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SHARP OFF-DIAGONAL WEIGHTED WEAK
TYPE ESTIMATES FOR SPARSE OPERATORS

QIANJUN HE AND DUNYAN YAN

(Communicated by P. Tradacete Perez)

Abstract. We prove sharp weak type weighted estimates for a class of sparse operators that
includes majorants of standard singular integrals, fractional integral operators, and square func-
tions. These bounds are known to be sharp in many cases, and our main new result is the optimal
bound

L 11 L 1
. 0lds 17 S 7 oIy P =l
\4

+%= % For v < ¢ < ~r , We also obtain the
d

for p > v and Sobolev type condition
1
bounds [w] /{’M and it has an additional logarithmic factor, taking the form (1 -+ log[w9] Am)% .

1
q

Moreover, we study a class of sparse maximal operators and give the weak type off-diagonal
two-weight sharp bound.

1. Introduction

In this paper, we study weighted inequalities for sparse operators, which can be
defined by

doty;/ ::< 21>V7 o :% ) 1
W= Z iete) s Wao= g 7 1)

0cs

where v >0, 0 < o < d and ./ is a 7 -sparse collection of dyadic cubes, i.e. for all
cubes Q € .7, there exist Eg C Q which are pairwise disjoint and |Eg| > y|Q| with
0 < y< 1. Note that (f)p denotes (f)qo With oc =0. By now it is known that such
the operator bef(;if, dominates large classes of classical operators 7', relying upon the

sparse domination formula

N

TFEIS Y, ol ), )

i=1

where the collections .#; depend on the function f. For v=1 and v =2 with o =
0, T becomes the Calder6n-Zygmund singular integrals [3, 22] and Littlewood-Paley
square functions [19, 20], respectively. Thus, the various norm inequalities that we
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study for dayv immediately translate to corresponding estimates for these classses of
classical operators.

A weight w on R? is a locally integrable function w: RY — (0,+oco). The class
of all A., weights consists of all weights w for which their A., characteristic

1
Wla., == sgpm /QM(IQW) < oo,

where M is the Hardy-Littlewood maximal function and the supremum take over cubes
of sides parallel to the coordinate axes.

More precisely, we are concerned with quantifying the dependence of various
weighted operator norms on a mixture of the two weight A7 | characteristic

o 4
[w,0]ag, = qur/?\qu(Tl)W(Q)G(Q) <o,
e

The study of such mixed bounds was initiated in [13]. All our estimates will be stated
in a dual-weight formulation, in which the classical off-diagonal one-weight case cor-
responds to the choice & = w™!/(?~1)_ Note that becomes the usual one-weight 4,
characteristic [w]s, , = [W?, w'] ag, with this choice. The properties of one-weight
Ap. 4 are introduced in Section 5.

Since we are dealing with dyadic operators, we also consider the dyadic versions
of the weight characteristics, where the supremums above are over dyadic cubes only
and M, denotes the dyadic fractional maximal operator. This is a standing convention
throughout this paper without further notice.

Throughout this paper, 1 < p,p’,qg <o, p and p’ are conjugate indices, i.e. 1/p-+
1/p’ = 1. Formally, we will also define p = 1 as conjugate to p’ = o and vice versa.

Now, we formulate our main results as follows.

THEOREM 1. Let 0 < v <o, 0<ax<dand 1 <p<q<eoo. Let w,0 be a pair
of weights. Then

(1-(%)%) L2y

1
WA, 6l,."", p=q>V and o> 0,
H%&i('G)HLP(c)Aqu(W) S Gu?iq [o]4. p<V<gq,
1.1
[W]Exi, p)+, other case.
(3)

where x1 := max(x,0) in the exponent. Here and below, we simplify case analysis by
interpreting [w|Q_ =1, whether or not [w]a., is finite.

Letting v — oo, we write 42%067;, (f) by the following form

1

JZ{OC(f): Sup 17%/Qf7 O<a<da

3505x ‘Q|

and called sparse fractional maximal function. For above sparse fractional maximal
function <7, , we have the following sharp estimate.
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THEOREM 2. Let 0 < a<d and 1 < p < g <oo. Let w,0 be a pair of weights.
Then

16 (0) |2 < 9,014 [1f 10(o)

where the exponent é is sharp.

REMARK 1. We also note that there is a weak-type estimate for M. For 1 < p <
g < and 0 < o < d, standard covering methods give

1Mo (fO) | o) S [, ]Xa £ llzr (o)

where the bound is also sharp. This result recovers the one-weight results due to Muck-
enhoupt [24], Lacey et al [15] and Pereyra [25].

Lacey and Scurry [17] provided an idea to prove Theorem | with ¢ < v, and we
merely repeat their method to two-weight off-diagonal case. For p > v, the bound

1 1
;014 [(47]3

“4)

is new even in the one weight case for é +2 = , we also obtain

1
the bounds [W]qu and it has an additional logarithmic factor, taking the form (1 +

log[w4] Aw)% . This form bounds which will be proved in Section 5.

Theorem 1 includes several known cases, the Sobolev type case é +9= ;; of
these results, together with strong type estimate and multilinear extensions, can also be
recovered from Fackler and Hytonen [6], Zorin-Kranich [26] the recent general frame-
work, respectively.

For v =1 and a =0, (2) holds for all Calderén-Zygmund operators. Conde-
Alonso and Rey [3] first prove the result, and Lerner-Nazarov [22] give the most gen-
eral version, with a simplified proof in the paper [21]. The bound (3) in this case
was obtained in [13] for p =g = 1. In [10], Hinninen and Lorist consider the sparse
domination for the lattice Hardy-Littlewood maximal operator, and their obtained sharp
weighted weak L? estimates.

For v =2 and oo =0, (2) holds for several square function operators of Littlewood-
Paley type [7, 17, 19]. For p = g, the mixed bound (3), even for general v > 0, is from
[12, 14]. This improves the pure A, bound of [7, 17, 19].

For v =1 and 0 < o < d, (2) holds for the fractional integral operator [15]

laf(0):= [ IO, 5)

d |x—y|—@

In the case for p < g, (3) is due to [4]. The Sobolev type case with 1 + = 1—7 was
obtained by the same authors in [5]. Additional complications with p = q, which lead
to the weaker version of our bound (3), have been observed and addressed in different
ways in [4, 5].



1482 Q. HE AND D. YAN

For v >0 and o =0, in the case for the bound (3) was obtained by Hytonen and
Li[l12]for p=g € (1,00).

Theorem | with v =2 completes the picture of sharp weighted inequalities for
fractional square functions, . Namely,

max( % A-92y . :
[w] Ao is the optimal bound among all possible bounds of form (I)([w] A,,) With

an increasing function ®. This was shown by Hytonen and Li [12], Lacey and Scurry
[17] in the category of power type function ®(r) = 1B a variant of their argument
proves the general claim, as we show in the last section.

To prove the above results, we need the following characterization, which is es-
sentially due to Lai [18]; we supply the necessary details to cover the cases that were
not explicitly treated in [18].

THEOREM 3. Let | <p<g<oo, v>0,p>vand 0< o <d. Let w, ¢ bea
pair of weights. Then
100y ey = T

where the testing constant is defined by

1
T* = supw(R) ¥
Re Qey

OCR

-1
(@) d Waololler o

For the testing constant .7*, Fackler and Hytonen [6] give the following result.

PROPOSITION 1. Let v>0,0<a<d, p>vand 1 <p<qg<eo. For 7* as
in Theorem 3, we have

[W]:(%)Z[G}Z%)z, p=gq and o >0,
TS woly Ly =
Wi, ", other case.

The plan of the paper is as follows: In Section 2, Theorem 1 with p > v will be
proved. The remaining case of Theorem 1 is handled in Section 3. In Section 4, we
give the proof of Theorem 2. In the final section, we discuss the sharpness of our weak
type estimates by modifying the example given by Lacey and Scurry [17].

2. Proof of Theorem 3

As mentioned, Theorem 3 is essentially due to Hyténen and Li [12].
To prove our results, we first give the following lemma.

LEMMA 1. Let w,0 be a pair of weights and p > v > 0, then

[EZ¢C

o)y | Lae(n) = SUP (o1 .
) i 1HQeZ/ wolf"I3tel, -
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Proof. By the definition of Ma v» we have

1553 M (o) oramoey = S0P || 2, fGaQIQHK
1A=t Qe

sup || M <G>X¢,Q(<f>g)v1QHLg,M(W)
1fler =1 Qe

< |3 0)olMel 30l 5,
Ifllzp(ey=1 Qe

v 140—(-}) "\’ v
= o - 1 q Ms(f)llirie
“f“j:z)—_l’|Q§7< >a’Q<<||Mo(f)||LI’(a)> >g QHLV*‘”(W)H ( )HL( )

S sup HZ<G>§,Q<gv>ngHL%5m(w)a

lgllrc)=1 e

where in the last step, we used the boundedness of M on LP(0), and the bound is
independent of ©.
On the other hand, notice that

()5 < inf Mo(f*)(x) = (inf Mo.v(f)(x)" < (Mo (1))3)",
where M., (f) := (Mg (f"))"/", with this observation, we have

sup (¥ IQ
1l (e)= 1ngz/ a0l H“ )

< sup ||Z<G>E,Q(<Ma,v(f))S)VIQHLg‘w(W

Iflriy=1 g )
< sup H |LP )-»Lqﬁm(w)HMG’V(f)HZv(c)
1 £llr(o

NH%/v )10 (0) =y

where in the last step, we used the boundedness of M5, on L?(c) with p > v, and
the bound is independent of . This completes the proof of Lemma 1. [J

Now suppose that B is the sharp constant such that

H Z ocQ fv GIQHLV (w) <B||JCHZ/7((;)

that is,
I 2 (@nolhlellyg, <BIflE - ©)

=
Then .
|- er,.7(-0) || r (o) —xa(w) = BY -
Hence, we have reduced the problem to study (6).
The following proposition was given by Lacey, Sawyer and Uriarte-Tuero [16].
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PROPOSITION 2. Let t={t: Q € 2} be nonnegative constants, w, 0 be weights
and define linear operators by

= Y 10{f)oleo-
Qe2
Then for 1 < p < g < oo, there holds
1 T2(-0)|Lr (o) =18 (w) = SUp W(R H 2 To(w QIQHLP/(O')
Re2
QCR

Observing that for (6), we have

| 3 ©@hotngloll,s-,, = ITFol, 4

gc (w)

with 79 = (G)XC’QI |0|7 . Theorem 3 follows immediately from Proposition 2. Thus,
using Theorem 3 and Proposition 1, the case p > v of Theorem 1 is proved.

The following proposition is weighted weak estimate for fractional maximal oper-
ator, which can be found in the paper[9].

PROPOSITION 3. Given 1 < p < g <eo, 0< o <d and a pair of wights (w,0).
Then for all measurable functions f,

||Ma(f0)||m~,m(w) < [w ]Xa ”fHLI’

3. Proof of the weak type bound for 1 < p <v

We are left to prove Theorem 1 in the case that 1 < p < v. Actually, the method
stem from Hytonen and Li [12], they have investigated the two-weight case. Follow-
ing their method, it is easy to give the off-diagonal two-weight estimate as well. For
completeness, we give the deails.

3.1. Thecasefor l <p<g<vVv

We want to bound the following inequality,

sup Aw({x € R": 7, (£6) > A} < [w,0)l [1flr(o)
A>0

By scaling it suffices to give an uniform estimate for

Aow({x € R": 42{/ v(fo) > Ao})e,
where A¢ is some constant to be determined later. It is also free to further sparsify .
such that {
"= < Z|o|'- 7.
> o< 4ol

oS0
0,07

==
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Now set
I ={0€.S: 27"V < (fO)0 o <27™} with m>0, (7
and
S ={0€ .S (fO)agp > 1}. (8)

Then for Q € ., with m > 0, denote by ch», (Q) the maximal subcubes of Q in .,
and define

Eg =0\ U 0. 9
Q'ech g, (0)

Then

1 1
(folg, >a7Q:ﬁ/f0—ﬁ > fo
¢ 10|'"7 Jo 01" 7 gech, (02

|Q/|)13 !
fo ( | fo
|Q\1" / Q’echy 4 o'"a Jo

0)
1
>W/Qf6_ §<f0> (10)

Also, we set 42%073’ and %&ffv/ to be the sparse operators associated with .%,, and .%”,
respectively

(g ()= 3 Nuglo  and  (FL()" = 3, (Nugle: (D)

0cSm Qe

Thus, it is easy to know that

A= Y (Nholo= 3 ()Y + (g (). (12)

Qe meN

By (11) and (12), we conclude that
w({xeR": ;,(fo) > A})

) A i AY
<w({x€R": S (L ()Y > 2()}>+w<{x€R”: (s ()Y > 70})

m=0

_w({XGR’“Z Z <f6>é’Q1Q>%}>+W<{x6Rn: Z <fG>E7Q1Q>AZ—OV}>

m}O Qey,,, Qeﬂ’
=1 +11.

The second term is trival. In fact, it follows immediately from Proposition 3,

I <w( |J Q) <w({xeR": Ma(£0) > 13) S [w,6lag, £ 14y
Qe
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\4

Now let % = 2 27" where € :=

m=0

>~

(v—¢)/2. By (10), we obtain the following
estimate

<Y w{xeR": Y (fo)yplo>2""})

m=0 Q€I

<Y w{xeR": Y (folg)l ylg>20"9maemy)
m=0 0EIm ’

<Y w{xeR": Y (folgy)l ylg>2 920" Dmamemy)
m=0 S ’

< Y 2le-vielmtg / Y (foley) plodw < [w,olag [IF]17,
m>0 R" oe 7, ’

where in the last inequality, we used the following the fact
/Rn Y, (folgy)h olodw
Q€S

= Y (folgy) ,w(Q)

Q€S
1 ! q
< ————— [ fo] |01“F " Vw(Q)o(Q)” o(E
QZ/< (EQ)I,W /EQ ) 1014 Vw(0)6(0) 7 0(Ep)

< [wolag, fllr o)

Combining the above /I and I, we get

|-, (fG)HLq < W, Lga Hf”LI’

3.2. Thecasesfor p<g=vorp<v<yg

In this case, it can be strainghtforward obtained by [6, Theorem 1.1]

157 (£O) | oy < 76 (O o)

1 L
S wolia (Ol /1)
This completes the proof of Theorem 1. [

4. Proof of Theorem 2

1
In this section, we key to prove the bound [w, o]} A, is sharp. As mentioned,

Theorem 2 is essentially due to Muckenhoupt [24].
one-weight to off-diagonal two-weight setting.
First, we need to prove

Here we extend Muckenhoupt

=21

176 (fO)|| o=y S W, 014, [ Ir (o) (13)
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This weak type estimate is trivial. Indeed, using the fact |27, (f)| < |My(f)| and Propo-
sition 3, we can straightforward obtain the desired inequality (13).

Next, we give the proof of the exponent Ll] in (13) is sharp. Consider f = |f|xo.
then we obtain for Q € .

“a(|fl0) = (|f10) a0

Taking No := || o (| f10)|1r (6)—19+(w) - Using the weak type norm inequality of </ (|f|0),
we have

NG ( /, |f|’”6> = N1 > 11110y = 10FE () [ [l (14)

Consider the specific function f = 1y supported on Q and chosen so that both inte-
grands coincide, namely |f|o = |f|P 0. Substitute this specific function f into (14) to
obtain the following inequality only pertaining the weight ¢ and the cube Q,

o 4
Ny =074 " Dw(Q)a(Q)7 .
L
Distribute |Q| and take the supremum over all cubes Q to conclude that Ny > [w, 0] {4 .
P

There is one technicality, the chosen function may not be integrable, choose instead
Jk = KJ%IQ, run the argument for each K > 0 then let K go to infinity. Thus, we
finish the proof of Theorem 2. [

5. Sharpness of the weak type bounds for fractional square function

In this section, we will show that the case for v =2, which called fractional square
function, i.e.

l\JI'—

A=Y (Naolo)?, (15)

0es
and p,q, o satisfy condition é + % = };. We only consider one weight theory estimate
for LP(wP) — L9=(w7) in here. The governing weight class is a generalization of
Muckenhoupt A, weights, and was introduced by Muckenhoupt and Wheeden [23].

q
/

() () <

Its relation to two weight characteristic is [w?,w -7 ] Az, = Wla,,
Moreover, it is straightforward to show that the followmg are equivalent:

]

with = +d—5.

(a) weApy (b) wiEA 4  and w?eA . (16)
‘We will show that the norm bound

max(é,%—%)

LP (wP)—L4>(wd) < [W]
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is unimprovable. Actually, a lower bound with the exponent 1 holds uniformly over
all weights, which is the content of the next Theorem. The optimality of the exponent
% — 9 is slightly more tricky, and is based on a example of a specific weight A, ;.

Hence, Theorem 1 for 6 = w~'/(P=1) gives the following mixed A p.q — A estimate.

COROLLARY 1. Let O <o <d and 1 <p<q<oowith ;+§ =

1
|7, 2||LI’ WP)— L4 (w) < G]Xg‘q

Notice that (16), it is easy to know that

Wiy, =Dy, and [Pl
P

) ::[quiﬂ. (17)

Since Lerner [20] show that [w]4., < [W]a,. Using this relation to Corollary 1, we

~

obtain the following pure A, , estimate.

COROLLARY 2. Let 0 < a0 <d and 1 < p<q <o with 5+ % = 1. Then

P,/(I,E) 2
M, 0 2<as T
d
1_a
|-, o) S [W}‘E‘iﬂd)’ 1__a<q<oo,
d
1
WA, I<g<2.

However, the exponent 2 (1 —2) of the case 2 < g < . 2_ is not optimal. We will
7

give the best exponent max(é, — &) appear in the following estimate. For general

case v > 1, we are concerned with the weak-type bounds which have an additional
logarithmic factor (log [w?]a.. )5 appears in the followig sharp estimate.

o
d
1
v

THEOREM 4. Let v>1, 0< o <d and 1 < p < g < oo with %—l—% zé,there
holds for any weight w € Ap 4

o max(1, % )
17 (D lliamony S W (0w f e,
where . v
(log [W]a.,) ¥, V<g< ;
O([W]a.) = 1=
1, other case.

and log; (x) = 1+log, (x).
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As a corollary of Theorem 4, the weak type bounds of fractional square function
is sharp.

COROLLARY 3. Let 0 <o <d and 1 < p < q < oo with I%—F% = é there holds
for any weight w € Ap 4

max(é,%fg)

55 (f) |z oy S [W] o1 (Wa ) Iwfllzr,

AI’M

where

1 2
(log [w]a.)?, 2<¢g< ;
o1(Wa.) = 1-2¢

1, other case.

A basic tool for us is the following classical reverse Holder’s inequality with opti-
mal bound, which can be found in [13].

PROPOSITION 4. There is a dimensional constant ¢ > 0 such that for w € A,
and r(w) = 1+ c[wla.,, there holds

1
w3 < 2(w)o, 0 a cube. (18)

We also need the following off-diagonal extrapolation given by Duoandikoetxra

[8].

PROPOSITION 5. Let 1 < pg < o0 and 0 < go < oo. Assume that that for some
family of nonnegative couples (f,g) and for all w € A, 4, we have

[wgllzao < CN([Wla g g0 WS 1l2r0,

where N is an increasing function and the constant C does not depend on w. Set
Y= q_lo—'—ﬁ Then for 1 < p < eo and 0 < q < oo, such that
0

and all w € Ap 4, we have

Iwgllr < CK(w)|lwfllLr,

where
N([Wla,, (2lM||raay) TE@)), q < qo:
K(w) = Yao—1 na—4p)
N T @M ) ) 4> a0
max(l,qo—p,

In particular, K(w) < CiN(Cx2[w] ) for we Ay y.

APJI



1490 Q. HE AND D. YAN

The following estimate is based on the work of Domingo-Salazar, Lacey, and Rey

[71.

THEOREM 5. Let v2>1,0< o <d and 1 < p < g < oo with é—l—%: };,there
holds for any weight w € Ap 4

< max(l7$—g)
16/ (P g oy S DL, 7 200l Iwf oo, (19)
where
=4 " ey
P (wla.) =
(log,[W'a.)¥, v<g<oo.

Theorem 4 follows immediately from Theorems 1 and 5.
To prove Theorem 5, we need the following estimate.

LEMMA2. Let v>1,qg>Vv,0<a<dand 1 < p < g <o with i—l—%:%,
then .
Lo

o
wsller,

Hﬂav”L‘l (W) ~ [ ] Apg

where 0 < m < log; [w9]a..

Proof. Using the off-diagonal extrapolation in Proposition 5, we only need to

prove the case g = 1_"m . By Minkowski’s inequality and (10), we obtain the following
d

inequalities

1

(L taw’s] <3 (Lntow))

=< Y <f>§,QUZ(Q)>

<|—

<=

5( )y <f15m<g>>;,gv5(Q>>

1_a
< sl
where we used the equation p = v in the above inequalities. [

The good property of Lebesgue measure appear in the paper [7].
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PROPOSITION 6. Let any A >0, %, defined as (7) and b = Ypc, 1, then
we have that for any dyadic cube Q € ./,

{xe Q: b(x) > A} S exp(—c)[Q).

For log; [W9]a.. < m < e, we also have following estimate.

LEMMA 3. Let v denote the weight wi, for all integers my > 0, then

> (%?31(f>>“>1)5[w]A,,ﬁq([ la ) Iefls,- 20)

20
m=my
Proof. Define
S ={0maximal st. 0 € %} and B, :=|J{Q:0¢e .7}

By the definitions of .#, and (&Zf&’ (f))¥, we can write (gffg (f))” as 27V"b,,,
where

bu< Y 1g and supp(bm)C By.
0y

For any dyadic cube Q € .%,, by Proposition 6, we know that the function by, is locally
exponentially integrable. By the sharp weak-type estimate for the fractional maximal
function [15], we know that

V(Bi) S 27" W], WL -

The left hand side of (20) can be estimated as

=

o( 3 (@) > ) =v( 3 2 o> 3 2

m=my m=my m=my

=3

< Z ‘U(bm >2m0+(v—1)m—l>'

m=my

Taking
B(Q) :={x€Q: by(x) >2motv-Um=ly
for any dyadic cube Q € .7}, by the definition of .#, and Proposition 6, we show that

B(Q)| S exp(—c2m=Um)|0).

Using the A, property for A, ¢ weights with v-measure and Proposition 18, there
P
holds

Loy _L

v(B(Q)) = (W10)0l0] < (Tp) g™ W )37 o)

|ﬁ( )‘ (c[vlae) ! B omy+(v—1)m
s [B2)] v(Q)SD(Q)GXP( L )
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where r(v) asin (18).
Summing over the disjoint cubes in .7}, we obtain

oo . oo 2m0+(\/71)m
(X (@)Y > 1) S W, Iwflll, Y, 2™ exp (—c7>. (21)

m=n m=ni [U]A

The sum in the right hand side of (21), we can be controlled by

oo omo+(v—1)m oo omo+(v—1)x
2 2Mexp| —c——— | < [ 2%exp
m=my [U}Am mg
/w , 20\ dy
= ylexp| —c——y | —
2(v=1)my [’U}
[v]“’ e q —cydy [ } /
= <
<2m0 /Z[VTO yie s s ) - (2D

Combining (21) and (22), we obtain the desired result. This completes the proof
Lemma 3. [

Proof. of Theorem 5. Since the case 1 < g < Vv is contained in Theorem 1, we
key to study the case ¢ > v. By scaling, the left hand side of (19) suffices to estimate

ATo({x eR": ), > A}). (23)
Assume that A = 3% and || f]|»(») = 1. Thus, by (12), we obtain
V(7 ()" >3)
o(( AL () > 1) +v(moz_l<%fc’ 1 >1)+0( 3 @)= 1).

m=0 m=my

By the sharp weak-type estimate for the fractional maximal function [15], the first term

is controlled as .

V(g (f)Y > 1) S W}

Apg”

(24)

By Chebysheff’s inequality and Minkowski’s inequality for ¢ > v, the second term
from Lemma 2

mo—1 mo—1 v
o(S @) <[ 3 @i
m=0 m=0 LV (v)

< (:g||<%i€"<f>>vLa<v )

mo—l
("3 1A )5
m=0

<l

(25)
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By Lemma 3, the third term can be estimated as

o( 3 @i 1) s, (Be) 26)

m=my

Combining (24), (25) and (26), we get

) 1 1
S VIV
v | La=wa) S W4, , +mg W]

Apg Apg P4 <
max(1 12 1
~ [W]Ap‘q e (logl[wq]A )v’

due to mg ~ log;[w7]4.. . This finishs the proof Theorem 5. [

However, this is not the end of the story; we can prove even more. Here we present
our full statement of the main theorem. This estimate is sharp in the following sense.

THEOREM 6. For any weight w, we have

Il

1
| Lo (wp)— Lo (wa) = [W]qu‘q-

Proof. Let v denote the weight w? and consider f = |f|xo, then we obtain for
Qe

5 () = (| feo-

Taking N := |7, (f) | £r (wp)—14=(v) » then we have
N fllzpwry = H%ﬁ(f)llmm > [IfD el o=
1 1
v q (] q -~
o AL
Q" Jeo o'~ Jo

for all positive functions |f| on Q. By the converse to Holder’s inequality, this shows
that

1 1 €1
Q)7 v(Q)70(Q)7
2 [3 w P p’wp = o 9

o 7" lren =1

and taking the supremuum over all Q proves this theorem. [J

THEOREM 7. Let v> 1, 0< oo <d and 1 < p < q < oo with §+%:%. If ®
be an increasing function such that

5 10 o) 19 () < @([W]a, )

2R

forall we A, g, then ®(t) 2 v
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Lacey and Scurry [17] show that this in class of power functions, namely, they
proved that there cannot be a bound the form ®(z) = 1271 for n > 0. We will extend

their method to general setting.

Proof. We will consider two cases to prove this theorem: v > 1 and v = 1.

Case 1: v > 1. Following the same arguments as those in [12, 17], the assumption

implies

1
H(% ag- w1}, olo)¥ e vy 5¢([W]A”‘”)H(%aé)v I

27)

for all sequences of measurable functions ag. For ¢ € (0,1), we consider w(x) =

o-1 :
|x| ¢ and a sequence of functions

1

11
a[o.’sz) (x) = le( -1 v Z 2 j 27_,41)()6) keN
j=k+
Then it is easy to check that
[W}Aprq = [wq}AlJrl, = 1971 and ;a,‘c’(x) ,S ﬂﬁ_zl[al].
4

In fact, we choose [ = [0,27%] and x € (21,27 with [ € Ny such that
o
ag(x) =2 01V L] 70 x| P 1y (x).

A simple calculation shows that

Y ap(x) =071 " Y |5, (v)
k=0

S ﬁ%*2‘x‘vﬁzvlﬂ 5 19%721[0,1]-

Using (28), the right hand side of (27) implies that

3 v—1
H(k;ak V¥ g Nq/ </{er1 PR dx> ds

VT2 1 B
/ (/ xl“dx> ds ~ 971729
0 0

_ =

N

Y.

(28)
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On the other hand, the left hand side of (27) can be estimated as

) i 2= D(i—K)p—Dj my yyiT— 5 1k(1-G-0)
j=k+1

w.
~
[
|
2R

Ly
<ak'Wq>o¢7[o727)NlSl V2
It follows that
i 2 -
Joy (X oz o) ¥

/ / 1
:ﬂ%—%—l”/ I N e N

_a

~d , this finishes the proof of Case 1.

<\'—

Hence, we show that ®(z) 2
Case 2: v = 1. The upper bound of this case follows from [15], and we show that
3 () =y S (Wl ) 191l (29)

holds for ®(z) > et
By (17), we show that

73 () o=y S @, ) 1w F e, (30)
and let u = w?, then
1755 () o=y S Dty o A o oty 3D
Assume now that u € Ay, then (31) it yields that
161 () 29y S PLaa) L o oy (32)
Since Z =1— 2% this is equivalent to
751 )| gy S @) LF |- (33)

Next, we will go to prove (33) holds for @(¢) > ct' = . Let
u(x) = |x|” "
with 0 < ¥ < 1. Then standard computations shows that

u]a, ~ 0. (34)
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Consider the function f = yp where B is the unit ball, we can compute its norm to be

1 _1
£l =u(B)r =~ . (35)
By sparse domination formula, then there exists a 7 -sparse family . such that
(D) 2 Haf ()], (36)

where I, is defined by (5). Let 0 < xy < 1 be a parameter whose value will be chosen
soon. By (36), we have that

27 (u f)| gy 2 Mt fll g

1
‘y‘(ﬁ—l)a/d q
Zsup u{|x|<x19: Bmdx>l}

A>0
1
{| | M(ﬁfl)a/dd )L} q
Zsup | uilx| <x :/ —dx >
120 7 S -y 1o/
{| | M(ﬁfl)a/dd A} q
= sup ux<x19:/ ————dx >
250 B\B(0x)) (2[y[)! -/
1
— sup (u{|x| <xg: C%f‘(l—wa/d) >x})q
A>0
1
Co,d . Cad da/d Cody\a
P e § <
> 4 (ufl] <xp : BL(1— |yl > Ty )
_ Cad L
=259 u(B(0,xy)) 4,

where taking xy = (%)d/ @3 in the last step. It now follows that for 0 < ¥ < 1,

57 o l Xy i -1
|5 Plliam 2 5 () = 07" (37

Finally, combining (34), (35), (37), and using that ; + 4 = 1, we have that (33) holds

P
for @(r) > ct'~ @, which gives the desired bound by the monotonicity of ®. [J]
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