reader to [2], [3], [4], [5], [6].

2. Generalization of weighted Montgomery identity

THEOREM 2. Suppose n � 2 , f ∈Cn [a,b] and w : [a,b]→ [0,∞〉 is some normal-
ized weight function. Then for a = b0 � b1 � . . . � bn−1 � bn = b, b = (b1, . . . ,bn−1) ,
the following identity holds

f (x) =
∫ b

a
w(t) f (t)dt +

n−2

∑
i=0

f (i+1)(bi+1)
∫ b

a
Pw(x,t)Tb,i(t)dt (2.1)

+
∫ b

a

(∫ b

a
Gb,n−1(t,s)Pw(x,t)dt

)
f (n)(s)ds.

Proof. If we take n− 1 knots b1 � . . . � bn−1 instead of n and apply (1.5) to
function f ′ (t) , we get the following identity

f ′(t) =
n−2

∑
i=0

Tb,i(t) f (i+1)(bi+1)+
∫ b

a
Gb,n−1(t,s) f (n)(s)ds (2.2)

By putting (2.2) in (1.6) we get identity (2.1) . �
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THEOREM 3. Suppose f ∈ Cn [a,b] and w : [a,b] → [0,∞〉 is some normalized
weight function. Then for a = a0 � a1 � . . . � an � an+1 = b following identity holds

f (x)−
∫ b

a
w(t) f (t)dt =

n−1

∑
i=0

f (i)(ai+1)
(

Ta,i(x)−
∫ b

a
w(t)Ta,i(t)dt

)
(2.3)

+
∫ b

a

(
Ga,n(x,s)−

∫ b

a
w(t)Ga,n(t,s)dt

)
f (n)(s)ds.

Proof. If we multiply (1.5) with w(t) and integrate from a to b, we get

∫ b

a
w(t) f (t)dt =

n−1

∑
i=0

f (i)(ai+1)
∫ b

a
w(t)Ta,i(t)dt (2.4)

+
∫ b

a

∫ b

a
w(t)Ga,n(t,s) f (n)(s)dsdt.

Also, for the a = (a1, . . . ,an) we have

f (x) =
n−1

∑
i=0

Ta,i(x) f (i)(ai+1)+
∫ b

a
Ga,n(x,s) f (n)(s)ds. (2.5)

From (2.4) and (2.5) we obtain (2.3) . �

COROLLARY 1. Suppose f ∈Cn [a,b] and w : [a,b]→ [0,∞〉 is some normalized
weight function. Then following identity holds

f (x)−
∫ b

a
w(t) f (t)dt =

n−1

∑
i=0

f (i)(ai+1)
∫ b

a
Pw(x,t)T ′

a,i(t)dt (2.6)

+
∫ b

a

(∫ b

a
Pw(x,t)

∂
∂x

Ga,n(t,s)dt

)
f (n)(s)ds.

Proof. By applying the weighted Montgomery identity for the Ta,i(t) and Ga,n(x,s)
we obtain next two identities

Ta,i(x) =
∫ b

a
w(t)Ta,i(t)dt +

∫ b

a
Pw(x, t)T ′

a,i(t)dt, (2.7)

Ga,n(x,s) =
∫ b

a
w(t)Ga,n(t,s)dt +

∫ b

a
Pw(x, t)

∂
∂ t

Ga,n(t,s)dt. (2.8)

By putting (2.7) and (2.8) into (2.3) we obtain (2.6) . �

REMARK 1. Identities (2.1) and (2.6) coincide for n � 2, if we choose knots
bi = ai+1, (i = 1, . . . ,n−1). Namely, from the (1.4) for bi = ai+1 we can conclude
that the following holds

T ′
a,i(t) = Tb,i−1(t), i � 1 (2.9)

∂
∂ t

Ga,n(t,s) = Gb,n−1(t,s), i � 1
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Since that for i = 0 holds T ′
a,0(t) = 0, the first term in the sum in identity (2.6) is equal

to zero. Also, for the same choice of knots we have

f (i) (bi) = f (i) (ai+1) , i � 1

which proves assertion. Further, (2.3) and (2.6) for n = 1 coincide with weighted
Montgomery identity. Thus, for further generalizations we will use (2.1) .

3. Ostrowski type inequalities

Here and hereafter for p � 1 we denote

‖ f‖p =
(∫ b

a
| f (t)|p dt

) 1
p

and
‖ f‖∞ = ess sup

t∈[a,b]
| f (t)| .

DEFINITION 1. A pair of two real numbers (p,q) are called conjugate exponents
if 1 < p,q < ∞ and 1

p + 1
q = 1. Formally, we will also define p = 1 as conjugate to

q = ∞ and vice versa.

THEOREM 4. Suppose that all the assumptions of the Theorem 2 hold. Addi-
tionally assume (p,q) is pair of conjugate exponents 1 � p,q � ∞ . Then following
inequality holds∣∣∣∣∣ f (x)−

∫ b

a
w(t) f (t)dt −

n−2

∑
i=0

f (i+1)(bi+1)
∫ b

a
Pw(x,t)Tb,i(t)dt

∣∣∣∣∣ (3.1)

� ‖K (·,x)‖q

∥∥∥ f (n)
∥∥∥

p

where

K (s,x) =
∫ b

a
Gb,n−1(t,s)Pw(x, t)dt.

Proof. Applying Hölder inequality to the (2.1) we get (3.1). �

3.1. Case n = 2 for uniform weight function w(t) = 1
b−a , t ∈ [a,b]

COROLLARY 2. Assume (p,q) is pair of conjugate exponents and 1 � q < ∞ ,
1 < p � ∞ . If f ∈C2 [a,b] then for every x ∈ 〈a,b〉 following inequality holds

∣∣∣∣ f (x)− 1
b−a

∫ b

a
f (t)dt− f ′(x)

(
x−a+b

2

)∣∣∣∣�
(

(x−a)2q+1 +(b−x)2q+1

(2q+1)2q (b−a)q

)1/q∥∥ f ′′
∥∥

p .
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Proof. We apply Theorem 4 with uniform weight function w(t) = 1
b−a , t ∈ [a,b]

and knots b0 = a , b1 = x , b2 = b . Thus we have∣∣∣∣ f (x)− 1
b−a

∫ b

a
f (t)dt − f ′(x)

∫ b

a
P(x,t)Tb,0(t)dt

∣∣∣∣� ‖K (·,x)‖q

∥∥ f ′′
∥∥

p

where

K (s,x) =
∫ b

a
Gb,1(t,s)P(x,t)dt

and

Gb,1 (t,s) =

⎧⎪⎪⎨
⎪⎪⎩

0, a � s � t � x,
−1, a � t � s � x,
1, x � s � t � b,
0, x � t � s � b.

Since Tb,0 (t) = 1 we have

∫ b

a
P(x, t)Tb,0(t)dt =

∫ b

a
P(x,t)dt =

∫ x

a

t−a
b−a

dt +
∫ b

x

t−b
b−a

dt = x− a+b
2

and

K (s,x) =
∫ x

a
Gb,1(t,s)

t −a
b−a

dt +
∫ b

x
Gb,1(t,s)

t −b
b−a

dt.

If s < x

K (s,x) = −
∫ s

a

t −a
b−a

dt = − (s−a)2

2(b−a)

and if s > x

K (s,x) =
∫ b

s

t−b
b−a

dt = − (s−b)2

2(b−a)
.

So the q -norm of K (s,x) with respect to variable s is

‖K (·,x)‖q =

(∫ x

a

∣∣∣∣∣− (s−a)2

2(b−a)

∣∣∣∣∣
q

ds+
∫ b

x

∣∣∣∣∣− (s−b)2

2(b−a)

∣∣∣∣∣
q

ds

)1/q

=

(
(x−a)2q+1 +(b− x)2q+1

(2q+1)2q (b−a)q

)1/q

and the proof is done. �

COROLLARY 3. If f ∈ C2 [a,b] then for every x ∈ 〈a,b〉 following inequality
holds∣∣∣∣ f (x)− 1

b−a

∫ b

a
f (t)dt− f ′(x)

(
x−a+b

2

)∣∣∣∣� 1
2(b−a)

max
{
(x−a)2 ,(b−x)2

}∥∥ f ′′
∥∥

1 .
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Proof. We apply Theorem 4 with uniform weight function w(t) = 1
b−a , t ∈ [a,b]

and knots b0 = a , b1 = x , b2 = b and p = 1 (q = ∞) . Thus we have∣∣∣∣ f (x)− 1
b−a

∫ b

a
f (t)dt − f ′(x)

∫ b

a
P(x,t)Tb,0(t)dt

∣∣∣∣� ‖K (·,x)‖∞
∥∥ f ′′
∥∥

1

where

K (s,x) =
∫ b

a
Gb,1(t,s)P(x,t)dt

and

Gb,1 (t,s) =

⎧⎪⎪⎨
⎪⎪⎩

0, a � s � t � x,
−1, x � t � s � x,
1, x � s � t � b,
0, x � t � s � b.

As in the proof of the previous corollary we have

∫ b

a
P(x,t)Tb,0(t)dt = x− a+b

2

and

K (s,x) =
∫ x

a
Gb,1(t,s)

t−a
b−a

dt +
∫ b

x
Gb,1(t,s)

t−b
b−a

dt

that is

K (s,x) =

⎧⎪⎪⎨
⎪⎪⎩

− (s−a)2

2(b−a) , s < x,

− (s−b)2

2(b−a) , x < s.

So the ∞-norm of K (s,x) with respect to variable s is

‖K (·,x)‖∞ = sup
s∈[a,b]

|K (s,x)| = max

{
sup

s∈[a,x]

∣∣∣∣∣− (s−a)2

2(b−a)

∣∣∣∣∣ , sup
s∈[x,b]

∣∣∣∣∣− (s−b)2

2(b−a)

∣∣∣∣∣
}

=
1

2(b−a)
max

{
(x−a)2 ,(b− x)2

}

and the proof is done. �

COROLLARY 4. Assume (p,q) is pair of conjugate exponents and 1 � q < ∞ ,
1 < p � ∞ . If f ∈C2 [a,b] then following inequality holds

∣∣∣∣ f (x)− 1
b−a

∫ b

a
f (t)dt

∣∣∣∣� 1
8

(
(b−a)q+1

(2q+1)2

)1/q∥∥ f ′′
∥∥

p .

Proof. We take x = a+b
2 in the Corollary 2. �
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COROLLARY 5. f ∈C2 [a,b] then following inequality holds∣∣∣∣ f (x)− 1
b−a

∫ b

a
f (t)dt

∣∣∣∣� (b−a)
8

∥∥ f ′′
∥∥

1 .

Proof. We take x = a+b
2 in the Corollary 3. �

3.2. Case n = 2 for weight function w(t) = 1

π
√

1−t2
, t ∈ 〈−1,1〉

COROLLARY 6. If f ∈C2 [−1,1] then for every x ∈ 〈−1,1〉 following inequality
holds∣∣∣∣ f (x)− 1

π

∫ 1

−1

f (t)√
1− t2

dt− x f ′(x)
∣∣∣∣�
(

x
π

arcsinx+
1
π

√
1− x2 +

|x|
2

)∥∥ f ′′
∥∥

1 .

Proof. We apply Theorem 4 with weight function w(t) = 1

π
√

1−t2
, t ∈ 〈−1,1〉

and knots b0 = −1, b1 = x , b2 = 1 and p = 1 (q = ∞) . Thus we have∣∣∣∣ f (x)− 1
π

∫ 1

−1

1√
1− t2

f (t)dt − f ′(x)
∫ 1

−1
Pw(x,t)Tb,0(t)dt

∣∣∣∣� ‖K (·,x)‖∞
∥∥ f ′′

∥∥
1

where

K (s,x) =
∫ 1

−1
Gb,1(t,s)Pw(x,t)dt

and

Gb,1 (t,s) =

⎧⎪⎪⎨
⎪⎪⎩

0, −1 � s � t � x,
−1, x � t � s � x,
1, x � s � t � 1,
0, x � t � s � 1.

Since Tb,0 (t) = 1 we have

∫ 1

−1
Pw(x, t)Tb,0(t)dt =

1
π

∫ x

−1

(
arcsint +

π
2

)
dt +

1
π

∫ 1

x

(
arcsint− π

2

)
dt = x

and

K (s,x) =
1
π

∫ x

−1
Gb,1(t,s)

(
arcsin t +

π
2

)
dt +

1
π

∫ 1

x
Gb,1

(
arcsint − π

2

)
dt

that is

K (s,x) =

⎧⎪⎪⎨
⎪⎪⎩

− 1
π

(
sarcsins+

√
1− s2 + sπ

2

)
, s < x,

1
π

(
−sarcsins−√

1− s2 + sπ
2

)
, x < s.
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Let’s denote

α (s) = − 1
π

(
sarcsins+

√
1− s2 +

sπ
2

)
, s ∈ [−1,1]

and

β (s) =
1
π

(
−sarcsins−

√
1− s2 +

sπ
2

)
, s ∈ [−1,1] .

Since α is negative and decreasing on [−1,1] and β is negative and increasing on
[−1,1] the ∞-norm of K (s,x) with respect to variable s is

‖K (·,x)‖∞ = max

{
sup

s∈[−1,x]
|α (s)| , sup

s∈[x,1]
|β (s)|

}
= max{−α (x) ,−β (x)}

=
1
π

max
{(

xarcsinx+
√

1− x2 +
xπ
2

)
,xarcsinx+

√
1− x2− xπ

2

}
=

1
π

(
xarcsinx+

√
1− x2 +

|x|π
2

)
. �

COROLLARY 7. If f ∈C2 [−1,1] then for every x ∈ 〈−1,1〉 following inequality
holds ∣∣∣∣ f (x)− 1

π

∫ 1

−1

f (t)√
1− t2

dt− x f ′(x)
∣∣∣∣�
(

1
4

+
1
2
x2
)∥∥ f ′′

∥∥
∞ .

Proof. We apply Theorem 4 with weight function w(t)= 1

π
√

1−t2
, t ∈ 〈−1,1〉 and

knots b0 = −1, b1 = x , b2 = 1 and p = ∞ (q = 1) . Similar as in previous corollary
we have ∣∣∣∣ f (x)− 1

π

∫ 1

−1

1√
1− t2

f (t)dt − x f ′(x)
∣∣∣∣� ‖K (·,x)‖1

∥∥ f ′′
∥∥

∞

and

K (s,x) =

⎧⎪⎪⎨
⎪⎪⎩

− 1
π

(
sarcsins+

√
1− s2 + sπ

2

)
, s < x,

1
π

(
−sarcsins−√

1− s2 + sπ
2

)
, x < s.

The 1-norm of K (s,x) with respect to variable s is

‖K (·,x)‖1 =
1
π

∫ x

−1

∣∣∣sarcsins+
√

1− s2 +
sπ
2

∣∣∣ds+
1
π

∫ 1

x

∣∣∣sarcsins+
√

1− s2− sπ
2

∣∣∣ds

=
1
4

+
1
2
x2. �

3.3. Case n = 2 for weight function w(t) = 2
π
√

1− t2 , t ∈ [−1,1]

COROLLARY 8. If f ∈C2 [−1,1] then for every x ∈ 〈−1,1〉 following inequality
holds∣∣∣∣ f (x)− 2

π

∫ 1

−1

√
1− t2 f (t)dt− x f ′(x)

∣∣∣∣�
(

x
π

arcsinx+
2+ x2

3π

√
1− x2 +

|x|
2

)∥∥ f ′′
∥∥

1 .
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Proof. We apply Theorem 4 with weight function w(t) = 2
π
√

1− t2 , t ∈ [−1,1]
and knots b0 = −1, b1 = x , b2 = 1 and p = 1 (q = ∞) . Thus we have∣∣∣∣ f (x)− 2

π

∫ 1

−1

√
1− t2 f (t)dt − f ′(x)

∫ 1

−1
Pw(x,t)Tb,0(t)dt

∣∣∣∣� ‖K (·,x)‖∞
∥∥ f ′′

∥∥
1

where

K (s,x) =
∫ 1

−1
Gb,1(t,s)Pw(x,t)dt.

Since Tb,0 (t) = 1 we have

∫ 1

−1
Pw(x, t)Tb,0(t)dt =

∫ x

−1

(
1
π

arcsint +
1
π

t
√

1− t2 +
1
2

)
dt

+
∫ 1

x

(
1
π

arcsin t +
1
π

t
√

1− t2− 1
2

)
dt = x

and

K (s,x) =
∫ x

−1
Gb,1(t,s)

(
1
π

arcsin t +
1
π

t
√

1− t2 +
1
2

)
dt

+
∫ 1

x
Gb,1(t,s)

(
1
π

arcsint +
1
π

t
√

1− t2− 1
2

)
dt

that is

K (s,x) =

⎧⎪⎪⎨
⎪⎪⎩

(
− 1

π sarcsins− 2
3π
√

1− s2− 1
3π s2

√
1− s2− 1

2 s
)

, s < x,

(
− 1

π sarcsins− 2
3π
√

1− s2− 1
3π s2

√
1− s2 + 1

2 s
)

, x < s.

Let’s denote

α (s) = − 1
π

sarcsins− 2
3π

√
1− s2− 1

3π
s2
√

1− s2− 1
2
s, s ∈ [−1,1]

and

β (s) = − 1
π

sarcsins− 2
3π

√
1− s2− 1

3π
s2
√

1− s2 +
1
2
s, ,s ∈ [−1,1] .

Since α is negative and decreasing on [−1,1] and β is negative and increasing on
[−1,1] the ∞-norm of K (s,x) with respect to variable s is

‖K (·,x)‖∞ = max

{
sup

s∈[−1,x]
|α (s)| , sup

s∈[x,1]
|β (s)|

}
= max{−α (x) ,−β (x)}

= max

{
x
π

arcsinx+
2+x2

3π

√
1−x2+

1
2
x,

x
π

arcsinx+
2+x2

3π

√
1−x2−1

2
x

}

=
x
π

arcsinx+
2+ x2

3π

√
1− x2 +

|x|
2

. �
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COROLLARY 9. If f ∈C2 [−1,1] then for every x ∈ 〈−1,1〉 following inequality
holds ∣∣∣∣ f (x)− 2

π

∫ 1

−1

√
1− t2dt− x f ′(x)

∣∣∣∣�
(

1
8

+
1
2
x2
)∥∥ f ′′

∥∥
∞ .

Proof. We apply Theorem 4 with weight function w(t) = 2
π
√

1− t2 , t ∈ [−1,1]
and knots b0 =−1, b1 = x , b2 = 1 and p = ∞ (q = 1) . Similar as in previous corollary
we have ∣∣∣∣ f (x)− 2

π

∫ 1

−1

√
1− t2dt− x f ′(x)

∣∣∣∣� ‖K (·,x)‖1

∥∥ f ′′
∥∥

∞

and

K (s,x) =

⎧⎪⎪⎨
⎪⎪⎩

(
− 1

π sarcsins− 2
3π
√

1− s2− 1
3π s2

√
1− s2− 1

2 s
)

, s < x,

(
− 1

π sarcsins− 2
3π
√

1− s2− 1
3π s2

√
1− s2 + 1

2 s
)

, x < s.

The 1-norm of K (s,x) with respect to variable s is

‖K (·,x)‖1 =
∫ x

−1

∣∣∣∣− 1
π

sarcsins− 2
3π

√
1− s2− 1

3π
s2
√

1− s2− 1
2
s

∣∣∣∣ds

+
∫ 1

x

∣∣∣∣− 1
π

sarcsins− 2
3π

√
1− s2− 1

3π
s2
√

1− s2 +
1
2
s

∣∣∣∣ds

=
1
8

+
1
2
x2. �

3.4. Case n = 2 for weight function w(t) = 3
2

√
t , t ∈ [0,1]

COROLLARY 10. If f ∈ C2 [0,1] then for every x ∈ 〈0,1〉 following inequality
holds∣∣∣∣ f (x)− 3

2

∫ 1

0

√
t f (t)dt − f ′(x)

(
x− 3

5

)∣∣∣∣�
(

2
5

√
x5 +max

{
0,

3
5
− x

})∥∥ f ′′
∥∥

1 .

Proof. We apply Theorem 4 with weight function w(t) = 3
2

√
t , t ∈ [0,1] and

knots b0 = 0, b1 = x , b2 = 1 and p = 1 (q = ∞) . Thus we have∣∣∣∣ f (x)− 3
2

∫ 1

0

√
t f (t)dt − f ′(x)

∫ 1

0
Pw(x,t)Tb,0(t)dt

∣∣∣∣� ‖K (·,x)‖∞
∥∥ f ′′

∥∥
1

where

K (s,x) =
∫ 1

0
Gb,1(t,s)Pw(x,t)dt.

Since Tb,0 (t) = 1 we have

∫ 1

0
Pw(x,t)Tb,0(t)dt =

∫ x

0

√
t3dt +

∫ 1

x

(√
t3−1

)
dt = x− 3

5
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and

K (s,x) =
∫ x

0
Gb,1(t,s)

√
t3dt +

∫ 1

x
Gb,1

(√
t3−1

)
dt

that is

K (s,x) =

⎧⎨
⎩

− 2
5

√
s5, s < x,

− 2
5

√
s5 + s− 3

5 , x < s.

So the ∞-norm of K (s,x) with respect to variable s is

‖K (·,x)‖∞ = sup
s∈[0,1]

|K (s,x)| = max

{
sup

s∈[0,x]

∣∣∣∣−2
5

√
s5

∣∣∣∣ , sup
s∈[x,1]

∣∣∣∣−2
5

√
s5 + s− 3

5

∣∣∣∣
}

= max

{
2
5

√
x5,

2
5

√
x5 − x+

3
5

}
. �

COROLLARY 11. If f ∈ C2 [0,1] then for every x ∈ 〈0,1〉 following inequality
holds ∣∣∣∣ f (x)− 3

2

∫ 1

0

√
t f (t)dt − f ′(x)

(
x− 3

5

)∣∣∣∣�
(

1
2
x2 − 3

5
x+

3
14

)∥∥ f ′′
∥∥

∞ .

Proof. We apply Theorem 4 with weight function w(t) = 3
2

√
t , t ∈ [0,1]and knots

b0 = 0, b1 = x , b2 = 1 and p = ∞ (q = 1) . Similar as in previous corollary we have∣∣∣∣ f (x)− 2
π

∫ 1

−1

√
1− t2dt− f ′(x)

(
x− 3

5

)∣∣∣∣� ‖K (·,x)‖1

∥∥ f ′′
∥∥

∞

and

K (s,x) =

⎧⎨
⎩

− 2
5

√
s5, s < x,

− 2
5

√
s5 + s− 3

5 , x < s.

The 1-norm of K (s,x) with respect to variable s is

‖K (·,x)‖1 =
∫ x

0

∣∣∣∣−2
5

√
s5

∣∣∣∣ds+
∫ 1

x

∣∣∣∣−2
5

√
s5 + s− 3

5

∣∣∣∣ds =
1
2
x2 − 3

5
x+

3
14

. �

3.5. Case n = 2 for weight function w(t) = 1
2
√

t
, t ∈ 〈0,1]

COROLLARY 12. If f ∈ C2 [0,1] then for every x ∈ 〈0,1〉 following inequality
holds∣∣∣∣ f (x)− 1

2

∫ 1

0

1√
t
f (t)dt − f ′(x)

(
x− 1

3

)∣∣∣∣�
(

2
3

√
x3 +max

{
0,

1
3
− x

})∥∥ f ′′
∥∥

1 .
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Proof. We apply Theorem 4 with uniform weight function w(t) = 1
2
√

t
, t ∈ 〈0,1]

and knots b0 = 0, b1 = x , b2 = 1 and p = 1 (q = ∞) . Thus we have∣∣∣∣ f (x)− 1
2

∫ 1

0

1√
t
f (t)dt − f ′(x)

∫ 1

0
Pw(x,t)Tb,0(t)dt

∣∣∣∣� ‖K (·,x)‖∞
∥∥ f ′′

∥∥
1

where

K (s,x) =
∫ 1

0
Gb,1(t,s)Pw(x,t)dt.

Since Tb,0 (t) = 1 we have

∫ 1

0
Pw(x,t)Tb,0(t)dt =

∫ x

0

√
tdt +

∫ 1

x

(√
t−1

)
dt = x− 1

3

and

K (s,x) =
∫ x

0
Gb,1(t,s)

√
tdt +

∫ 1

x
Gb,1(t,s)

(√
t−1

)
dt

that is

K (s,x) =

⎧⎨
⎩

− 2
3

√
s3, s < x,

− 2
3

√
s3 + s− 1

3 , x < s.

So the ∞-norm of K (s,x) with respect to variable s is

‖K (·,x)‖∞ = sup
s∈[0,1]

|K (s,x)| = max

{
sup

s∈〈0,x]

∣∣∣∣−2
3

√
s3

∣∣∣∣ , sup
s∈[x,1]

∣∣∣∣−2
3

√
s3 + s− 1

3

∣∣∣∣
}

= max

{
2
3

√
x3,

2
3

√
x3 − x+

1
3

}
. �

COROLLARY 13. If f ∈ C2 [0,1] then for every x ∈ 〈0,1〉 following inequality
holds ∣∣∣∣ f (x)− 1

2

∫ 1

0

1√
t
f (t)dt − f ′(x)

(
x− 1

3

)∣∣∣∣�
(

1
2
x2 − 1

3
x+

1
10

)∥∥ f ′′
∥∥

∞ .

Proof. We apply Theorem 4 with weight function w(t) = 1
2
√

t
, t ∈ 〈0,1] and knots

b0 = 0, b1 = x , b2 = 1 and p = ∞ (q = 1) . Similar as in previous corollary we have∣∣∣∣ f (x)− 1
2

∫ 1

0

1√
t
f (t)dt − f ′(x)

(
x− 1

3

)∣∣∣∣� ‖K (·,x)‖1

∥∥ f ′′
∥∥

∞

and

K (s,x) =

⎧⎨
⎩

− 2
3

√
s3, s < x,

− 2
3

√
s3 + s− 1

3 , x < s.
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The 1-norm of K (s,x) with respect to variable s is

‖K (·,x)‖1 =
∫ x

0

∣∣∣∣−2
3

√
s3

∣∣∣∣ds+
∫ 1

x

∣∣∣∣−2
3

√
s3 + s− 1

3

∣∣∣∣ds =
1
2
x2 − 1

3
x+

1
10

. �

Acknowledgement. The publication was supported by the Ministry of Education
and Science of the Russian Federation (the Agreement number No. 02.a03.21.0008.)

RE F ER EN C ES

[1] R. P. AGARWAL, P. J. Y. WONG, Error Inequalities in Polynomial Interpolation and Their Applica-
tions, Kluwer Academic Publishers, Dordrecht/Boston/London, 1993.
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