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WEIGHTED OSTROWSKI TYPE
INEQUALITIES BY LIDSTONE POLYNOMIALS

ANDREA AGLIC ALJINOVIC, LITLJANKA KVESIC AND JOSIP PECARIC

(Communicated by M. Praljak)

Abstract. We present a weighted generalization of Ostrowski type inequality for differentiable
functions of class C" presented by Lidstone interpolating polynomial.

1. Introduction

The aim of this paper is to give a weighted generalization of Ostrowski type in-
equality for differentiable functions of class C" presented by Lidstone interpolating
polynomial. For this purpose we will first present basic facts about Lidstone interpola-
tion.

Lidstone series was introduced in 1929 by Lidstone [4]. It approximates a given
function in the neighborhood of two symmetric points on [0, 1].

For f € C®)([0,1]) Widder [8] gave the following fundamental interpolation re-
sult

n—1
10 =3 [P0 -0+ PAD] + [ Gaes) P s)as.
k=0
Here A, is the Lidstone polynomial of degree 2n+ 1 (uniquely) defined by the relations
Ao(t) =1,
AN(t) =N, (¢ ) (1.2)

G is the homogeneous Green’s function

(e —=1)s, ifs<t,
Gl(t’s)_{(s—l)t, ifr<s, (1.3)

and with the successive iterates of G| we obtain G,
1
G,(t,s) :/ G (t,u)Gp—1(u,s)du, nz=2. (1.4)
0
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Let’s denote the Lidstone interpolating polynomial

PO = [FPOA0 -0 + 7P A0,

k=0

and the associated error
en(t) = /O ' G(1.5)£® (s)ds.
The Lidstone polynomial A, (¢) can be expressed as [1], [3]
Anlt) z/()lGn(t,s)sds. (1.5)

Identity (1.1) can be adapted for f € C\*")([a,b]) by using the linear transform

1 — =%, 50 we have

t _n71 b 2 | £(20) (VA b—t (28) (p)A t—a
0= (b= |f e (55 ) + 10 e (25 )
_\2n—1 b I—a s—a (2n)
+(b—a) /aGn<—b_a7b_a>f (s)ds. (1.6)

We will also need the weighted Montgomery identity, obtained by J. Pecari¢ in [7]

b b
10 = [ worod+ [ Pueos o, (7
where w : [a,b] — [0,0) is some normalized weight function i.e. integrable function
b

satisfying /w (t)dr=1,W:R —[0,1]
a

0, t<a,
W) = fa’w(x)dx, t € [a,b],
1, t>Db,

and P, (x,7) is the weighted Peano kernel

W(t), a<t<x,
Py (x,1) = (1.8)
W(t)—1,x<r<b.

Here and hereafter for p > 1 we denote

i1, = ( blf(t)”dty

1f]l.. = ess sup |f(1)[-

t€la,b]

and
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REMARK 1. From (1.7) we have
b b
0= [ wosoa| <. [ 1o a

and then by applying uniform weight function w(t) = 71, t € [a,b]

/ah Py (1)) dt = ﬁ (/ax(t—a)dt+/xh(b—t)dt>

a4 =b) 1 (- 42)’

we obtain the well known Ostrowski inequality proved by Ostrowski [6] in 1938:
2
1 b ( _ M)
X)— t)dt| < = 27
'f() G -

It holds for every x € [a,b] whenever f : [a,b] — R is continuous on [a,b| and differ-
entiable on (a,b) with bounded derivative.

b-a)|f|..- (1.9)

In next sections we present weighted generalization of the Montgomery identity
by using Lidstone interpolating polynomial. Then, in a similar way as in the previous
remark, we derive Ostrowski type inequality for differentiable functions of class C".
Finally, we obtain special cases n =2 and n = 3 for uniform weighted function, as well
asfor w(t) =3/1,1€0,1] and w(r) = 2\/, t € (0,1]. For some other applications of

Montgomery type identities and Ostrowski type inequalities we refer interested reader
to [2], [5].

2. Generalization of weighted Montgomery identity via Lidstone polynomials

THEOREM 1. Let w : [a,b] — [0,00) be a normalized weight function and f €
C®t1)([a,b]). Then the following identity holds

f(x):/ah O f(t dz+2b a2k[f<2k+1 /P xtAk<ll: )d: (2.1)

k=0

+fH (b /)P szk<b )dﬁ
+(b— a2n1/ (/1>xz ( b )w)ﬂMﬂxww'
Proof. By applying (1.6) with £’ € C"([a,b]) instead of f, we get
rio = go-ar [rn (30 < om (5]
\ds.

—t
o)
et [P I—a s—a\ opt1)
+(b—a) /Gn a f (S

n—1

b
b—

2.2
b—a b (2.2)
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Taking (2.2) in the weighted Montgomery identity (1.7), we obtain (2.1). [J

THEOREM 2. Let w : [a,b] — [0,00) be a normalized weight function and f €
C®)([a,b]). Then the following identity holds

f(x):/abw(t)f(t)dt—f—g(b—a)zk1[ (@) /P szk<Z )dt 2.3)

k=0

+£ @ ( /P xtAk<b )dt]
(b—a)" 2/ (/P 1) (b 4= a)dt)f( ") (s)ds.

Proof. By multiplying (1.6) with w(z) and integrating with respect to 7 from a to
b we obtain

[ w0 =5 0-a [0 [ wione (2L ) 0

k=0

+12(p) /ab ()m(b )dt]
ro-a [ [w06, (=450 )ar) s ssas

If we subtract (2.4) from the identity (1.6) stated for variable x instead of ¢ we get

0= bw(r)f(r)dr+:2;<b—a>2k @ (ne(5=2) - [ o (1% )ar)

+ 70 (p) (Ak (2:2)_/{1” (1) Ax (b )d1>} 2.5)
s [ (6, (F2520) - [ wine, (52520 ) a )

b

b_

By using the weighted Montgomery identity (1.7) for functions x — Ak

A (F2) and x— G, (3=2,5=%,) we get respectively

b—x b b—t —1 b , b—t

m(b_a) —/a w(t)Ag <m> dt = b_a/a P (x,1)A} (m) dr,  (2.6)
d ’ r—a 1 b [ T—a

m(b_a) —/a w(t)Ak<b_a> dt = m/ﬂ P (x,1)A} (m) dr, (2.7)

1 b 0 t—a s—a
_b_a/u Pw(x,t)EGn<b_a7b_a>dt. 2.8)
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Applying (2.5) with (2.6), (2.7) and (2.8) we obtain (2.3). [

3. Weighted Ostrowski type inequalities

THEOREM 3. Let w : [a,b] — [0,00) be a normalized weight function, f €
C®*)([a,b]) and p,q € R, 1 < p,q < o, 11—7—1- Ll] = 1. Then the following inequal-
ity holds

flx) - / () f(e)di —njl(b —a)* [f(zk“)(a) / P (%) di

k=0
f(2k+1)(b) /wa(x,t)Ak (Z:Z) dt}

b t—a s—
Ki(s.x) = (b— 2"—1/ Py(x.0)G, dt.
) = 0= [ Rt (52,521

Proof. Apply Holder inequality to (2.1). [

<K Gl £ 2D, 3D

where

THEOREM 4. Let w : [a,b] — [0,00) be a normalized weight function, f €
C([a,b]) and p,q €R, 1 < p,q <o, % + Ll] = 1. Then the following inequality
holds

f(x)—/ubw(t)f(t)dt—}g(b—a)z"‘l{ 729 (q /P xtAk<ll: )dl

k=0
£ (p) /bpw(x,t)AZ (2:2) dl}

0 t—a s—a
2n2
Ka(s,x) = (b—a) /th8G<b_ — a)dt.

Proof. Apply Holder inequality to (2.3). O

<K () [l £ (3.2)

where

3.1. Case f € C*([a,b])

THEOREM 5. Let w: [a,b] — [0,0) be a normalized weight function, f € C*([a,b])
and p,q € R, 1 < p,g < oo, % + Ll] = 1. Then the following inequality holds

‘f(x) - [wosa L0 (P pnar) | < iantollsl,

a

0 a s—a
Ay Py(x,t)=—G dt.
(5:%) / x, 8 1<b ab— a)

where
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Proof. We apply (3.2) with n=1 and Ag(t) =¢. O

COROLLARY 1. Let f € C*([a,b]) and p,q € R, 1 < p,q < = 1. Then

the following inequality holds
1 b —f(b b
'f(x)—m/a o+ HG=I0) (1 22)

- 1 Js—a)(2x—b—s), ifs<x,
A(s,x)—z(b_a)z {(s—b)(Zx—a—s)7 ifx <s.

1
oo, L
syt

< IACX) gl ANl

where

Proof. We apply Theorem 5 with uniform weight function w (1) = b% t € la,b]

b Yt—a bt —b a+b
R’V ) = I E— - - ) .
/a (x t)dt /a dt—|—/x dt =x 3 (3.3)

Yt—a o —a s— t—b& t—a s—a
Ay(s,x) = = —
(%) a b—a8ZG1< - )dt+/ b—adt (b—a b—a)dt

and t—a s—a\ 1 (t—b)(s—a), ifs<t,
G1<b_a’b_a) = (b_a)2{(s—b)(t—a), ifr<s.
50 (aime) =5ma Looh it
If s<x
Aw(s,x):(b_la)2 [/:(t— )(s— dt+/sx(t— - dt+/ P —b)(s— )dt]
_ (s—a)(2x—b—y)
2(b—a)
If x<s
Ay (5,x) = (b—la)2 [/ax(t—a)(s—b)dt—l—/xs(t—b)(s—b)dt—i—/sh(t—b)(s—a)dt]
_(s— bz)((Zx )a—s)

Thus, the proof is completed. [

COROLLARY 2. Let f € C*([0,1]) and p,g € R, 1 < p,g < oo = 1. Then

the following inequality holds

1,1
’17+q

3

93 [ Vi 50 - 1) (v 2) | < A0l
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where

PR FIC B I
WA %)—x—%\/s_s, if x <s.

Proof. We apply Theorem 5 with normalized weight function w (1) = %\/E ,tE

[0,1]
/P (x,0)dr = /\/_dt+/ dt—x—g

8
(s8,x) /\/_ Gltsdt—|—/ aGl(ts)a’
and
_f(t—1)s, ifs<1,
Gi (t’s)_{(s—l)t, ifr <s.
d s, if s <1,
EGI(”)_{S—L ifr <s.
If s<x
w(s,%) /\/—s—ldt—l—/ \/—sdt—l—/ sdt
_ 3\ 25
—s<x 5) sVs
Ifx<s
w(s,%) /\/_s—ldH—/ —1 s—ldH—/ sdt

2
:s<x+ §) —x—g\/s—S.

Thus, the proof is completed. [l

COROLLARY 3. Let f € C?([0,1]) and p,q € R, 1 < p,q < oo,
the following inequality holds

'f(x)—% [ 22 o) (- 3)

)—% $3, if s < x,

)—x——\/_ ifx <.

< Aw(0 gl

where

B
=
~—
jﬂ

~
S~—

I
—N
L W

=
I
WL —
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Proof. We apply Theorem 5 with normalized weight function w(r) = i L€
(0,1]

1
/P (x, 1)t = /\/dt+/ T 1)dr=x—3, (3.4)
8
Ay(s,x) = /\/ GltsdH—/ Gl(ts)d
and again
0 s, if s <1,
EGl(I’S):{s—L ifr <s.
If s<x
(s8,x) /\/_s—ldH—/ \/_sdt—|—/ —1 sdt
= _ = \/_
o(-3)-3
If x<s

(5,%) /\/s—ldH—/ (Vi—1)( s—ldH—/ Vi— 1) sdt

2
—s<x+ 5) —x—g\/s_3.

Thus, the proof is completed. [

3.2. Case f € C*([a,b))
THEOREM 6. Let w: [a,b] — [0,c0) be a normalized weight function, f € C®)([a,b])
and p,g e R, 1 < p,q < oo, % + %1 = 1. Then the following inequality holds

10 [ wsoar- 1 1@ [ 60 R

b
+f’(b)/a (l‘—a)PW(x,t)dt} < 1B ) gl 11

=(b- a/P (x,1)G (t—a S_a)dt.
a

Proof. We apply (3.1) with n =1 and Ag(r) =¢. O

where

@‘
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COROLLARY 4. Let f € C®)([a,b]) and p,qeR, 1 < p,q<eoo,
the following inequality holds

—a _x2 —a x—a2
_ﬁ/abf(t)‘”_f/(“) <b6 Wﬁb-l)) A <b6 _Z((b—l)> ‘

<IBC) g™

where
s—a s—b)(s—a)? B—s3 2—s? x—b)? ;
(EF ))2 [( b)g ) —l—[ 3 —(a—i—b)T—Fab(x—s)}—( 3b)},lfséxy
B(S,.X) = (.\':;J) (xfa)3 $3—x3 $2—x2 (S*a)(s*b)z :
E e 2 v ] 2] o

Proof. We apply Theorem 6 with uniform weight function w (z) =

b
/ (b—1)Py(x,)dt =

1
b—a’t

S
(/ (t—a)(b—tdt+/xh(t—b)(b—t)dt)

(b—a)’ ——(b x)?,

161 (/aX(t_a)Zdt+/Xb(t_a)(t_b)dt>

(b—aP 3 (x—a)’,

b
1
6
Yt—a t—a s—a t—a s—a
BW ) = - ) 1) .
(5,%) = (b a)[/a b_aG1<b_a a)dH—/ (b_a b_a>dt]

If s<x

Bu(5,) :/:(t—a) (%) dr

x (t—0b)(s—a) b (t—0b)(s—a)
«/ (t—a)<7(b_a)2 )dt+/x (t—b)<7(b_a)2 )d;
(s—a) (s—a)2

B B X —s B x> —s? N (x—b)*
_(b—a)2 l(s D) 3 +[ 3 (a+D) 5 +ab (x s)} ]

b—
1
6

b
/ (t —a) Py (x,1)di =

Ifx<s

By (s,x) = / (t—a) (%) di

(S (0,

S— X—da 3 53—x3 2_x2 S— 2
) [( 3) +[ 3 —(a+b) 3 +ab(s—x)}—(s—a)( 3b) ]
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Thus, the proof is completed. [

COROLLARY 5. Let f € CP)([0,1]) and p,q€R, 1< p,q <oo,
the following inequality holds

‘f(X)—%/Ol\/Ef(t)dt— o (—%w—ﬂ) LA >(—2— 3 ‘
< IBuC Dl

where

Bw(S;)C):{ 7oS+35\/—+s<__x> ifs<X.
(S ) \/_+ S__a lfS>x

Proof. We apply Theorem 6 with normalized weight function w(r) = %\/E ,tE

[0,1]. Thus W (1) = V13, 1 €[0,1]
/b(b—t)P(xt)d (/ (1—1) \/_dt+/ (1—1) \/t_3—l>dt>

_ 2+ 27
2 T
b X 1
/ (t—a)Pw(x,t)dt:</ t\/t_3dt+/ t(\/t_3—1>dt)
a 0 X
23
2
U V3G ( tsdt+/ Gl(t s)dt]
If s <x
w($,X) /HV_s—lnh+/n¢_t—1&h+/ O—th
_l T o
—nms+35¢;+s<2 x).
Ifx<s

w(s,x) /\/—s—ltdt—l—/ —1 (s—ltdt+/ 1>(t—1)sdt
2

X 4 27 )
1 N
S e T AR T Sl

Thus, the proof is completed. [l
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COROLLARY 6. Let f € C®)([a,b]) and p,qeR, 1 < p,q<eoo, %—I— é =1. Then
the following inequality holds

_%/Ol%dt— [f’(O) (_%2“_1)”( )<22 11_0>H

<IBw (0 g1l

where ,
37054—145\/ 5—|—s("——x> ifs < x,
B (s,x) = .
(s— ) + VS + s — 2, ifs > x.

Proof. We apply Theorem 6 with normalized weight function w(¢) = 50 L€
(0,1]. Thus W (1) = v/1, 1 €]0,1]

/ab(b_,)Pw(x,z)dt=</ (1-1) \fdt+/ (1—1)( —1)dt>

2

——x—-l-x——
) 30’
b
/ (t —a)P,(x,t)dt = (/ t\fdt+/ Vi—1) dt)
_x2 1
2 10’

|:/\/—Gllsdl+/ —lGlts)dt]

If s <x
w(s,x) /\/s—lnh+/‘Jﬁ—luh+/ t—lﬁm
7 X2
Y] ro_
3054—15 7+ > X
Ifx<s
w(8,%) /\/s—lnh+/ s—lnh+/ t—UMt
J_ 2
= —1 5 — =
(s ) +- %-30s 5

Thus, the proof is completed. [
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