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WEIGHTED OSTROWSKI TYPE

INEQUALITIES BY LIDSTONE POLYNOMIALS

ANDREA AGLIĆ ALJINOVIĆ, LJILJANKA KVESIĆ AND JOSIP PEČARIĆ

(Communicated by M. Praljak)

Abstract. We present a weighted generalization of Ostrowski type inequality for differentiable
functions of class Cn presented by Lidstone interpolating polynomial.

1. Introduction

The aim of this paper is to give a weighted generalization of Ostrowski type in-
equality for differentiable functions of class Cn presented by Lidstone interpolating
polynomial. For this purpose we will first present basic facts about Lidstone interpola-
tion.

Lidstone series was introduced in 1929 by Lidstone [4]. It approximates a given
function in the neighborhood of two symmetric points on [0,1] .

For f ∈C(2n)([0,1]) Widder [8] gave the following fundamental interpolation re-
sult

f (t) =
n−1

∑
k=0

[
f (2k)(0)Λk(1− t)+ f (2k)(1)Λk(t)

]
+
∫ 1

0
Gn(t,s) f (2n)(s)ds. (1.1)

Here Λn is the Lidstone polynomial of degree 2n+1 (uniquely) defined by the relations

Λ0(t) = t,

Λ′′
n(t) = Λn−1(t), (1.2)

Λn(0) = Λn(1) = 0, n � 1,

G1 is the homogeneous Green’s function

G1(t,s) =
{

(t−1)s, if s � t,
(s−1)t, if t � s,

(1.3)

and with the successive iterates of G1 we obtain Gn

Gn(t,s) =
∫ 1

0
G1(t,u)Gn−1(u,s)du, n � 2. (1.4)
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Let’s denote the Lidstone interpolating polynomial

Pn
L (t) =

n−1

∑
k=0

[
f (2k)(0)Λk(1− t)+ f (2k)(1)Λk(t)

]
,

and the associated error

eL(t) =
∫ 1

0
Gn(t,s) f (2n)(s)ds.

The Lidstone polynomial Λn(t) can be expressed as [1], [3]

Λn(t) =
∫ 1

0
Gn(t,s)sds. (1.5)

Identity (1.1) can be adapted for f ∈ C(2n)([a,b]) by using the linear transform
t �→ t−a

b−a , so we have

f (t) =
n−1

∑
k=0

(b−a)2k
[

f (2k)(a)Λk

(
b− t
b−a

)
+ f (2k)(b)Λk

(
t−a
b−a

)]

+(b−a)2n−1
∫ b

a
Gn

(
t−a
b−a

,
s−a
b−a

)
f (2n)(s)ds. (1.6)

We will also need the weighted Montgomery identity, obtained by J. Pečarić in [7]

f (x) =
∫ b

a
w(t) f (t)dt +

∫ b

a
Pw(x,t) f ′(t)dt, (1.7)

where w : [a,b] → [0,∞〉 is some normalized weight function i.e. integrable function

satisfying

b∫
a

w(t)dt = 1,W : R → [0,1]

W (t) =

⎧⎨
⎩

0, t < a,∫ t
a w(x)dx, t ∈ [a,b],

1, t > b,

and Pw (x, t) is the weighted Peano kernel

Pw (x,t) =

⎧⎨
⎩

W (t) , a � t � x,

W (t)−1, x < t � b.
(1.8)

Here and hereafter for p � 1 we denote

‖ f‖p =
(∫ b

a
| f (t)|p dt

) 1
p

and
‖ f‖∞ = ess sup

t∈[a,b]
| f (t)| .
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REMARK 1. From (1.7) we have∣∣∣∣ f (x)−
∫ b

a
w(t) f (t)dt

∣∣∣∣� ∥∥ f ′
∥∥

∞

∫ b

a
|Pw(x,t)| dt

and then by applying uniform weight function w(t) = 1
b−a , t ∈ [a,b]∫ b

a
|Pw(x, t)| dt =

1
b−a

(∫ x

a
(t−a)dt +

∫ b

x
(b− t)dt

)

=
(x−a)2 +(x−b)2

2(b−a)
=

[
1
4

+

(
x− a+b

2

)2
(b−a)2

]
(b−a)

we obtain the well known Ostrowski inequality proved by Ostrowski [6] in 1938:∣∣∣∣ f (x)− 1
b−a

∫ b

a
f (t)dt

∣∣∣∣�
[

1
4

+

(
x− a+b

2

)2
(b−a)2

]
(b−a)

∥∥ f ′
∥∥

∞ . (1.9)

It holds for every x ∈ [a,b] whenever f : [a,b] → R is continuous on [a,b] and differ-
entiable on 〈a,b〉 with bounded derivative.

In next sections we present weighted generalization of the Montgomery identity
by using Lidstone interpolating polynomial. Then, in a similar way as in the previous
remark, we derive Ostrowski type inequality for differentiable functions of class Cn .
Finally, we obtain special cases n = 2 and n = 3 for uniform weighted function, as well
as for w(t) = 3

2

√
t , t ∈ [0,1] and w(t) = 1

2
√

t
, t ∈ 〈0,1] . For some other applications of

Montgomery type identities and Ostrowski type inequalities we refer interested reader
to [2], [5].

2. Generalization of weighted Montgomery identity via Lidstone polynomials

THEOREM 1. Let w : [a,b] → [0,∞〉 be a normalized weight function and f ∈
C(2n+1)([a,b]) . Then the following identity holds

f (x) =
∫ b

a
w(t) f (t)dt +

n−1

∑
k=0

(b−a)2k
[

f (2k+1)(a)
∫ b

a
Pw(x,t)Λk

(
b− t
b−a

)
dt (2.1)

+ f (2k+1)(b)
∫ b

a
Pw(x,t)Λk

(
t−a
b−a

)
dt

]

+(b−a)2n−1
∫ b

a

(∫ b

a
Pw(x,t)Gn

(
t−a
b−a

,
s−a
b−a

)
dt

)
f (2n+1)(s)ds.

Proof. By applying (1.6) with f ′ ∈C(2n)([a,b]) instead of f , we get

f ′(t) =
n−1

∑
k=0

(b−a)2k
[

f (2k+1)(a)Λk

(
b− t
b−a

)
+ f (2k+1)(b)Λk

(
t −a
b−a

)]

+(b−a)2n−1
∫ b

a
Gn

(
t−a
b−a

,
s−a
b−a

)
f (2n+1)(s)ds. (2.2)
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Taking (2.2) in the weighted Montgomery identity (1.7), we obtain (2.1). �

THEOREM 2. Let w : [a,b] → [0,∞〉 be a normalized weight function and f ∈
C(2n)([a,b]) . Then the following identity holds

f (x) =
∫ b

a
w(t) f (t)dt +

n−1

∑
k=0

(b−a)2k−1
[
− f (2k)(a)

∫ b

a
Pw(x,t)Λ′

k

(
b− t
b−a

)
dt (2.3)

+ f (2k)(b)
∫ b

a
Pw(x,t)Λ′

k

(
t−a
b−a

)
dt

]

+(b−a)2n−2
∫ b

a

(∫ b

a
Pw(x,t)

∂
∂ t

Gn

(
t−a
b−a

,
s−a
b−a

)
dt

)
f (2n)(s)ds.

Proof. By multiplying (1.6) with w(t) and integrating with respect to t from a to
b we obtain∫ b

a
w(t) f (t)dt =

n−1

∑
k=0

(b−a)2k
[

f (2k)(a)
∫ b

a
w(t)Λk

(
b− t
b−a

)
dt (2.4)

+ f (2k)(b)
∫ b

a
w(t)Λk

(
t−a
b−a

)
dt

]

+(b−a)2n−1
∫ b

a

(∫ b

a
w(t)Gn

(
t−a
b−a

,
s−a
b−a

)
dt

)
f (2n)(s)ds.

If we subtract (2.4) from the identity (1.6) stated for variable x instead of t we get

f (x) =
∫ b

a
w(t) f (t)dt+

n−1

∑
k=0

(b−a)2k
[

f (2k)(a)
(

Λk

(
b−x
b−a

)
−
∫ b

a
w(t)Λk

(
b−t
b−a

)
dt

)

+ f (2k)(b)
(

Λk

(
x−a
b−a

)
−
∫ b

a
w(t)Λk

(
t−a
b−a

)
dt

)]
(2.5)

+(b−a)2n−2
∫ b

a

(
Gn

(
x−a
b−a

,
s−a
b−a

)
−
∫ b

a
w(t)Gn

(
t−a
b−a

,
s−a
b−a

)
dt

)
f (2n)(s)ds.

By using the weighted Montgomery identity (1.7) for functions x �→ Λk
(

b−x
b−a

)
, x �→

Λk
(

x−a
b−a

)
and x �→ Gn

(
x−a
b−a , s−a

b−a ,
)

we get respectively

Λk

(
b− x
b−a

)
−
∫ b

a
w(t)Λk

(
b− t
b−a

)
dt =

−1
b−a

∫ b

a
Pw(x,t)Λ′

k

(
b− t
b−a

)
dt, (2.6)

Λk

(
x−a
b−a

)
−
∫ b

a
w(t)Λk

(
t−a
b−a

)
dt =

1
b−a

∫ b

a
Pw(x,t)Λ′

k

(
t−a
b−a

)
dt, (2.7)

and

Gn

(
x−a
b−a

,
s−a
b−a

)
−
∫ b

a
w(t)Gn

(
t −a
b−a

,
s−a
b−a

)
dt

=
1

b−a

∫ b

a
Pw(x,t)

∂
∂ t

Gn

(
t−a
b−a

,
s−a
b−a

)
dt. (2.8)
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Applying (2.5) with (2.6), (2.7) and (2.8) we obtain (2.3). �

3. Weighted Ostrowski type inequalities

THEOREM 3. Let w : [a,b] → [0,∞〉 be a normalized weight function, f ∈
C(2n+1)([a,b]) and p,q ∈ R , 1 � p,q � ∞ , 1

p + 1
q = 1 . Then the following inequal-

ity holds∣∣∣∣∣ f (x)−
∫ b

a
w(t) f (t)dt −

n−1

∑
k=0

(b−a)2k
[

f (2k+1)(a)
∫ b

a
Pw(x,t)Λk

(
b− t
b−a

)
dt

+ f (2k+1)(b)
∫ b

a
Pw(x,t)Λk

(
t−a
b−a

)
dt

]∣∣∣∣∣� ‖K1(·,x)‖q‖ f (2n+1)‖p, (3.1)

where

K1(s,x) = (b−a)2n−1
∫ b

a
Pw(x,t)Gn

(
t−a
b−a

,
s−a
b−a

)
dt.

Proof. Apply Hölder inequality to (2.1). �

THEOREM 4. Let w : [a,b] → [0,∞〉 be a normalized weight function, f ∈
C(2n)([a,b]) and p,q ∈ R , 1 � p,q � ∞ , 1

p + 1
q = 1 . Then the following inequality

holds∣∣∣∣∣ f (x)−
∫ b

a
w(t) f (t)dt −

n−1

∑
k=0

(b−a)2k−1
[
− f (2k)(a)

∫ b

a
Pw(x,t)Λ′

k

(
b− t
b−a

)
dt

+ f (2k)(b)
∫ b

a
Pw(x,t)Λ′

k

(
t−a
b−a

)
dt

]∣∣∣∣∣� ‖K2(·,x)‖q‖ f (2n)‖p, (3.2)

where

K2(s,x) = (b−a)2n−2
∫ b

a
Pw(x,t)

∂
∂ t

Gn

(
t −a
b−a

,
s−a
b−a

)
dt.

Proof. Apply Hölder inequality to (2.3). �

3.1. Case f ∈C2([a,b])

THEOREM 5. Let w : [a,b]→ [0,∞〉 be a normalized weight function, f ∈C2([a,b])
and p,q ∈ R , 1 � p,q � ∞ , 1

p + 1
q = 1 . Then the following inequality holds∣∣∣∣∣ f (x)−

∫ b

a
w(t) f (t)dt +

f (a)− f (b)
b−a

(∫ b

a
Pw(x, t)dt

)∣∣∣∣∣� ‖Aw(·,x)‖q‖ f ′′‖p

where

Aw(s,x) =
∫ b

a
Pw(x,t)

∂
∂ t

G1

(
t−a
b−a

,
s−a
b−a

)
dt.
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Proof. We apply (3.2) with n = 1 and Λ0(t) = t . �

COROLLARY 1. Let f ∈C2([a,b]) and p,q ∈ R , 1 � p,q � ∞ , 1
p + 1

q = 1 . Then
the following inequality holds∣∣∣∣∣ f (x)− 1

b−a

∫ b

a
f (t)dt +

f (a)− f (b)
b−a

(
x− a+b

2

)∣∣∣∣∣� ‖A(·,x)‖q‖ f ′′‖p

where

A(s,x) =
1

2(b−a)2
·
{

(s−a)(2x−b− s), if s � x,
(s−b)(2x−a− s), if x � s.

Proof. We apply Theorem 5 with uniform weight function w(t) = 1
b−a , t ∈ [a,b]

∫ b

a
Pw(x,t)dt =

∫ x

a

t−a
b−a

dt +
∫ b

x

t−b
b−a

dt = x− a+b
2

, (3.3)

Aw(s,x) =
∫ x

a

t−a
b−a

∂
∂ t

G1

(
t −a
b−a

,
s−a
b−a

)
dt +

∫ b

x

t−b
b−a

∂
∂ t

G1

(
t−a
b−a

,
s−a
b−a

)
dt

and

G1

(
t−a
b−a

,
s−a
b−a

)
=

1

(b−a)2

{
(t−b)(s−a), if s � t,
(s−b)(t−a) , if t � s.

,

∂
∂ t

G1

(
t−a
b−a

,
s−a
b−a

)
=

1
b−a

·
{

s−a, if s � t,
s−b, if t � s.

If s � x

Aw(s,x) =
1

(b−a)2

[∫ s

a
(t−a)(s−b)dt +

∫ x

s
(t−a)(s−a)dt +

∫ b

x
(t−b)(s−a)dt

]

=
(s−a)(2x−b− s)

2(b−a)
.

If x � s

Aw(s,x) =
1

(b−a)2

[∫ x

a
(t −a)(s−b)dt +

∫ s

x
(t−b)(s−b)dt +

∫ b

s
(t−b)(s−a)dt

]

=
(s−b)(2x−a− s)

2(b−a)
.

Thus, the proof is completed. �

COROLLARY 2. Let f ∈C2([0,1]) and p,q ∈ R , 1 � p,q � ∞ , 1
p + 1

q = 1 . Then
the following inequality holds∣∣∣∣∣ f (x)− 3

2

∫ 1

0

√
t f (t)dt +( f (0)− f (1))

(
x− 3

5

)∣∣∣∣∣� ‖Aw(·,x)‖q‖ f ′′‖p
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where

Aw(s,x) =

{
s
(
x− 3

5

)− 2
5

√
s5, if s � x,

s
(
x+ 2

5

)− x− 2
5

√
s5, if x � s.

Proof. We apply Theorem 5 with normalized weight function w(t) = 3
2

√
t , t ∈

[0,1] ∫ b

a
Pw(x,t)dt =

∫ x

0

√
t3dt +

∫ 1

x

(√
t3−1

)
dt = x− 3

5
,

Aw(s,x) =
∫ x

0

√
t3

∂
∂ t

G1 (t,s)dt +
∫ 1

x

(√
t3−1

) ∂
∂ t

G1 (t,s)dt

and

G1 (t,s) =
{

(t−1)s, if s � t,
(s−1)t, if t � s.

∂
∂ t

G1 (t,s) =
{

s, if s � t,
s−1, if t � s.

If s � x

Aw(s,x) =
∫ s

0

√
t3(s−1)dt +

∫ x

s

√
t3sdt +

∫ 1

x

(√
t3−1

)
sdt

= s

(
x− 3

5

)
− 2

5

√
s5.

If x � s

Aw(s,x) =
∫ x

0

√
t3(s−1)dt +

∫ s

x

(√
t3−1

)
(s−1)dt +

∫ 1

s

(√
t3−1

)
sdt

= s

(
x+

2
5

)
− x− 2

5

√
s5.

Thus, the proof is completed. �

COROLLARY 3. Let f ∈C2([0,1]) and p,q ∈ R , 1 � p,q � ∞ , 1
p + 1

q = 1 . Then
the following inequality holds∣∣∣∣∣ f (x)− 1

2

∫ 1

0

f (t)√
t

dt +( f (0)− f (1))
(

x− 1
3

)∣∣∣∣∣� ‖Aw(·,x)‖q‖ f ′′‖p

where

Aw(s,x) =
{

s
(
x− 1

3

)− 2
3

√
s3, if s � x,

s
(
x+ 2

3

)− x− 2
3

√
s3, if x � s.
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Proof. We apply Theorem 5 with normalized weight function w(t) = 1
2
√

t
, t ∈

〈0,1] ∫ b

a
Pw(x,t)dt =

∫ x

0

√
tdt +

∫ 1

x

(√
t−1

)
dt = x− 1

3
, (3.4)

Aw(s,x) =
∫ x

0

√
t

∂
∂ t

G1 (t,s)dt +
∫ 1

x

(√
t −1

) ∂
∂ t

G1 (t,s)dt

and again
∂
∂ t

G1 (t,s) =
{

s, if s � t,
s−1, if t � s.

If s � x

Aw(s,x) =
∫ s

0

√
t(s−1)dt +

∫ x

s

√
tsdt +

∫ 1

x

(√
t−1

)
sdt

= s

(
x− 1

3

)
− 2

3

√
s3.

If x � s

Aw(s,x) =
∫ x

0

√
t(s−1)dt +

∫ s

x

(√
t −1

)
(s−1)dt +

∫ 1

s

(√
t−1

)
sdt

= s

(
x+

2
3

)
− x− 2

3

√
s3.

Thus, the proof is completed. �

3.2. Case f ∈C3([a,b])

THEOREM 6. Let w : [a,b]→ [0,∞〉 be a normalized weight function, f ∈C(3)([a,b])
and p,q ∈ R , 1 � p,q � ∞ , 1

p + 1
q = 1 . Then the following inequality holds

∣∣∣∣∣ f (x)−
∫ b

a
w(t) f (t)dt − 1

b−a

[
f ′(a)

∫ b

a
(b− t)Pw(x, t)dt

+ f ′(b)
∫ b

a
(t−a)Pw(x,t)dt

]∣∣∣∣∣� ‖Bw(·,x)‖q‖ f ′′′‖p

where

Bw(s,x) = (b−a)
∫ b

a
Pw(x,t)G1

(
t −a
b−a

,
s−a
b−a

)
dt.

Proof. We apply (3.1) with n = 1 and Λ0(t) = t . �
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COROLLARY 4. Let f ∈C(3)([a,b]) and p,q∈R , 1 � p,q � ∞ , 1
p + 1

q = 1 . Then
the following inequality holds∣∣∣∣∣ f (x)− 1

b−a

∫ b

a
f (t)dt − f ′(a)

(
b−a

6
− (b− x)2

2(b−a)

)
− f ′(b)

(
b−a

6
− (x−a)2

2(b−a)

)∣∣∣∣∣
� ‖B(·,x)‖q‖ f ′′′‖p

where

B(s,x)=

⎧⎨
⎩

(s−a)
(b−a)2

[
(s−b)(s−a)2

3 +
[

x3−s3
3 − (a+b) x2−s2

2 +ab(x− s)
]
− (x−b)3

3

]
, if s � x,

(s−b)
(b−a)2

[
(x−a)3

3 +
[

s3−x3

3 − (a+b) s2−x2

2 +ab(s− x)
]
− (s−a)(s−b)2

3

]
, if s � x.

Proof. We apply Theorem 6 with uniform weight function w(t) = 1
b−a , t ∈ [a,b]∫ b

a
(b− t)Pw(x,t)dt =

1
b−a

(∫ x

a
(t−a)(b− t)dt +

∫ b

x
(t−b)(b− t)dt

)

=
1
6

(b−a)2 − 1
2

(b− x)2 ,

∫ b

a
(t−a)Pw(x,t)dt =

1
b−a

(∫ x

a
(t −a)2 dt +

∫ b

x
(t −a)(t−b)dt

)

=
1
6

(b−a)2− 1
2

(x−a)2 ,

Bw(s,x) = (b−a)
[∫ x

a

t−a
b−a

G1

(
t −a
b−a

,
s−a
b−a

)
dt +

∫ b

x

t−b
b−a

G1

(
t −a
b−a

,
s−a
b−a

)
dt

]
.

If s � x

Bw(s,x) =
∫ s

a
(t−a)

(
(s−b)(t−a)

(b−a)2

)
dt

+
∫ x

s
(t−a)

(
(t−b)(s−a)

(b−a)2

)
dt +

∫ b

x
(t−b)

(
(t −b)(s−a)

(b−a)2

)
dt

=
(s−a)
(b−a)2

[
(s−b)

(s−a)2

3
+
[
x3−s3

3
−(a+b)

x2−s2

2
+ab(x−s)

]
−(x−b)3

3

]
.

If x � s

Bw(s,x) =
∫ x

a
(t−a)

(
(s−b)(t−a)

(b−a)2

)
dt

+
∫ s

x
(t−b)

(
(s−b)(t−a)

(b−a)2

)
dt +

∫ b

s
(t −b)

(
(t −b)(s−a)

(b−a)2

)
dt

=
(s−b)
(b−a)2

[
(x−a)3

3
+
[
s3−x3

3
−(a+b)

s2−x2

2
+ab(s−x)

]
−(s−a)

(s−b)2

3

]
.
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Thus, the proof is completed. �

COROLLARY 5. Let f ∈C(3)([0,1]) and p,q∈R , 1 � p,q � ∞ , 1
p + 1

q = 1 . Then
the following inequality holds∣∣∣∣∣ f (x)− 3

2

∫ 1

0

√
t f (t)dt−

[
f ′(0)

(
−x2

2
+ x− 27

70

)
+ f ′(1)

(
x2

2
− 3

14

)]∣∣∣∣∣
� ‖Bw(·,x)‖q‖ f ′′′‖p

where

Bw(s,x) =

{
27
70s+ 4

35

√
s7 + s

(
x2

2 − x
)

, if s � x,

(s−1) x2

2 + 4
35

√
s7 + 27

70s− s2
2 , if s � x.

.

Proof. We apply Theorem 6 with normalized weight function w(t) = 3
2

√
t , t ∈

[0,1] . Thus W (t) =
√

t3 , t ∈ [0,1]

∫ b

a
(b− t)Pw(x,t)dt =

(∫ x

0
(1− t)

√
t3dt +

∫ 1

x
(1− t)

(√
t3−1

)
dt

)

= −x2

2
+ x− 27

70
,

∫ b

a
(t−a)Pw(x,t)dt =

(∫ x

0
t
√

t3dt +
∫ 1

x
t
(√

t3−1
)

dt

)

=
x2

2
− 3

14
,

Bw(s,x) =
[∫ x

0

√
t3G1 (t,s)dt +

∫ 1

x

(√
t3−1

)
G1 (t,s)dt

]
.

If s � x

Bw(s,x) =
∫ s

0

√
t3(s−1)tdt +

∫ x

s

√
t3(t−1)sdt +

∫ 1

x

(√
t3−1

)
(t −1)sdt

=
27
70

s+
4
35

√
s7 + s

(
x2

2
− x

)
.

If x � s

Bw(s,x) =
∫ x

0

√
t3(s−1)tdt +

∫ s

x

(√
t3−1

)
(s−1)tdt +

∫ 1

s

(√
t3−1

)
(t−1)sdt

= (s−1)
x2

2
+

4
35

√
s7 +

27
70

s− s2

2
.

Thus, the proof is completed. �
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COROLLARY 6. Let f ∈C(3)([a,b]) and p,q∈R , 1 � p,q � ∞ , 1
p + 1

q = 1 . Then
the following inequality holds∣∣∣∣∣ f (x)− 1

2

∫ 1

0

f (t)√
t

dt−
[

f ′(0)
(
−x2

2
+ x− 7

30

)
+ f ′(1)

(
x2

2
− 1

10

)]∣∣∣∣∣
� ‖Bw(·,x)‖q‖ f ′′′‖p

where

Bw(s,x) =

{
7
30 s+ 4

15

√
s5 + s

(
x2

2 − x
)

, if s � x,

(s−1) x2

2 + 4
15

√
s5 + 7

30s− s2
2 , if s � x.

.

Proof. We apply Theorem 6 with normalized weight function w(t) = 1
2
√

t
, t ∈

〈0,1] . Thus W (t) =
√

t , t ∈ [0,1]
∫ b

a
(b− t)Pw(x,t)dt =

(∫ x

0
(1− t)

√
tdt +

∫ 1

x
(1− t)

(√
t−1

)
dt

)

= −x2

2
+ x− 7

30
,

∫ b

a
(t−a)Pw(x,t)dt =

(∫ x

0
t
√

tdt +
∫ 1

x
t
(√

t−1
)
dt

)

=
x2

2
− 1

10
,

Bw(s,x) =
[∫ x

0

√
tG1 (t,s)dt +

∫ 1

x

(√
t−1

)
G1 (t,s)dt

]
.

If s � x

Bw(s,x) =
∫ s

0

√
t(s−1)tdt +

∫ x

s

√
t(t−1)sdt +

∫ 1

x

(√
t −1

)
(t −1)sdt

=
7
30

s+
4
15

√
s5 + s

(
x2

2
− x

)
.

If x � s

Bw(s,x) =
∫ x

0

√
t(s−1)tdt +

∫ s

x

(√
t−1

)
(s−1)tdt +

∫ 1

s

(√
t−1

)
(t−1)sdt

= (s−1)
x2

2
+

4
15

√
s5 +

7
30

s− s2

2
.

Thus, the proof is completed. �
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