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QUASI-CONVEX FUNCTIONS OF HIGHER ORDER

JACEK MROWIEC AND TERESA RAJBA*

(Communicated by M. Praljak)

Abstract. We introduce and investigate the notions of n-quasi-convex as well as strongly n-
quasi-convex functions with modulus ¢ > 0. We give characterizations of these functions, which
are counterparts of those given for quasi-convex and strongly n-convex functions. We introduce
and investigate the notions of n-quasi-concave and n-quasi-affine functions, as well as strongly
n-quasi-concave and strongly n-quasi-affine functions. We also give a generalization of higher
order quasi-convex functions introduced by E. Popoviciu (1982).

1. Introduction and preliminaries

Throughout this paper N, R, and I will denote the sets of all positive integers,
real numbers, and a non-degenerate subinterval of R (an interval is degenerate if it
is either empty or a singleton). In the whole paper we assume that ¢ > 0 is a given
number. By the standard definition (cf. [9, 17]), a real valued function f: I — R is
called convex if f(tx+ (1 —1)y) <tf(x)+ (1 —1)f(y) forall r € (0,1) and x,y € I. If
¢ is a positive real number, f is called strongly convex with modulus ¢ if f(rx+ (1 —
1)y) <tf(x)+ (1 —2)f(y) —ct(1 —1)(x —y)* forall # € (0,1) and x,y € I. Strongly
convex functions have been introduced by Polyak [11]. They play an important role
in optimization theory and mathematical economics. In the classical theory of convex
functions their natural generalization are convex functions of higher order. We recall the
definition. Let n € N and xo,...,x, be the distinct points in 7. Denote by [xo, . .. ,Xn; f]
the divided difference of f defined by the recurrence [xo; f] = f(x0), [X0,...,Xn; f] =
(xXn —x0) " ([x1, - s %ns f] — [X05 - - -, Xn—15 f]) . Following Hopf [5] and Popoviciu [14,
15] a function f: I — R is called convex of order n (or n-convex)if [xg, ..., xp41; f] =
0 for all xo < ... <x,4; in I. A function f: I — R is called strongly convex of
order n (or strongly n-convex) with modulus ¢ > 0 if [xq,...,x,41;f] = ¢ forall xy <
co. < Xpy1 in I (cf. [3, 16]). The class of quasi-convex functions f on I is defined
(cf. [1, 4, 12, 17]) as consisting of those functions which satisfy f(rx+ (1 —1)y) <
max{f(x),f(y)} forall z € (0,1) and x,y € I. This notion occurred to be very useful
in mathematical economics (for more information and further references see [1]).
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In this paper, we introduce and investigate the notion of strongly quasi-convex,
strongly quasi-concave and strongly quasi-affine function. Let us note, that presented
in this paper the notion of strongly quasi-convex function differs from that of Ko-
rablev [8] (see also [6]) and coincides with that given in [19]. However our notions
of strongly quasi-concave and strongly quasi-affine function differ from that given in
[19]. We introduce and investigate the notion of n-quasi-convex, n-quasi-concave and
n-quasi-affine functions, as well as strongly n-quasi-convex, strongly n-quasi-concave
and strongly n-quasi-affine functions. We give a characterization of these functions,
which is a counterpart of that given for quasi-convex functions (cf. [1, 4]) and strongly
convex functions of higher order (cf. [3, 16]). We also define and study (n,k)-quasi-
convex functions as a generalization of higher order quasi-convex functions given by E.
Popoviciu [13].

2. Strongly quasi-convex functions

The notion of quasi-convexity (cf. [1, 4, 12, 17]) is a generalization of the convex-
ity.
DEFINITION 2.1. We say that a function f: I — R is
(i) quasi-convex if f(tx+ (1 —1)y) < max{f(x),f(y)} for t€(0,1), x,y€l,
(i) quasi-concaveif f(tx+ (1 —1)y) > min{f(x),f(y)} for € (0,1), x,y€l,

If the function f: I — R is simultaneously quasi-convex and quasi-concave, then
we say that f is quasi-affine. For functions f: I — R quasi-affinity means monotonic-

1ty.

REMARK 2.1. A function f is quasi-concave if, and only if, —f is quasi-convex.
A function f: I — R is quasi-convex, if and only, if f(u) — f(x) <0 or f(y) — f(u) >
0, for all x,y,u € I such that x <u <Yy.

Given sets I}, I, C R, we write I} < I, if x; <xp forall xy € I, x; € I,. The
following proposition can be found, e.g., in [1, Theorem 2.5.1]

PROPOSITION 2.1. A function f: 1 — R is

(1) quasi-convex if, and only if, there exist (possibly degenerate) intervals Iy, I,
Iy < L suchthat LUL =1, f] 1, 1s non-increasing and f \ L, 18 non-decreasing,

(i1) quasi-concave if, and only if, there exist (possibly degenerate) intervals Iy, I,
Iy < I suchthat Iy UL, =1, f|;, is non-decreasing and f|;, is non-increasing,

Remark 2.1 motivates the introduction of the following notion of strongly quasi-
convex, quasi-concave and quasi-affine functions.

DEFINITION 2.2. Let ¢ > 0. We say that a function f: I — R is
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(i) strongly quasi-convex with modulus ¢ if for all + € (0,1) and x,y € I such that
x<y, [lx+(1=1)y) <max{f(x)=c(l=1)(y—=x),f(y) —ct(y—x)},

(i) strongly quasi-concave with modulus c if for all 1 € (0,1) and x,y € I such that
x<y, flx+(1=1)y)Zmin{f(x)+c(l—1)(y—x),f(y) +ct(y—x)},

(iii) strongly quasi-affine with modulus c if f is strongly quasi-convex and strongly
quasi-concave with modulus c.

REMARK 2.2. Itis easy to see that the function f is strongly quasi-concave with
modulus c¢ if, and only if, —f is strongly quasi-convex with modulus c¢. The defini-
tion of strongly quasi-convex functions with ¢ = 0 gives the concept of quasi-convex
functions. Obviously, if f is strongly quasi-convex with ¢ > 0, then f is quasi-convex.

It is not difficult to prove the following propositions.

PROPOSITION 2.2. Let f: I — R be a function and ¢ > 0. Then the following
statements are equivalent:

(1) f is strongly quasi-convex with modulus c,

(i) forall t € (0,1) and x,y € I such that x <y

flx+ (1 =1)y) = f(x)
(1=0)(y—x)

< —c or

(iii) forall x € I and hy,hy > 0 such that x+hy+hy €1

f(x+h1)—f(x)<_c or f(x+h1+h2)—f(X+h1)>C
h1 X h2 = L

(iv) for all xp,x1,x3 € I such that xo < x; < xa, [x0,x15f] < —c or [x1,x2; f] > c.

PROPOSITION 2.3. Let Iy be a non-degenerate subinterval of 1. If a function
f11— R is quasi-convex (strongly quasi-convex with modulus c), then f|, is quasi-
convex (strongly quasi-convex with modulus c ).

We define strongly increasing functions, which are a counterpart of strongly con-
vex functions.

DEFINITION 2.3. Let ¢ > 0. We say that a function f: [ — R is
(i) strongly increasing with modulus c, if [xo,x1; f] = ¢ (x0,x1 €1, x0 < x1),
(i) strongly decreasing with modulus c, if [xo,x1; f] < —c (x0,x1 €1, xo < x1),

(iii) strongly monotone with modulus c, if f is strongly increasing or strongly de-
creasing with modulus c.
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We will prove that strong quasi-affinity means strong monotonicity (Theorem 2.3).

REMARK 2.3. Let ¢ > 0. Obviously for the function g(x) = cx (x € 1), [x0,x1;8]
= ¢ for xg,x1 € I, xo < x;. Consequently, we have that the function f is strongly
increasing with modulus ¢ if, and only if, [xo,x1;f —g] = 0 for xo,x; € I, xo < x7.
This implies that, f is strongly increasing with modulus ¢ if, and only if, the func-
tion f — g is non-decreasing, in other words f(x) = fo(x) +cx, where fo: I —» R isa
non-decreasing function. Similarly, we can prove, that f is strongly decreasing with
modulus ¢ if, and only if, f(x) = fo(x) —cx, where fy: I — R is a non-increasing
function.

THEOREM 2.1. Let f: (a,b) — R be a function and ¢ > 0. Then f is strongly
increasing with modulus c if, and only if, f is increasing and f'(x) > ¢ for x € (a,b)
A a.e. (A denotes the Lebesgue measure).

Proof. Assume that [xq,x1; f] > ¢ forall a < xp < x; < b. For the function g(x) =
cx (x € (a,b)), we have that [xp,x;;8] = ¢ for a <xp <x; <b and g'(x) =c (x €
(a,b)). Then we have [xg,x1;f —g] > 0 for all a < xp < x; < b, which implies that
the function f — g is non-decreasing on (a,b), and consequently (f —g)'(x) > 0 for
x € (a,b) A ae. ([18]). Taking into account that g’(x) = ¢, we obtain f’(x) > ¢ for
x € (a,b) A ae.

Now let us assume that f is increasing on (a,b) and f’(x) > c for x € (a,b) A a.e.
Since f is increasing on (a,b), it can be regarded as a distribution function correspond-
ing to a o -finite measure. Via Lebesgue’s decomposition theorem and the decomposi-
tion of a singular measure, every o -finite measure can be decomposed into a sum of an
absolutely continuous measure (with respect to the Lebesgue measure), a singular con-
tinuous measure, and a discrete measure (these three measures are uniquely determined
[18]). Then f can be written in the form f = f; + fic + fac, Where [y, fic, fac are the
distribution functions corresponding to the discrete part, the singular continuous part
and the absolutely continuous part, respectively. Obviously, the distribution functions
fa» fser fac are non-decreasing functions, f7(x) = f;.(x) =0 and f'(x) = f}.(x) for
x € (a,b) A ae. This implies that f/.(x) > ¢ and taking into account g'(x) = c, we
obtain f7.(x) —g'(x) > 0 for x € (a,b) A a.e. Then

x+h
Balfucl) =g(0) = [ (frelw) = /() du >0 1

forall a <x <x+h<b. By (2.1), we have Ay (fac(x) —g(x)) = [fac(x+h) — g(x+
h)] = [fae(x) —g(x)] 2 0 (a <x <x+h < D), orequivalently [xo,x1;fse —g] =0 (a <
X0 < x1 < b), which implies [xg,x1; fuc] = [x0,x1;8] = ¢ (a < xp < x1 < b). Since fy
and f;. are non-decreasing functions, it follows [xo,x1; /4] = 0 and [xo,x1; fsc] = 0.
Consequently, we obtain [xo,x1;f] = [xo,x15.f4] + [*0,X15 fse] + [X0,X15 fac) = ¢ (a <
Xo <x1 <b). The theorem is proved. [J

COROLLARY 2.1. Let f: 1 — R be a function and ¢ > 0. Then f is strongly
decreasing with modulus c if, and only if, f is non-increasing and f'(x) < —c for
xel A ae.
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The following proposition follows immediately from the definition of strong quasi-
convexity.

PROPOSITION 2.4. Let f: I — R beafunctionand ¢ > 0. If f is non-decreasing,
then f is strongly quasi-convex with modulus c if, and only if, f is strongly increasing
with modulus c. If f is non-increasing, then f is strongly quasi-convex with modulus
c if, and only if, f is strongly decreasing with modulus c.

THEOREM 2.2. A function f: I — R is strongly quasi-convex with modulus c if,
and only if, there exist (possibly degenerate) intervals I, I, I, < I, ;UL =1, such
that: (i) f|, is strongly decreasing with modulus c, (ii) f|, is strongly increasing with
modulus c.

Proof. Assume that f is strongly quasi-convex with modulus ¢. By Remark 2.2,
f is quasi-convex. By Proposition 2.1, there exist (possibly degenerate) intervals Iy, I,
I} <Iy suchthat 1 UL =1, f| 1, is non-increasing and f|;, is non-decreasing. From
Propositions 2.4 and 2.3, it follows that the conditions (i) and (ii) are satisfied.

Since the converse follows immediately from the definition of strong quasi-conve-
xity, the theorem is proved. [

COROLLARY 2.2. A function f: 1 — R is strongly quasi-concave with modulus
c if, and only if, there exist (possibly degenerate) intervals Jy, Jp, J| < J», J1UJy =1,
such that: (i) fl;, is strongly increasing with modulus c, (ii) fly, is strongly decreasing
with modulus c.

COROLLARY 2.3. Let f: I — R be a quasi-convex function. Then f is strongly
quasi-convex with modulus ¢ > 0 if, and only if, |f'(x)| = ¢ for x€l A a.e.

THEOREM 2.3. Let ¢ > 0. A function f: 1 — R is strongly quasi-affine with
modulus c if, and only if, f is strongly monotone with modulus c.

Proof. Tt follows from Theorem 2.2, Corollary 2.2 and Remark 2.3, that if the
function f: I — R is strongly monotone with modulus ¢ > 0, then f is strongly quasi-
affine with modulus ¢ > 0.

Now let us assume that f: [ — R is strongly quasi-affine with modulus ¢ > 0.
Then f is quasi-affine, which implies that f is monotone. Then from Theorem 2.2 and
Corollary 2.2 it follows, that f is strongly monotone with modulus ¢. The theorem is
proved. [

As an immediate consequence of Theorem 2.3 and Remark 2.3, we obtain the
following characterization of strong quasi-affinity.

THEOREM 2.4. A function f: 1 — R is strongly quasi-affine with modulus ¢ > 0
if, and only if, it has one of the following forms: (i) f(x) = fo(x)+cx, (x € I), where
Jfo: I — R is a non-decreasing function, (ii) f(x) = fo(x) —cx, (x €I), where fo: I —
R is a non-increasing function.
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Based on Korablev’s definition [8] (cf. also [6]), a function f: I — R is said to be
strongly quasi-convex (Korablev strongly quasi-convex), if forall 7 € (0,1) and x,y € I

flx+(1=1)y) < max{f(x),f(y)} —ct(1 —1)(x—y)*. (2.2)

It is not difficult to prove the following proposition on the Korablev strongly quasi-
convex functions.

PROPOSITION 2.5. Let f: I — R be a function. Then the following statements
are equivalent:

(i) flex+(1—1)y) <max{f(x),f(y)} —ct(1—1t)(x—y)?, forall t € (0,1), x,y €1,

(i) forall t € (0,1) and x,y € I such that x <y

Mt (=0 =1 ) = St (1)
(I-0)y—x)(y—x)

(iii) forall x € I and hy,hy > 0 such that x+hy+hy €1

f(x+h1)—f(x)<_c f(x+h1+h2)—f(x+h1)>c
hihy = hohy -

Let us note, that introduced in Definition 2.2 the notion of strongly quasi-convex
function differs from that of Korablev [8] (the formula (2.2)).

EXAMPLE 2.1. Let ¢ > 0. As an immediate corollary from Propositions 2.2 and
2.5, we obtain that the function f(x) = c|x| (x € R) is strongly quasi-convex with
modulus ¢ (in the sense of Definition 2.2) and it is not Korablev strongly quasi-convex
with modulus c.

EXAMPLE 2.2. Let ¢ > 0. The function f(x) = $x* (x € (—1,1)) is not strongly
quasi-convex with modulus ¢ (Definition 2.2) and it is Korablev strongly quasi-convex
with modulus c. Indeed, since f(x) is quasi-convex and |f'(x)| < ¢ (x € (—1,1)),
by Proposition 2.2, it follows that f(x) is not strongly quasi-convex with modulus c.
Obviously, since f”(x) =c¢ (x € (=1,1)), f is strongly convex (see [3, 16]). Further,
taking into account that, if the function g is a quadratic function, then g is strongly
convex if, and only if, it is Korablev strongly quasi-convex (see [7]), we conclude that
f is Korablev strongly quasi-convex.

A similar approach to strong quasi-convexity was applied in [ 19], where the notion
of w-quasi-convexity was introduced.
Let w > 0 be a given number. A function f: I — R is

(i) o-quasi-convexif forallz € (0,1) and x,y €I, x#y

flx+(1=1)y) <max{f(x), f(y)} = omin(t, 1 —r)x—y|,  (23)
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(ii) w-quasi-concaveif forall r € (0,1) and x,y €I, x #y
flex+(1=1)y) > max{f(x), f(y)} —omax(r, 1 -1)]x—y|,  (2.4)

(i) w-quasi-affine if f is w-quasi-convex and w-quasi-concave.

In [19], the authors proved (among others), that @-quasi-convex functions can be
separated from @ -quasi-concave by ®-quasi-affine ones.
It is not difficult to prove the following proposition on @ -quasi-convexity.

PROPOSITION 2.6. Let f: I — R be a function. Then the following statements
are equivalent:

(i) forall t € (0,1) and x,y €I, x #y
flex+ (1 —1)y) <max{f(x), f(y)} — @min(r,1 —1)[x—y|,
(ii) forallt € (0,1) and x,y €I, x <y

fex+ -0y —f) = fO) = flext(1-0)y)
min(r, (1 =1))(y—x) = min(7, (1 = 7)) (y —x)

(iii) forall x € I and hy,hy > 0 such that x+hy+hy €1

Z 0,

flx+h) = fx) f(x+hi+hy)— flx+h)
min(h ) S @ min(hr, )

It can be proven that the strong quasi-convexity with modulus ¢ is equivalent to
the w-quasi-convexity (for ¢ = @). The notions of strongly quasi-concave and strongly
quasi-affine functions with modulus ¢, given in this paper, differ from that given in [19].
In particular, we have that the function f is strongly quasi-concave with modulus c if,
and only if, —f is strongly quasi-convex with modulus c¢. On the other hand, if f is
w-quasi-concave, then —f is not necessarily ®-quasi-convex. If the inequality (2.4)
defining @ -quasi-concavity would be replaced by the following inequality

f(x+(1=1)y) = min{f(x), f(y)} + @min(z, 1 = 1) |x— ], (2.5)

then we have that if f would be w-quasi-concave, then — f would be w-quasi-convex.
However, if we replace the inequality (2.4) by (2.5), the separation type result is no
longer true.

In our opinion, the properties of the strong quasi-convexity can be proved simpler
and shorter using the definition of strong quasi-convexity with modulus ¢ than ®-
quasi-convexity (see Proposition 2.4, Theorem 2.2). Moreover, our definition enable us
to generalize the strong-quasi convexity to the strong-quasi-convexity of higher order.

Note, that the condition (2.3) for t = % was studied in [20]. It follows from Theo-
rem 2.2 [20] that there are no w-quasi-convex functions with @ > 0 on convex domain
of dimension greater then one (obviously in multidimensional case “| | is replaced by

113 || || ”)
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3. Quasi-convex and quasi-concave functions of higher order

We begin with some notations. Let Ip be a subinterval of /. We denote I; =
{xel: {x}<Ip}, I ={xe€l:ly<{x}} Thenl,y <Iy<Ij and Iy ULUI; =1.
Proposition 2.2 motivates the introduction of quasi-convex functions of higher order.

DEFINITION 3.1. We say that a function f: I — R is
(i) n-quasi-convex, if [yn,...,yo;f] <0 or [xo,...,x;f] =0,
(i) n-quasi-concave,if [y,,...,y0;f]1 =0 or [xo,...,xs;f] <O

for all yp,...,v0,%0,...,Xn €1, vy < ... <yg=x9 < ... <x,. The function f is n-
quasi-affine, if it is simultaneously n-quasi-convex and n-quasi-concave.

The following theorem gives a characterization of quasi-convex functions of higher
order, which generalizes that given in Proposition 2.1 for quasi-convex functions.

THEOREM 3.1. Let n € N. Let f: (a,b) > R (a < b) be a function. Then f is
(n+ 1)-quasi-convex on (a,b) if, and only if, one of the following conditions holds:

(a) f is n-convexor f is n-concave,

(b) there exists xo € (a,b), such that f (4, is n-concave and f|(y, ;) is n-convex,
(c) there exists xo € (a,b), such that f|(, ) is n-concave and f|, p) is n-convex,
(d) there exists a non-degenerate interval Iy C (a,b) such that f is n-affine on Iy and

(W1) f is n-concaveon I ,
(W2) f is n-convexon I,

(W3) [yn+17"'7y0;f]<00r [)C(),...,xn+1;f}ZofOVall€EI(), Yn+ls-++3Y0,X05- -+,
X1 €1, ypo1 < ... <yo=& =x0<...<Xyr1.

Proof. Aiming for a contradiction, we suppose that =[(a) V (b) V (¢) V (d)], which
is equivalent to —(a) A —(b) A—(c) A= (d).
Assume —(b) (the other cases are analogous), which is equivalent to the condition

V& € (a,b) ~ (f is n—concave on (a,&]) V = (f is n—convex on (€,b)). (3.1)

By (3.1), we conclude that, for any & € (a,b), one of the following two conditions is
satisfied: 3 a <yp1<...<Y0<E [utty--,v05f]>0,0r 3 E<xp<... <xpp1 <
b [x0,-..,Xus1;f] < 0. We put

Li={&:3 a<ynp1 <...<y0<& [ntis---,v05f] >0}, (3.2)

RfZ{éi FE<xg<...<xy01<b [X0s -« -y Xut13 f] <O} 3.3)
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By (3.1), LyURs = (a,b). There are four possible cases: ~ (A) Ly = (a,b) ARy =0,
(B) Ly =0AR;=(ab), (C)L;#0OAR;#0AL;NR;=0, (D)LNR;#0.

We consider the case (A). Then we have: & € (a,b) = { E €Ly AE R, | =
{Fa<yn1 <. <Y<E Purty Y f]>0AVE<x)<...<Xpp1 <Db
[X0s---sxpr13f] 20} = {fis n-convex on (&,b) } . Consequently, we obtain, that
forall & € (a,b), f is n-convex on (&,b), which implies that f is n-convex on (a,b).
This contradicts the assumption —(a). Similarly, in the case (B), we obtain that f is
n-concave on (a,b), contrary to the assumption —(a).

Now consider the case (C),i.e. Ly #0, Ry # 0 and Ly Ry = 0. By the definitions
of Ly and Ry, (3.2), (3.3), it follows that, if & € Ly, then & € Ly for any & > &,
and if &, € Ry, then &) € Ry for any &) < &. This implies

SieLy=1[5,0)CLy, &ERr=(a, 5] CRy. (34

Since Ly NRy =0, it follows that if & € Ly, then & ¢ Ry. This implies that, if § € Ly,
then for any & < xp < ... <xy11 <b [x0,...,xnt1:f] =0, i.e. f is n-convex on
(&,b). Similarly, if & € Ry, then & ¢ Ly, which implies that, if £ € Ry, then for any
A<Ypi1<...<¥0<E [Yni1s---,v0:f] <0,ie. fis n-concave on (a,&]. We have

V&,6 € (a,b) & € Ly = flg, p) is n-convex, & € Ry = f](4,¢,] is n-concave. (3.5)
Because Ly # 0 and Ry # 0, there exist §; € Ly and & € Ry. We put
a=inf{&: E€Ls}, PB=sup{&: E€Rs}. (3.6)
By (3.5), we conclude that
fis n-concave on (a,f) and fisn-convexon (o,b). (3.7)

By (3.4),
(a,B) C Ry, (a,b)C Ly (3.8)

Moreover, we have oo = 3. Indeed, suppose that o # . If @ < B, then (o, ) C LN
Ry, contrary to Ly MRy = 0. If oo > B, then by (3.4) and (3.6), we obtain that (3, ) C
(a,b)\ [Lf URy], which contradicts the assumption Ly URy = (a,b). Consequently, we
have o = 3. In view of (3.7) we obtain

fis n-concaveon (a,cr) and f is n-convex on (¢, b). (3.9)

If ot € Ry, then by (3.5), f is n-concave on (a,o] and f is n-convex on (ct,b), this
contradicts the assumption —(b). We conclude that o € Ly, i.e. there exist a <y, <
... <yo < o such that [y,+1,...,y0;f] > 0, which implies that f is not n- concave on
(a,a]. Since f is n-concave on (a, &), it follows that yo = a.

Suppose, that f is not n-convex on [c,b). Taking into account, that by (3.9),
f is n-convex on (a,b), it follows that there exist & = xp < ... < x,+1 < b, such
that [xo,..., %415 f] < 0. Because a < ypi1 < ...<yo=0 =x0 < ... < Xp4] <D,
nt1s---505f] >0 and [xo,...,x,+1;f] <0, this contradicts the assumption that f is



1344 J. MROWIEC AND T. RAIBA

(n+1)-quasi-convex on (a,b). Thus f is n-convex on [cr,b). Taking into account
that by (3.9) f is n-concave on (a, ), we obtain a contradiction with —(c).
We consider the case (D), i.e. Ly N Ry # 0. It suffices to prove that

Fée(ab)Ia<hpyi<...<h=&=N0<...<MNuy1<b
M’YlJrla"'vAO;f] >0 A [n07'”7nn+1;.ﬂ <Ov (310)

because (3.10) contradicts the assumption that f is (n+ 1)-quasi-convex on (a,b).
By the equality Ly N Ry # (0, we obtain that

Fé& €e(ab)I a<yp1 <...<y<E<x<...<xpp1 <b
Wnttse- 59051 >0 A [xo,. -, Xr15f] < 0. (3.11)

Then, there are three possible cases: (D1) 3y =T < ... < Typ1 =X0 [T0s--+s Tnt15f)
>0,D2) Iy=1<...< Thtrl = X0 [T(),...,T,,Jrl;ﬂ <0,D3) Vyy=1<...<
Totl =X0  [T05---, Tut1;f] = 0. Inthe case (D1), we have a < 79 < ... < Ty =X <
cei <Xpr1 <b [0, T3 f]1 >0 A [x0,. .. X0t 15f] <0, which implies that (3.10)
is satisfied with &y = 7,1 = x¢. In the case (D2), we have a < y,.1 < ... <yo =Ty <
e e < Tyl <b agty--Y0f1 >0 A [T0,-., Tur1s f] <0, consequently, (3.10) is
satisfied with & = 7y = yo. In the case (D3), we have that f is n-affine on [yo,xo]
(yo < x0), which means that f is n-convex and n-concave on [yg,xp]. Suppose that
LsNRy is a one-point set, say Ly MRy = {&}. Then, by (3.4), & = oo = B, where «,
B are defined by (3.6). Thus, Ly = [at,b), Ry = (a,o]. Then, by (3.5), f is n-convex
on (o,b) and f is n-concave on (a, o], which contradicts the assumption —(b). In
the remaining cases, when Ly MRy is not a one-point set, by (3.8), Ly N Ry is a non-
degenerate interval. Without loss of generality, we may assume that Ly "Ry = (a, ),
and consequently Ly = (o,b), Ry = (a,3). Then f is n-concave on R\ Ly = (a, 0]
and f is n-convex on Ly \ Ry = [B,b). Let Iy D [yo,xo] be the largest interval, on
which f is n-affine. Without loss of generality we may assume that Iy = (ay,b;).
Note, that now the condition —(d) is equivalent to ~(W1)V —~(W2)V =(W3). If the
condition —(W1) holds, then f is not n-concave on (a,a;]. Taking into account that
f is n-concave on (a,o], we conclude that oo < a;. This implies that there exist
a<y,<apandy,,  <...<y,suchthat [y, ...,y f] > 0. Moreover, there exist
Yo =Xy < ... <X, =Xo such that [x{,,...,x,:f] #0. Indeed, if for all y; = x{ <
<X =X X, X,, 5 f] =0, then f is n-affine on [yg, xo], consequently also on
[Vo,b1). Since yj, < ay, this contradicts the assumption that Iy = (a;,b;) is the largest
interval on which f is n affine. Consequently, there exist yj =x; < ... <X, | =Xo
such that [xg,...,x, ;3 f] # 0. If [x{,...,x),: f] > 0, then we have x{ < ... <x, | =
X0 < ..o < Xppis [Xgs--5X, 03] >0 and in view of (3.11) [xo,. .., X415 f] < 0, which
implies that (3.10) is satisfied. If [x;,...,x) ;] <O, then we have y, | <... <y, =
Xo < oo <Xty Whats-5Y0:f1 >0 and [xg,....x),, ;3 f] <0, consequently, (3.10)
is satisfied. Analogously we prove, that assuming —(W2), we obtain (3.10). Now
consider —(W3). Then there exist & € Ip and y,, | <... <y, =& =x< ... <X
such that [y, ,...,y0:f] > 0 and [xg,...,x, 5 f] <O, thus (3.10) is satisfied. Since
the converse is obvious, the theorem is proved. [
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Theorem 3.1 can be rewritten as follows.

THEOREM 3.2. A function f: I — R is (n+ 1)-quasi-convex if, and only if there
exist (possibly degenerate) intervals 1y, Iy, I, I} < Iy < I such that I} UlpU L, =
I, fl is n-concave, f|;, is n-convex, fly, is n-affine and [ypi1,...,y0:f] <0 or
[%0,- - s Xur13 ] =0 forall & € Iy, Ynity---3Y0,%05 -« X1 €L, Ypp1 <...<yo=E& =
X0 < ...<Xpgl-

THEOREM 3.3. A function f: 1 — R is (n+ 1)-quasi-concave if, and only if,
there exist (possibly degenerate) intervals Jy, Jo, Jo, J1 < Jo < Jo such that J; UJyU
Jo =1, fly, is n-convex, f|;, is n-concave, f|y, is n-affine and [yp+1,...,y0:f] =0

or [xo, .-y Xni15f] <O forall & € 1y, Ynits--3Y05%0y -y Xnt1 €L, Y1 < ... <yo =
E=x0<...<Xpp1-

Let yp(x) =1 if xeB and yp(x) =0if x¢ B (BCR).

EXAMPLE 3.1. The function f(x) = (x+2) (e, —2)(x) + (=%) x[—22(x) + (x—
2) X2.)(x)  (x €R) is 2-quasi-convex. The function g(x) = (—x —2) ¥(—e, —2)(x) +
X X[—2.2)(X) + (=x+2) x(2.0)(x) (x €R) is 2-quasi-concave.

4. Quasi-affine functions of higher order

Applying characterizations of (n+ 1)-quasi-convex and (n + 1)-quasi-concave
functions, we can give a characterization of (n -+ 1)-quasi-affine functions.

THEOREM 4.1. A function f: 1 — R is (n+1)-quasi-affine if, and only if, one of
the following conditions holds:

(1) f is n-convex or n-concave or

(ii) there exist intervals Iy, Iy, I, I <Ip <L, L UlyUl, =1, such that f
fli, are n-affine, and

I f‘]zy

o [Vntts---sv05f] =0 or [x0,...,xn+15f] =0 or
° ([)’n+17---a}’0§f] <0 and [x07"'axn+l;f] <O) or
o (ntts-,y0:f1 >0 and [xo,..., %0113 f] > 0)

forall & €y, yuit1s---,Y0,%05 - Xnp1 €L, Y1 < ... <Yo=& =x0 <...<Xpy1.

Proof. 1t follows from the definition of (n+ 1)-quasi-affine functions, that func-
tions satisfying the above conditions are (n+ 1)-quasi-affine. Assume, that the function
f:1— R is (n+ 1)-quasi-affine. Then by Theorems 3.2 and 3.3 there exist inter-
vals ﬂ, Z), IE, ﬂ < E) < IE, ﬂUIBUIE =1 and intervals J;, Jo, Jo, J1 < Jog < J2,
J1UJoUJy =1, that satisfy the conditions given in Theorems 3.2 and 3.3, respec-
tively. If 11 = IO =Jo=J,=0 or Io = 12 J1 =Jo = 0, which means that f is n-
convex or n-concave, respectively, then the condition (i) is satisfied. If Iy =Jy =0,
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then three cases may occur. In the first case ﬂ =J; and IE =J,. Since f \~ is
n-concave and f]| J, 1s m-convex, it follows that f \ i is n-affine. Similarly, we con-
clude that f] B is n-affine. We obtain, that the condition (ii) is satisfied with Iy = 0,
I = 11 =Jy and I, = L = J,. In the second case (I; C J; and J; \I~1 ={&}) or
(Jy 1, and I \J1= {&}). In this case the condition (ii) is satisfied with Ip = {é}
Iy =Jy and I = . In the third case (I, C J, and int (J, \11) #0)or (J; CI; and
int(I\J 1) # 0). In this case the condition (i) is satisfied. Now let us assume that all the
intervals I}, Io, 12, J1, Jo, Jo are non-degenerate. It can be proved that int (Io NJo) #0
(we leave the proof to the reader). Hence, without loss of generality, we may assume
that Io = Jy (taking IO UJo in place of IO and Jy if necessary), which implies 11 Ji
and , =J,. Put I; =1I; = J; for i =0,1,2. Since f is (n+ 1)-quasi-affine, f is
(n+1)-quasi-convex and (n + 1)-quasi-concave, hence f|; and f|;, are n-convex
and n-concave, which means that f|; and f|;, are n-affine. Taking into account that
f is (n+ 1)-quasi-convex and (n + 1)-quasi-concave, we have ([yn+1,...,Y0;f] <
0 or [xoy.. s Xut113f]20) and ([Yns1s---v05f]1 =20 or [xo,...,%415f] <0)
forall & € Iy, yni1,--3Y0,%05 -3 Xnal €L, ypo1 < ... <yo=E& =x0 < ... < Xpi1-
Because these conditions are equivalent to those that appear in the condition (ii), the
theorem is proved. [

EXAMPLE 4.1. f(x) = x103(%) + x| X(—e0)u(0.00) (%) (x € R) is 2-quasi-affine.

We will state a result that will be of use in the next theorem. Let f: I — R be a
function, A C I, n € N. We put

A(](‘7R7+):{§€A; YV x0,..,Xne1 €1, E=x0 < ... <Xpy1 [XO,...,xn_;,_l;ﬂZO},

A(.ﬂR’,):{?g’EA; YV x0,...,Xne1 €1, E=x0 < ... <Xpy1 (X0, -y Xnt13 f] <O},
A(f,L,Jr):{é €EA; v yn+17"'7y0617 )Jn+1<~~~<y0:§ [ynJrla -5 Y05 f]>0}7

Ay =18 €A, YV yur1,o 0 €L yup1 <...<y0=& [Vnt1,---, 03 f] <O},

LEMMA 4.1. Let f: I — R be an (n+ 1)-quasi-affine function, satisfying the
condition (ii) in Theorem 4.1 and such that: (a) each of the functions f| nups f \ LUk 18
neither n-convex nor n-concave, (b) all the sets Iy r 1), lo(rr.—)> lo(r.L.+)> lo(r.L)
are intervals. Then the interval Iy is degenerate.

Proof. Suppose that, contrary to our claim, the interval Iy is non-degenerate.
Then, from the condition (a) it follows that

V& € int(lp) the functions f;n(_w g], flinje,) are neither n-convex nor n-concave.
4.1)
We will prove that

lopre) # 1oy Topr—) #lo, lorr+) #los logrr—) # lo- (4.2)



QUASI-CONVEX FUNCTIONS OF HIGHER ORDER 1347

Suppose that, on the contrary, Iy s g ) = lo. Then by the definition of Iy sz 1)
and taking into account that f|;, is n-convex, we obtain that f | LUl 1s n-convex, which
contradicts (a). Hence we have Iy (¢ r 1) # Iy . The other inequalities (4.2) can be proved
similarly.

Let & € Iy(fr+)- Then there exist xo,...,X,11 €I, & =xp < ... <X,y such
that [xo,...,X,+1:f] > 0. Indeed, if [xo,...,xu415f] =0 for all xq,...,x,41 €1, & =
X0 < ... < Xpu1, then two cases may occur. Let Iy = [a,b]. In the first case b € I
and & = b, hence f|(g)y, is n-affine. This implies that f[ju is n-convex or n-
concave, which contradicts (a). In the second case & € Iy \ {b}. This implies that
flin(e ) is n-affine, which contradicts (4.1). Hence there exist xo, ..., X,+1 € [, &=
Xp < ... <Xy such that [xo,...,x,41;f] >0 and we can conclude that & € Iy(f1 +)-
Indeed, if § ¢ Iy (s 4, then there exist y,i1,...,y0 € I, ypy1 <...<yo =& suchthat
[Vn+1s---,¥0; f] < 0. This contradicts assumption that f is quasi- (n + 1)-affine, and in
particular quasi- (n+ 1)-concave. Hence & € I (f.L.+)» Which means that Iy s r ) C
Io(f,+)- In an exactly similar way, we can prove that Iy sz ) C Io(sr 1) Conse-
quently, we have

lo(rra) =Torr+): 4.3)
Similar arguments to those above show that
lo(rr—) =Torr-) (44)
We will prove that
lo(r.+)Vo(s.r—) = Do- (4.5)

Contrary to (4.5), suppose that there exists & € I such that

E¢lo(pryyand & & Iy ) (4.6)

In view of (4.3) and (4.4), we have also & ¢ Iy(y+)and & & Iy (s — By (4.6), there
exist xo,...,xn+1,x6,...,x;+1 el, E=xo<...<x41, & :xé) <. <x ] suchthat
[X0,- -, Xur1;f] > 0 and [x67...,x;+1;f} < 0, and there exist y,i1,...,Y0, yn+17

yz) el, yp1 <...<y=¢&, yanrl < ...<y2):’g' such that [yu41,...,Y0;f] >O

and [y/nH,...,yé);f] < 0. Therefore we have y, 1 <...<yo=¢E :xé) <. <xn+1,

Dn+ts---,y05f] > 0 and [xz), . ,x;ﬂ;f] < 0, which contradicts our assumption that
f is (n—+ 1)-quasi-convex. We have proved (4.5). Then, by (b), (4.5), and taking
into account that assumption that Iy is non-degenerate, it follows that at least one
of the intervals Iy (s 1), lo(rr,—) is non-degenerate. Assume, that Iy 4 is non-
degenerate (When /oy g ) is non-degenerate, the proof is analogous). In view of (b),
(4.5) and (4.2), one of the two cases may occur Io(rr—)\Mo(r.r+) <Io(r.r+)\lo(f.r~)
or Iy(r.r+) \o(r.r—) <Io(r.r—) \lo(f,r+) If the first case is satisfied, then f\;o (o) Ub
is n-convex, which contradicts (4 1). Now, let us assume that the second case is satis-
fied. In view of (4.3) and (4.4), we have Iy (7.1 1)\ lo(r,.,—) <lo(r.L.—) \lo(r,L.+)- Then
7l LUl (1) is n-convex, which contradicts (4.1). The lemma is proved O

Now, we apply Theorem 4.1 and Lemma 4.1 to obtain a characterization of 2-
quasi-affine functions.
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THEOREM 4.2. A function f: 1 — R is 2-quasi-affine if, and only if, one of the
following conditions holds:

(i) f is convex or concave, or

(i1) there exist non-degenerate intervals Iy, I, a degenerate interval Iy, I) < Iy < I,
LULUL =1 suchthat f;,, fli, are affine, ([y2,y1,y0;f] < 0and [xo,x1,x2; f] <
0) or ([v2,y1,50;f) > 0and [xo,x1,x2; f] > 0) forall & € Iy, y2,y1,¥0,%0,X1,%2 €
I, y2 <y <yo=§& =x0 <y <x2.

Proof. Let n = 1. From Theorem 4.1 it follows that if f satisfies the above con-
ditions, then it is 2-quasi-affine. Now let us assume that f is 2-quasi-affine. Then by
Theorem 4.1 the conditions (i) and (ii) that appears in Theorem 4.1 are satisfied. To
prove the theorem remains to consider the condition (ii) in Theorem 4.1, with a non-
degenerate interval I. Without loss of generality we may assume, that the condition
(a) in Lemma 4.1 is satisfied. We will prove that the condition (b) is also fulfilled,
then the theorem will be an immediate consequence of Lemma 4.1. Now we will
prove that I sz ) is an interval. Since f |1, is affine, there exist a,b € R such that
Jf(x) =ax+b forall x€ly. Let §1,& € Iy(sr+)> &1 < & . Consider § < &3 < &.
Let x1,x, € I be such that & < x; < x. To prove that &3 € Iy (s g 1), we need to check
that [&3,x1,x2; f] = 0. There are two possible cases. In the first case x; € Iy. We obtain

[x1,%2; f] —a [x1,x2; f] —a
n—-§& '’ X2 — &1
Since &1 € Iy(fr ), We have [£1,x1,x2;f] > 0. By (4.7), taking into account that
&) < & < x1 <xz, we obtain that [E3,x1,x2; f] > 0. In the second case x; ¢ Iy. Because
&3 < x; and & € Iy, we have that x| € L. Taking into account that &, € Iy, we obtain

& < xp. Since §1,& € ly(rr 1), We have [E,x1,x2;f] = 0 and [&,x1,x2;5f] > 0,
which can be written in the form

[e1, x5 f] = [E1,x15 ]

x2_§l

[&3,x1,x0; f] = [E1,x1,x05 f] = 4.7)

[x1, x5 f] — [E2,x15 ]

x—&

>0 and

> 0. (4.8)

Taking into account that &; < & < x| < x,, inequalities (4.8) are equivalent to

[Er, x5 f] < [x1,x03 ] and  [Ea,x15 f] < [x1,x25 f]- 4.9)

We will prove
[E35x15.f] < [x1,x23 £, (4.10)

which is equivalent to [E3,x1,x2; f] = 0. Fixing x;,x;, we put the function

}:f(xl)_f(x) for él

Y(x) = [x,x1;3 <x< &
X1 —X
Since &1,& € Iy, we have y(x) = W for & < x < &, which implies
/ fx1)—ax;—b

Y(x)= 5 for & <x<&. 4.11)

(x1 —x)
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By (4.11), we conclude, that y’ (x) >0 forall & <x< & or y’ (x) <0 forall & <x<
&, which implies that y(x) is increasing on [£,&,] or y(x) is decreasing on [}, &,].
Taking into account, that by (4.9), y(&) < [x1,x2; f] and y(&) < [x1,x2; f], we con-
clude that y(x) < [x1,x2;f] for all & < x < &, and in particular Y(&3) < [x1,x2: f],
which means that (4.10) is satisfied. We have proved that Iy sz ) is an interval.

Similar arguments to those above show that Iy sz —, lo(r,L.1)> lo(f,r,—) are inter-
vals. Now the theorem follows immediately from Lemma 4.1. [J

5. Strongly quasi-convex, strongly quasi-concave and strongly quasi-affine
functions of higher order

The definition of quasi-convex functions of higher order and Proposition 2.2 on
strongly quasi-convex functions motivate the introduction of the following strongly
quasi-convex functions of higher order.

DEFINITION 5.1. Let ¢ > 0. We say that a function f: I — R is
(i) strongly n-quasi-convex if [y,,...,v0;f] < —c or [xo,...,xn; f] = ¢,
(ii) strongly n-quasi-concaveif [yn,...,yo;f] = ¢ or [xo,...,xu;f] < —c

forall € €T and yu,...,90,%0,-- X0 €1, < ...<yo=E =x0 < ... <Xp. fis
strongly n-quasi-affine if f is strongly n-quasi-convex and strongly n-quasi-concave.

REMARK 5.1. Itis easy to see that the definition of strongly n-quasi-convex func-
tions with ¢ =0 gives the concept of n-quasi-convex functions. Obviously, if the func-
tion f is strongly n-quasi-convex with ¢ > 0, then f is n-quasi-convex.

PROPOSITION 5.1. ([16]) Let n€ N and ¢ > 0. Let f: I — R be an n-convex
function. Then f is strongly n-convex with modulus c if, and only fif, f("H)(x) >
c(n+ 1) for xeI A a.e(A denotes the Lebesgue measure).

PROPOSITION 5.2. Let Iy be a non-degenerate subinterval of 1. If a function
f:I— TR is (n+ 1)-quasi-convex (strongly (n+ 1)-quasi-convex with modulus c),
then fly, is (n+ 1)-quasi-convex (strongly (n+ 1)-quasi-convex with modulus c).

PROPOSITION 5.3. (i) An n-convex function f: I — R is strongly (n+ 1)-quasi-
convex with modulus c if, and only if, f is strongly n-convex with modulus c.

(ii) An n-concave function f: I — R is strongly (n—+ 1)-quasi-convex with mod-
ulus c if, and only if, f is strongly n-concave with modulus c.

The following theorem gives a characterization of strongly quasi-convex functions
of higher order, which generalizes that given in Theorem 2.2 for strongly quasi-convex
functions.
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THEOREM 5.1. Let ¢ > 0. A function f: I — R is strongly (n+ 1)-quasi-convex
with modulus c if, and only if, there exist (possible degenerate) intervals Iy, I, I < I,
L UL =1, such that (i) f|y, is strongly n-concave with modulus c, (ii) f|, is strongly
n-convex with modulus c.

Proof. Assume that f is strongly (n+ 1)-quasi-convex on / with modulus ¢ > 0.
By Remark 5.1, f is (n+ 1)-quasi-convex. By Theorem 3.2, there exist (possibly
degenerate) intervals Iy, Iy, I, I} < Iy < I, suchthat [; UlyUL =1, f|;, is n-concave,
flp, is n-convex, f|j, is n-affine and satisfies the conditions that appear in Theorem3.2.
By Proposition 5.3, f|;, is strongly n-concave, f|;, is strongly n-convex and f]y, is
strongly n-concave and strongly n-convex with modulus ¢ > 0. Suppose that Iy is
non-degenerate. Taking into account Proposition 5.1, we obtain f]| Enﬂ) (x) = c(n+1)!

0
and f|§§+l)(x) < —c¢(n+1)! for x € [y A a.e., which is a contradiction. Now consider
the case when the interval Iy is degenerate. If Iy = (), then our statement holds true.
Assume that [y is a one-point set, say Iy = {&}. There are three possible cases. In the
first case, there exist xg,x1,...,%,01 €1, & =x9 <x; < ... < Xx,.1 such that

[X05- -y Xut13 f] < c. (5.1)

Since f is strongly (n+ 1)-quasi-convex on I with modulus ¢ > 0, it follows that
Dntty--y0s f]<—c or  [xo,...,xp+15f] =c forall y,y1,...,y0 €I suchthat y, | <
...<yo=& =x¢. By (5.1), we conclude that [y,+1,...,v0;f] < —c forall y,41,...,0
such that a < y,41 < ... <yo = & =xp. Taking into account that f is strongly n-
concave on /;, we obtain that f is strongly n-concave on I; Uly. Since f is strongly
n-convex on I, the statement holds true in this case. In the second case, there ex-
ist yui1,-.-,¥0 € I such that y, 1 < ... <yo=2¢& and [yn+1,-..,50;f] > —c. Then,
by the arguments similar to those above, we conclude that f is strongly n-convex on
L Uly, f is strongly n-concave on I; and f is not strongly n-concave on [; U Iy.
So in this case the statement holds true. In the third case [y,1,...,v0;f] < —c and
[%0, -« s Xur13f] = ¢ forall y,q1,...,Y0,X0,X1,--,X+1 €1 such that y, | <...<yy=
& =x9<x; <...<x,.1. Taking into account that f is strongly n-convex on I, and it
is strongly n-concave on I}, this implies that f is strongly n-convex on I, Uly and it
is strongly n-concave on I Uly. Our statement holds true in this case.
Since the converse is obvious, the theorem is proved. [

THEOREM 5.2. Let ¢ > 0. A function f: I — R isstrongly (n+1)-quasi-concave
with modulus c if, and only if, there exist (possible degenerate) intervals Jy, J», J| <
Jo, WUJy =1, such that f|;, is strongly n-convex and f|;, is strongly n-concave with
modulus c.

As a corollary, we obtain the following characterization of strongly (n+ 1)-quasi-
affine functions (the proof is analogous to the proof of Theorem 2.3 and can be omitted).

THEOREM 5.3. Let ¢ > 0. A function f: 1 — R is strongly (n+ 1)-quasi-affine
with modulus c if, and only if, f is strongly n-concave with modulus c or f is strongly
n-convex with modulus c.



QUASI-CONVEX FUNCTIONS OF HIGHER ORDER 1351

6. Other quasi-convex functions of higher order

E. Popoviciu [13] gave the following definition of quasi-convex functions of order
n, n > 0. The function f: E — R (E C R) is quasi-convex of order n on E, if for
every system of points x; < ... <x,43 of E

[)CQ,... ,)Cn+2;f] < max {[xla“' 7~xn+l;f}7 [x3a"'axn+3;f}}' (61)

If n =0, the inequality in (6.1) becomes the definition of the usual quasi-convex
function.

PROPOSITION 6.1. ([10]) Ifa function f: E — R is quasi-convex of order n in
the sense of E. Popoviciu [13], then there exist (possibly one of them being the empty set)
sets Ei, Ey, E1 < Ey such that E\UE, =E, f|g, is n-concave and f|g, is n-convex.

REMARK 6.1. ([10]) According to Proposition 2.1, the converse of the implica-
tion in Proposition 6.1 holds too, in the case k = 0. But in the general case k > 1
that is not true without supplementary conditions. For example, the function f(x) =
(=X) X(—e00 (%) + (2 +5%) 2(0.00) (x) (x €RR) is continuous, it is 2-concave on (—ee, 0]
and 2-convex on (0,e0), but it is not quasi-convex of order 2 in the sense of E. Popovi-
ciu [13], because [—-2,—1,0,1;f] =1/6 and [-1,0,1,2; f] = —1/6.

Motivated by higher order quasi-convex functions defined by E. Popoviciu [13],
we introduce (n,k)-quasi-convex functions. Note that the condition (6.1) is equivalent
to [x1,. . Xn12; f] <O or  [x2,...,x.43;f] = 0.

DEFINITION 6.1. Let n,k > 1. We say that a function f: I — R is
(i) (nk)-quasi-convexif [xg,...,xp;f] <O or [xg,.... X445 f] =0,
(i) (nk)-quasi-concaveif [xq,...,x,3f] =0 or [xg,..., X145 f] <O,

for all xo < ... < x,4%. The function f is (nk)-quasi-affine if it is simultaneously
(n,k)-quasi-convex and (n,k)-quasi-concave.

DEFINITION 6.2. Let n,k > 1 and ¢ > 0. We say that a function f: I — R is
(i) strongly (nk)-quasi-convex if [xo,... . xp; f] < —c o  [Xg,... . Xpyas f] = ¢
(ii) strongly (nk)-quasi-concaveif [xq,..., x5 f] = ¢ or  [xg, ..., %6 f] < —¢

for all xg < ... <Xx,+«. The function f is strongly (n,k)-quasi-affine if it is simultane-
ously strongly (n,k)-quasi-convex and strongly (n,k)-quasi-concave.

REMARK 6.2. Note that

(i) (n+ 1,1)-quasi-convex functions are quasi-convex functions of order n in the
sense of E. Popoviciu [13],
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(ii) (n,n)-quasi-convex functions are n-quasi-convex functions,

(iii) forevery k=1,2,..., the class of (n,n+ 1+ k)-quasi-convex functions coincides
with the class of (n,n+ 1)-quasi-convex functions.

REMARK 6.3. A function f: I — R is
(i) (n,n+1)-quasi-convexif, and only if, [yn,...,y0;f] <0 or [xo,...,xn;f] >0,
(i) (n,n+1)-quasi-concave if, and only if, [y,,...,y0;f] =0 or [xq,...,x,;f] <O

forall y,,...,90,X0,---sXn €1, yp < ... <yo <x0 <...<Xy.

THEOREM 6.1. Let n € N. Let f: (a,b) —» R (a < b) be a function. Then f is
((n+1),(n+2))-quasi-convex on (a,b) if, and only if, one of the following conditions
holds: (a) f is n-convex, (b) f is n-concave, (c) there exists xo € (a,b), such that f
is n-concave on (a,xy) and n-convex on (xo,b).

Proof. The proof is similar to the proof of Theorem 3.1. Aiming for a contradic-
tion, we suppose that —[(a) V (b) V (¢)], which is equivalent to —(a) A —=(b) A= (c).

The condition —(c) (the proof in the cases —(a) and —(b) is analogous) is equiv-
alent to the condition V& € (a,b) = (f is n—concave on (a,§)) VvV = (f is n—
convex on (&,b) ), which implies, that for any & € (a,b), one of the following two
conditions is satisfied: 3 a < y,11 <...<y0<& [ntts---y0:f]>0,,3F E<xo <
coe <Xpp1 < b [x0,...,Xn115 f] < 0. Putting

Li={{:3 a<y,1<...<y0<& [yus1,--->y0:f] >0}, (6.2)

Rr={:3 E<xo<...<xpp1<b [x0,..., %41 f] <O}. (6.3)

we have Ly URy = (a,b). There are four possible cases: (A) Ly = (a.b) ARy =0, (B)
Ly=0AR;= (a.b), ©) Ly # OARy # ONLyNRy=0,(D) LyNRy #0.

We consider the case (A). Then we have: & € (a,b) => {{ €L/ ANEE Ry } =
{Fa<yni1 <. ... <Y <& nitr- 0051 >0AVE<xo<...<Xp11 <D
[X0s- -y xnr13f] 20} = { fisn—convexon (§,b) }. Consequently, we obtain, that
forall £ € (a,b), f is n-convex on (&,b), which implies that f is n-convex on (a,b).
This contradicts the assumption —(a). Analysis similar to that in the case (A) shows,
that in the case (B), f is n-concave on (a,b), contrary to the assumption —(b).

Now consider the case (C),i.e. Ly #0, Ry #0 and Ly Ry = 0. By the definitions
of Ly and Ry ((6.2), (6.3)), it follows that, if & € Ly, then & € Ly forany & > &,
and if & € Ry, then &) € Ry for any &) < &. This implies

51 ELfﬁ[él,b)CLf, 52 eRf:>(a,§2}CRf. (6.4)
Since Ly NRy =0, it follows that if & € Ly, then & ¢ Ry. This implies that, if § € Ly,

then for any & < xp < ... <xy11 <b [x0,...,xnt1:f] =0, i.e. f is n-convex on
(&,b). Similarly, if & € Ry, then & ¢ Ly, which implies that, if £ € Ry, then for any
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a<ypp1 <...<y0<& [ut1,---,0:f] <0,ie. f is n-concave on (a,&). Conse-
quently, we have: V&, € (a,b) & € Ly = fis n-convexon (&;,b),Vé € (a,b) & €
Ry = fis n-concave on (a,&,). Because Ly # 0 and Ry # 0, there exist &; € Ly and
&eRy. Puttinga=inf{&: EcLs}, B=sup{&: &cRy}, wehavethat

fis n-concave on (a,f) and fisn-convex on (o,b). (6.5)

By (6.4), we obtain (a,) C Ry and (o,b) C Ly. Moreover, we have o = 3. Indeed,
suppose that o # . If oo < B, then (o, 8) C Ly N Ry, contrary to Ly "Ry = 0. If
o > 3, then by (6.4), we obtain that (8,0) C (a,b) \ [Ly URy], which contradicts the
assumption Ly URy = (a,b). Consequently, we have that o« = . In view of (6.5),
we obtain f is n-concave on (a, ) and f is n-convex on (o, b), which contradicts the
assumption —(c). It remains to consider the case (D), i.e. Ly NRy # 0. It follows that
Fé&€(ab)I a<y1<...<y <& <x0<...<Xp11 <D [Yuy1,---, Y05 f] >
0 A [x0,...,%n+15f] <0, which contradicts the assumption that f is (n+ 1,n+2)-
quasi-convex on (a,b). Since the converse is obvious, the theorem is proved. [J

REMARK 6.4. By Theorem 3.1, the function f(x) = (x+ 1) }(—e —1)(x) + (—x)
Xi—1,1)(%) + (x = 1) (1) (x) (x € R) is (2,2)-quasi-convex. Since 2,2, F2.f1=3

and [%, %, %,f} = —T27 f is not (2,3)-quasi-convex.

-3

REMARK 6.5. In general, it is not true that the class of (n,n+ 1)-quasi-convex
functions is contained in the class of (n,n)-quasi-convex functions. For example, by
Theorem 6.1, the function f(x) = (—x? —100) (e 0)(x) + (x> +100) ¥(0.) (x) (x ER)
is (2,3)-quasi-convex. Since [—2,—1,0; f] =49 and [0, 1,2; f] = —49, f isnot (2,2)-
quasi-convex. Moreover, however f|(_.. ) is concave and f|(.) is convex, there are
no intervals I;, I, I < I, I; UL =R such that f|; is concave and f|;, is convex.

It is not difficult to prove the following theorem on strongly ((n+ 1),(n+2))-
quasi-convex functions. We omit the proof.

THEOREM 6.2. Let n€ N and ¢ > 0. Let f: (a,b) = R (a < b) be a function.
Then f is strongly ((n+1),(n+2))-quasi-convex on (a,b) if, and only if, one of the
following conditions holds: (a) f is strongly n-convex, (b) f is strongly n-concave,
(c) there exists xo € (a,b), such that f is strongly n-concave on (a,xo) and strongly
n-convex on (xo,b),
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