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Abstract. Several pre-Jensen-Griiss inequalities for functions of n real variables are proved.
The obtained inequalities are refinements of the Jensen-Griiss inequalities proved by Budimir
and Pecaric.

1. Introduction

Let I C R be an interval. It is well known that if a function f: 1 — R is convex
then

1 & 1 ¢
— x| < = S (%), 1
f P i=§ 1, PiXi P i=§1ptf(xz) (D

forall ke N, xi,....xx €1 and py,...,pr =0 suchthat B,=p;+---+pi > 0. If f
is strictly convex then (1) is strict unless all x; are equal [5, p. 43]. This is the classical
Jensen inequality, one of the most important inequalities in convex analysis, and it has
various applications in mathematics, statistics, economics and engineering sciences.

Another important inequality in analysis is the Griiss inequality. It states that

Lrop@-9)

‘ 1
<

b—a/abf(s)g(s)ds_ﬁ/ubf(S)ds-bia/abg(s)ds

4
holds for integrable functions f,g : [a,b] — R such that y< f(s) <T,and ¢ < g(s) <
@, forall s € [a,b], where 7,T",¢,® € R [4, p. 296].

In [1, Theorem 1] Budimir and Pecari¢ proved an inequality which they named
the Jensen-Griiss inequality: it gives an upper bound for the difference between the
right hand side and the left hand side of the Jensen inequality in terms of the Griiss
inequality. The goal of this paper is to refine their results under various conditions. It
is worth mentioning here that many interesting results of this type can be found in [2]
including related results for convex functions [2, pp 191 - 194].
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2. Main results

In the rest of the paper conv[S] denotes the convex hull of S CR", (-,-) : R" x
R"” — R is the inner product on the real n-space R”, ||-|| norm related to (-,-), and <
the coordinatewise partial order on R”. Also, for the sake of simplicity, for some k € N
we will often use the notation

1
Py

\M»

Pe=p1+-+pr, X= DiXi.

i=1
The next theorem follows the ideas first introduced in [2, Theorem 232, Theorem 237].

THEOREM 1. Let f:U — R be a differentiable function, and xy,...,x; € U,
where U C R" is an open convex set. Suppose m,M € R" are such that

(M—=Vf(x),Vf(x)—m)>=0forall x € convix,...,x]. )
Then forall p; >0, i=1,2,....k, such that P, > 0 the following inequalities hold
k

LS pifa) — £ (5)

3
P& 3)

1 k o1 3
< P HM—mIIi_leillxi—XH <5 |M —m|| %,

where .

1 & ?
~ - . . 2_ =112
f= (PkZIPZXl [B5] ) :

Proof. Let p; >0,i=1,2,...,k, be such that P, > 0.
From the mean-value theorem we know that for any x,y € conv[xy,...,x;] there exists
some 0 € (0,1) such that

FO) =f@x)=(Vf(2),y—x),

where z=y+ 60 (x—y). Applying thison x = x € conv|xy,...,x], y=x; and z=7z =
xi+ 6; (X —x;) € conv|xy,...,x;] we obtain

f(xi) —f(f) = <Vf(Zl) s Xi —f>7 1= 1727...,]{.
Multiplying the above equality by p; and summing over i we get
k

Y pif (xi) = Pef (%) =

i=1

pi(Vf (zi),xi — X)

VR

—

|
M-

Il
—_

pi((Vf (zi) %) = (VS (z), X)),
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therefore,

1 & 1 & 1 & B
Fk;l?if(xi)—f(X) = E;Pi (Vf (zi),xi) — <Fk;1Pin(Zi),X>- “4)

As in the proof of [2, Theorem 232] the right hand side of (4) can be formulated in the
following way:

1 & 1k -
Fk;pi <Vf(Zi)7Xi> — <Fkiziinf(Zi)7x>

1 & M+m ~
—Fkizzil?i<vf(zi)— 5 ,xi—x>~

By the triangle inequality and then by the Cauchy-Bunyakovsky-Schwarz inequality for
inner product spaces we obtain

Epl Vf Zl xl < szvf Zl >‘

M+ -
sz <Vf (2) 2’",xi—x>‘ 5)
1 & M+m
1 V 1) T A~ 1
Pk, pi||Vf (z) > [l — ]| -

It can be easily proved (see [2, Lemma 231]) that
(M—x,x—m) >0

is equivalent to

M+m
——H Lynt = m

for any x,m,M € R" since

Combining this with (2) and (5) we obtain

sz Vf Zz xl < Zptvf Zz >‘

1
—||M - . X
ZPk || mlezllexl x”v
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which with (4) gives the first inequality in (3).
By the Cauchy-Bunyakovsky-Schwarz inequality for positive sequences we know that

LS pl—dl < (LS pl o)
— D pilxi—x|[| < | 5 D pillxi—x , (6)
Pki=1 Pki=1

and a simple calculation yields

2

(7

1 k
Fk Zipixi

LS il 517 = %
= 2 pillxi— X" = = >, pillxll” —
Peio Peig
LS il 51 >0
Pei3

Observe that (7) ensures that ¥ is well defined.
From (6) and (7) we get

1 &

— . Ly < ~’

Pkgipt”xz x| <%

which proves the second inequality in (3).
Inequalities of the type (3) are called pre-Jensen-Griiss inequalities: they are re-
finements of their counterpart Jensen-Griiss inequalities in terms of x or alternatively

x.
In the next theorem we show that Theorem 1 is a refinement of [1, Theorem 1]

THEOREM 2. Let f:U — R be a differentiable function, and xy,...,x; € U,
where U C R" is an open convex set. Suppose m,M € R" are such that

(M—=Vf(x),Vf(x)—m)=0forall x € conv|xi,...,x],
and ¢, ® € R" such that
(®—x;,xi—0)>0,i=1,2,... k.

Then forall p; >0, i=1,2,....k, such that P, > 0 the following inequalities hold

1 & _
Fki;l?if(xi)—f(x)

< 2w Himu ] ®)
<z —m —|xi—x
2 “ P !
<M mlE< @ g M —m]|
< = —ml| X< — — —m||,
2 4

where X is as in Theorem 1.
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Proof. The first two inequalities in (8) follow from Theorem 1. Direct calculation
gives
o 1 ¢ 2 o2 _ 1 &
2= 5 2 pilhlP - 5P = (@ x5 0) = 5 3 (@ v —0),
and by the conditions of this theorem it follows that
PL<(@—x,5—9).
It is known that the inequality
(ah) < 5 latb|?
holds for any a,b € R" (with equality iff a = b). If we choose
a=0—x;, b=xi—¢
we get
(@ x5 0) < 7 [@— 9l

hence |
i< e—ol, )

and the last inequality in (8) follows immediately.
A refinement of [ 1, Theorem 3] is given in the following theorem.

THEOREM 3. Let f:U — R be a differentiable function, and x,...,x; € U,
where U C R" is an open convex set. Let ¢,® € R" be such that

(®—x,x;—0)>0,i,j=1,2,... .k
Suppose that for some L >0 Vf satisfies the Lipschitz condition
IVf () = Vf ()| <Ly —x|| forall x,y € conv|xy,...,x].
Then forall p; >0, i=1,2,....k, such that P, > 0 the following inequalities hold

L L
<GEle—g| < 7ol (10)

1 & _
Fk,-g{pif(xi) —f(x)

where X is as in Theorem 1.

Proof. We start from (4) obtained as in the proof of Theorem 1. It can be easily
proved that

k

k
%Zm (Vf (zi) xi) — <%klzipivf(zi)7x>

k=1

k
S i (V@) -V ) ).
2P 55
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By the Cauchy-Bunyakovsky-Schwarz inequality for inner product spaces from the
above equality we get

Zpl Vf Zt xl < szvf Zt >

2P2 ZP1P1|<Vf(Zt) V1 () xi—xj)| (11)

kljl

<33 X i[9 ~9 Gl s

By the Cauchy-Bunyakovsky-Schwarz inequality for double sums we know that

LS iyl V7@ - V1)
k i,j=1

: :
2
< <2Pk2”2,1pzpj”xz x/H ) <2Pk2”2_, pzijVf (zi) Vf(Zj)H ) .

A short calculation yields

2P2 S i = = Zptllxlll =17, (12)
k i,j=1
and analogously
2
2P2 2 PPJHVf Z’ Vf(Z, H ZPzHVf Zi H - szvf Zl
k i,j=1

Now we have

1 & _
Fk;pif(xi) —f(X)

< 2wl

i,j=1

=

1 k %
(2_13,3 wz;,lpipj VS (@)= Vf(z)) ||2>

1

3 x 3
1
< <2P2 2 ptPJHxl_xJH ) <2sz szlpiijzHZi_ZjW)

k i,j=1
1

1 k 7 1 k 2
=L| = pill’— 5] — > pillzill* = 11z
(Pk; il = = 1] ||> (Pk,g{ [zl = Iz
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Forany z € conv[xi,...,x;] there are some u; € [0,1], i=1,2,...,k, suchthat ¥* , u; =
1 and z= Y% | u;x;. Then

(@—2z,2—¢)

k k k k
<Zu,~(D— Zuixi7zuixi— Zui¢>
i=1 i=1 i=1 i=1
k k
= <Zu,~(d>—x,-),zui(xi— ¢)> 20,
i=1 i

i=1

hence
(®—7,zi—0)=0,i=1,2,... .k

This allow us to conclude
1 & 2 o2 1 2
= 2 pillzl”— < <[ P—of,
P ;p il = M2 l1" < 7 |0 — ¢

and accordingly

‘ 2 Pi f x, x ”q) (0 H
Taking into account (9) we obtain the second inequality in (10) and the proof is com-
plete.

A more general variant of the result given in Theorem 3, a refinement of [1, The-
orem 2], is stated below.

THEOREM 4. Let f:U — R be a differentiable function, and xi,...,x; € U,
where U C R" is an open convex set. Suppose that for some C >0 and o € (0,1) Vf
satisfies the Holder condition

IVf ) = V@I < Clly—x[|* for all x,y € convlxy,....x].

Then forall p; >0, i=1,2,....k, such that P, > 0 the following inequalities hold

1 k
B i_leif(xﬂ —f(%)
l

CA* (PL=35,p} " .

< Srmil-nd < G (2R s
CAOHL
< Sm (P;? - le%> : (13)
1=

where

A= 1<11?§;§<k||xl_xj||

and X is as in Theorem 1.
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Proof. First observe that for any a,b € conv|xy,
0,1], 1 =1,2,...,k, such that ¥ ,u; = 3§ ,v; =1 and

k k
azZulxl, szv;xl.
=1 =1

Then
k k
la—bll=||>v Eum Zuzz,vm

=1 =1 =1 I=1
k
=
k

<Zuv1’|xl xj||<AZuvj—A
ij=1

i,j=1

Consequently, for z;, i =1,2,...,k, defined as in Theorem | we have

lzi—zj|| <A, ij=1,2,....k
hence
IVf (@)= V)| <Cllzi—z||* <CA%, i,j
From (4) and (11) we get

=1,2,... k.

1 & _
F Z pif (xj) = f (%)
<32 3 ol |96 -9 )

klj—

—p2 Zp;p, Hx,—x,” va (z) = VS ()],
k i<j

hence

1 k
7 2Pl () =1 ()

ﬁmeWt%Mazm
k l<j

< P2 EPPJsz XJH
koi<j

,Xx] there exist some u;,v; €
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which is the first inequality in (13). Applying the comparison inequality between the
arithmetic and quadratic mean and (12) we obtain

2
R S
i bl

1

)

1

1 L
2P? 2
Pt 1Pl> <2sz”2,le[?,sz xjH )

(7=

(7). 1
%%) ( zpluxlu —||x||>
(-

hence

N %
Y o -] < (#) (Zpip.,»nx,-—xjrf)

i<j 1<j

1
Y1 D ’
<A<711P S pip;
i<j
A k
-5 (m-z).
i1

which proves the second and the third inequality in (13).

3. One dimensional case

In this section we consider functions defined on I = (a,b) C R, a < b.

THEOREM 5. Let f:1 — R be a differentiable function, and xi,...,x; € 1. Sup-
pose m,M € R are such that

m< f (x) <M, forall x e I.



1538 M. KLARICIC BAKULA AND J. PECARIC

Then forall p; >0, i=1,2,....k, such that P, > 0 the following inequalities hold

1 & _
Fki;pif(xi) —f (%)

M—mE
< —— ilxi—x 14
ap & Piki— (14)

M—mE K
< Z—I,]gprij xi — x|

=1 j=1
< (M—m)(b—a)

where P(J) =Yc; pi-

Proof. For n =1 identity (4) becomes

hence

15)

Zptxtf i) > szxt sz (zi)
P

In [6, Theorem 2.4] it was proved that for any w; € R, i =1,2,...,k, such that Wy = 1,
and any a;, b;, i=1,2,...,k,suchthat m; <a; <M; and my < b; <M, i=1,2,...,k,
the following inequalities hold

k k
aibi— Y wia; Y wib;
=1 =l

M, — k
< 22m22w,- (16)

i=1

k
a; — Z wia;
i=1

ok &k
= 7 2w Y wjlai—a

=1 =
<(M1—m1)(M2—m2)JCI{I}aX w()(1-w()),
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where W (J) = Y,;c;wi. If we apply (16) on the right hand side of (15) choosing
w;i = pi/ P, ai = x; and b; = f’(z;) we obtain

21’1 \x,—x\

i=1

< 2P2 Zplzpj}xl xf}

i=1 j=1

(M—m)(b—a)
< P—,ch?}?f }P(J) (Pc—P(J)).

\

i=1 2Pk

This completes the proof.

REMARK 1. In [6, Theorem 2.4] it was originally proved that (16) holds for any
wi€R,i=1,2,...,k,such that W, =1 and qa;, b;, i =1,2,...,k, such that 0 < m; <
ai <Mp and 0 < my < b; <My, i =1,2,...,k. But it can be easily seen that the
conditions 0 < m; and 0 < my are not essential, we can simply choose two new strings
a, = M) —a; and b; = M, — b; to obtain the same result.

REMARK 2. There is an alternative way to refine [1, Theorem 4] under the same
conditions in terms of ¥ as it is shown below. We start as in Theorem 5 but instead of
proceeding with the whole string of inequalities given in [6, Theorem 2.4] we use only
the first two and then the comparison inequality between the arithmetic and quadratic
mean.

1 & _
Fkgpif(xi)_f(x)

ZP:PC: < P ZP:PJ |xz -xj|

i<j
:Mp—kszk pt (P = ?Kz;plpj|x,—xj|>
1
1
:MI;m <P2 25:1%) (szl%plpj}x,—xj} )2

We already know that

=
¥

1
= 2 pipsla -,
Pk i<j
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hence

1 & _
sz,pif(xi)_f(x)

< ZP; ki — x| < P2 Zplpl }xl_xl}
k i<j

1
<M_m Zz lpl 5
P, 2

In [3, Corollary 2.5] the authors proved, under the same conditions as in [6, Theorem
2.4], that the following inequality holds

%ww, ai—a;)? < (M—m)* Jcr{r}flu)'(’k}W(J)(l—W(J)).

If we apply it choosing w; = p;/P; and a; = x; we get

P22p’p1|xl x/| (b—a)* max P{J)(B—P{))

Kk i<j Il g |
hence
l k
F Zpif(xl) f(x)
k=1
M—-—mE M-
<2—Pkgipi|xi_x|< P? ;pp’|x’ x,|
= I<J
_M-m (B3
S P, 2
f 1
M—m (P =3, pl\’ Z | ’ 2
— PiPj|Xi —Xj
Pk 2 sz i<j
l 1
M—m)(b— ’
g( m)z( a) Y RY ( max P(J)(Pk—P(J))> .
P 2 JC{l,...k}

Note that by a similar argument as in

1
(a,b) < 5 la-+ |

1
1 sz_zi'c:lpiz 2<1
P, 2 X

Wwe can prove
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and consequently

N

1
M—m sz—Zf:lp? zf M—m)z
P, 2 =2

THEOREM 6. Let f:1 — R be a differentiable function, and xy,...,x; € 1. Sup-
pose that for some L > 0 f’ satisfies the Lipschitz condition

}f’(y)—f’(x)} <Lly—x| forallx,y €l.

Then forall p; >0, i=1,2,....k, such that P, > 0 the following inequalities hold

1 & _
Fk;pif(xi) —f (%)

b—

< LP—I; 2. pipj|xi—xj]
1<j

(b—a)’

P; Jc{l,..k}

Proof. For n =1 the first inequality in (11) becomes

| &
<505 2 piPj |xz'—Xj| }f/(Zi)—f/(Zj)|-
2F; ij=1

1 & _
Fk;pif(xi)—f(x)

Since f” is Lipschitzian on I we may conclude

L k
S ¢ >, pipjlxi—xj] |z — 2|

1 ¢ _
Fkl-zzipif(Xi)_f(X)

k ij=1
L
= 57 2 pipj i =]z =3 (17)
k i<j
b—
<L?a 2. pivjxi = x|
ko i<j

In [3, Corollary 2.4] the authors proved, under the same conditions as it was mentioned
before, that the following inequality holds

g}w,-w,f |a,~ — Clj| < (M- m)JCr{r}?ik}W N (1-W()). (18)

If we apply (18) on the right hand side of (17) choosing w; = p;/ Py, a; = x;, we obtain

13 b—a
2l ) = (| <175 Sy =
<1t L PJ)(P—P(J])),

and this concludes the proof.
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REMARK 3. We can obtain a similar upper bound as in Remark 2 if we start as in
Theorem 6 but instead of using [3, Corollary 2.4] use (as in the proof of Theorem 4)
the following inequality

1
PI-% . p7\ .
Y pipj|xi—xj| < B - 2’*1’ PX.
i<j

That way we get

LS pir )~ £(9)] < L2503 pupy s
- i i) — X iPj|ri—Aj
Ly F sz i<j

1
<Lb_“ sz_zi'c:lpiz 2)2
=T P 2 '

Now, using again [0, Theorem 2.4] as in Remark 2,

1 & _
P Zpif(xi) —f (%)
k=1
1
b—a b—a (P23 p?\°
<L—— Y pipjlxi—xj| <L e
P& P, 2
1 1
b—a) [(P2—3K p?\? 2
<1 f) &~ 21 Pi max P(J)(P—P(J))) .
P; 2 JC{1,...k}
Let us consider Theorem 1 for n = 1. In that case conv|xy,...,xt] = [Xmin,Xmax] ,
where Xpyin = min{xi,...,x¢} and xmax = max {x,...,x¢}, and we suppose m,M € R

are such that m < f’ (x) < M for all x € [Xmin,Xmax) - On the other hand, the condition
on Vf for n =1 becomes

(M—f"(x)) (f (x)—m) >0 for all x € [Xmin,*max] ,
which is obviously fulfilled if m < f (x) < M. The inequalities in (3) become

M—m _
X
2 b

M—mE
g . Y <
2P, ,‘:2 1,pz |xz x‘ X

1 & _
Fk;pif(Xi) - f(x)

and we can see that the first inequality in (14) is the same. In Remark 2 we proved that
the second inequality in (14) is better than the second one obtained in Theorem 1 when
n=1.

Theorem 3 for n =1 states

b—a

<L
2

X

1 & _
Fk;pif(xi) —f(%)
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by a similar argument as before we may conclude that Theorem 6 provides better

bound than Theorem 3 for this simplest choice of @ and ¢.
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