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Abstract. Several pre-Jensen-Grüss inequalities for functions of n real variables are proved.
The obtained inequalities are refinements of the Jensen-Grüss inequalities proved by Budimir
and Pečarić.

1. Introduction

Let I ⊂ R be an interval. It is well known that if a function f : I → R is convex
then

f

(
1
Pk

k

∑
i=1

pixi

)
� 1

Pk

k

∑
i=1

pi f (xi), (1)

for all k ∈ N , x1, . . . ,xk ∈ I and p1, . . . , pk � 0 such that Pk = p1 + · · ·+ pk > 0. If f
is strictly convex then (1) is strict unless all xi are equal [5, p. 43]. This is the classical
Jensen inequality, one of the most important inequalities in convex analysis, and it has
various applications in mathematics, statistics, economics and engineering sciences.

Another important inequality in analysis is the Grüss inequality. It states that∣∣∣∣ 1
b−a

∫ b

a
f (s)g(s)ds− 1

b−a

∫ b

a
f (s)ds · 1

b−a

∫ b

a
g(s)ds

∣∣∣∣� 1
4

(Γ− γ)(Φ−φ)

holds for integrable functions f ,g : [a,b]→ R such that γ � f (s) � Γ , and φ � g(s) �
Φ , for all s ∈ [a,b] , where γ,Γ,φ ,Φ ∈ R [4, p. 296].

In [1, Theorem 1] Budimir and Pečarić proved an inequality which they named
the Jensen-Grüss inequality: it gives an upper bound for the difference between the
right hand side and the left hand side of the Jensen inequality in terms of the Grüss
inequality. The goal of this paper is to refine their results under various conditions. It
is worth mentioning here that many interesting results of this type can be found in [2]
including related results for convex functions [2, pp 191 - 194].
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2. Main results

In the rest of the paper conv [S] denotes the convex hull of S ⊆ R
n, 〈·, ·〉 : R

n ×
R

n → R is the inner product on the real n -space R
n, ‖·‖ norm related to 〈·, ·〉 , and �

the coordinatewise partial order on R
n. Also, for the sake of simplicity, for some k ∈ N

we will often use the notation

Pk = p1 + · · ·+ pk, x =
1
Pk

k

∑
i=1

pixi.

The next theorem follows the ideas first introduced in [2, Theorem 232, Theorem 237].

THEOREM 1. Let f : U → R be a differentiable function, and x1, . . . ,xk ∈ U ,
where U ⊂ R

n is an open convex set. Suppose m,M ∈ R
n are such that

〈M−∇ f (x) ,∇ f (x)−m〉� 0 for all x ∈ conv [x1, . . . ,xk] . (2)

Then for all pi � 0, i = 1,2, . . . ,k , such that Pk > 0 the following inequalities hold∣∣∣∣∣ 1
Pk

k

∑
i=1

pi f (xi)− f (x)

∣∣∣∣∣ (3)

� 1
2Pk

‖M−m‖
k

∑
i=1

pi ‖xi − x‖ � 1
2
‖M−m‖ x̃,

where

x̃ =

(
1
Pk

k

∑
i=1

pi ‖xi‖2 −‖x‖2

) 1
2

.

Proof. Let pi � 0, i = 1,2, . . . ,k , be such that Pk > 0.
From the mean-value theorem we know that for any x,y ∈ conv [x1, . . . ,xk] there exists
some θ ∈ (0,1) such that

f (y)− f (x) = 〈∇ f (z) ,y− x〉 ,
where z = y+θ (x− y) . Applying this on x = x ∈ conv [x1, . . . ,xk] , y = xi and z = zi =
xi + θi (x − xi) ∈ conv [x1, . . . ,xk] we obtain

f (xi)− f (x) = 〈∇ f (zi) ,xi − x〉 , i = 1,2, . . . ,k.

Multiplying the above equality by pi and summing over i we get

k

∑
i=1

pi f (xi)−Pk f (x) =
k

∑
i=1

pi 〈∇ f (zi) ,xi − x〉

=
k

∑
i=1

pi (〈∇ f (zi) ,xi〉− 〈∇ f (zi) , x〉) ,
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therefore,

1
Pk

k

∑
i=1

pi f (xi)− f (x) =
1
Pk

k

∑
i=1

pi 〈∇ f (zi) ,xi〉−
〈

1
Pk

k

∑
i=1

pi∇ f (zi) , x

〉
. (4)

As in the proof of [2, Theorem 232] the right hand side of (4) can be formulated in the
following way:

1
Pk

k

∑
i=1

pi 〈∇ f (zi) ,xi〉−
〈

1
Pk

k

∑
i=1

pi∇ f (zi) , x

〉

=
1
Pk

k

∑
i=1

pi

〈
∇ f (zi)− M +m

2
,xi − x

〉
.

By the triangle inequality and then by the Cauchy-Bunyakovsky-Schwarz inequality for
inner product spaces we obtain∣∣∣∣∣ 1

Pk

k

∑
i=1

pi 〈∇ f (zi) ,xi〉−
〈

1
Pk

k

∑
i=1

pi∇ f (zi) , x

〉∣∣∣∣∣
� 1

Pk

k

∑
i=1

pi

∣∣∣∣
〈

∇ f (zi)− M +m
2

,xi − x

〉∣∣∣∣ (5)

� 1
Pk

k

∑
i=1

pi

∥∥∥∥∇ f (zi)− M +m
2

∥∥∥∥‖xi− x‖ .

It can be easily proved (see [2, Lemma 231]) that

〈M− x,x−m〉� 0

is equivalent to ∥∥∥∥x− M +m
2

∥∥∥∥� 1
2
‖M−m‖

for any x,m,M ∈ R
n since

〈M− x,x−m〉=
1
4
‖M−m‖2−

∥∥∥∥x− M +m
2

∥∥∥∥
2

.

Combining this with (2) and (5) we obtain∣∣∣∣∣ 1
Pk

k

∑
i=1

pi 〈∇ f (zi) ,xi〉−
〈

1
Pk

k

∑
i=1

pi∇ f (zi) , x

〉∣∣∣∣∣
� 1

2Pk
‖M−m‖

k

∑
i=1

pi ‖xi− x‖ ,
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which with (4) gives the first inequality in (3) .
By the Cauchy-Bunyakovsky-Schwarz inequality for positive sequences we know that

1
Pk

k

∑
i=1

pi ‖xi − x‖ �
(

1
Pk

k

∑
i=1

pi ‖xi − x‖2

) 1
2

, (6)

and a simple calculation yields

1
Pk

k

∑
i=1

pi ‖xi− x‖2 =
1
Pk

k

∑
i=1

pi ‖xi‖2 −
∥∥∥∥∥ 1

Pk

k

∑
i=1

pixi

∥∥∥∥∥
2

(7)

=
1
Pk

k

∑
i=1

pi ‖xi‖2 −‖x‖2 � 0.

Observe that (7) ensures that x̃ is well defined.
From (6) and (7) we get

1
Pk

k

∑
i=1

pi ‖xi− x‖ � x̃,

which proves the second inequality in (3) .
Inequalities of the type (3) are called pre-Jensen-Grüss inequalities: they are re-

finements of their counterpart Jensen-Grüss inequalities in terms of x or alternatively
x̃.

In the next theorem we show that Theorem 1 is a refinement of [1, Theorem 1]

THEOREM 2. Let f : U → R be a differentiable function, and x1, . . . ,xk ∈ U ,
where U ⊂ R

n is an open convex set. Suppose m,M ∈ R
n are such that

〈M−∇ f (x) ,∇ f (x)−m〉 � 0 for all x ∈ conv [x1, . . . ,xk] ,

and φ ,Φ ∈ R
n such that

〈Φ− xi,xi −φ〉 � 0, i = 1,2, . . . ,k.

Then for all pi � 0, i = 1,2, . . . ,k , such that Pk > 0 the following inequalities hold∣∣∣∣∣ 1
Pk

k

∑
i=1

pi f (xi)− f (x)

∣∣∣∣∣
� 1

2
‖M−m‖

k

∑
i=1

pi

Pk
‖xi − x‖ (8)

� 1
2
‖M−m‖ x̃ � 1

4
‖Φ−φ‖‖M−m‖ ,

where x̃ is as in Theorem 1.
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Proof. The first two inequalities in (8) follow from Theorem 1. Direct calculation
gives

x̃2 =
1
Pk

k

∑
i=1

pi ‖xi‖2−‖x‖2 = 〈Φ− x, x −φ〉− 1
Pk

k

∑
i=1

pi 〈Φ− xi,xi −φ〉 ,

and by the conditions of this theorem it follows that

x̃2 � 〈Φ− x , x −φ〉 .
It is known that the inequality

〈a,b〉 � 1
4
‖a+b‖2

holds for any a,b ∈ R
n (with equality iff a = b ). If we choose

a = Φ− xi, b = xi −φ

we get

〈Φ− xi,xi −φ〉 � 1
4
‖Φ−φ‖2 ,

hence

x̃ � 1
2
‖Φ−φ‖ , (9)

and the last inequality in (8) follows immediately.
A refinement of [1, Theorem 3] is given in the following theorem.

THEOREM 3. Let f : U → R be a differentiable function, and x1, . . . ,xk ∈ U ,
where U ⊂ R

n is an open convex set. Let φ ,Φ ∈ R
n be such that〈

Φ− xi,x j −φ
〉

� 0, i, j = 1,2, . . . ,k.

Suppose that for some L > 0 ∇ f satisfies the Lipschitz condition

‖∇ f (y)−∇ f (x)‖ � L‖y− x‖ for all x,y ∈ conv [x1, . . . ,xk] .

Then for all pi � 0, i = 1,2, . . . ,k , such that Pk > 0 the following inequalities hold∣∣∣∣∣ 1
Pk

k

∑
i=1

pi f (xi)− f (x)

∣∣∣∣∣� L
2

x̃‖Φ−φ‖ � L
4
‖Φ−φ‖2 , (10)

where x̃ is as in Theorem 1.

Proof. We start from (4) obtained as in the proof of Theorem 1. It can be easily
proved that

1
Pk

k

∑
i=1

pi 〈∇ f (zi) ,xi〉−
〈

1
Pk

k

∑
i=1

pi∇ f (zi) , x

〉

=
1

2P2
k

k

∑
i, j=1

pip j
〈
∇ f (zi)−∇ f (z j) ,xi − x j

〉
.
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By the Cauchy-Bunyakovsky-Schwarz inequality for inner product spaces from the
above equality we get∣∣∣∣∣ 1

Pk

k

∑
i=1

pi 〈∇ f (zi) ,xi〉−
〈

1
Pk

k

∑
i=1

pi∇ f (zi) , x

〉∣∣∣∣∣
� 1

2P2
k

k

∑
i, j=1

pip j
∣∣〈∇ f (zi)−∇ f (z j) ,xi− x j

〉∣∣ (11)

� 1

2P2
k

k

∑
i, j=1

pip j
∥∥∇ f (zi)−∇ f (z j)

∥∥∥∥xi − x j
∥∥ .

By the Cauchy-Bunyakovsky-Schwarz inequality for double sums we know that

1

2P2
k

k

∑
i, j=1

pip j
∥∥xi− x j

∥∥∥∥∇ f (zi)−∇ f (z j)
∥∥

�
(

1

2P2
k

k

∑
i, j=1

pip j
∥∥xi − x j

∥∥2

) 1
2
(

1

2P2
k

k

∑
i, j=1

pip j
∥∥∇ f (zi)−∇ f (z j)

∥∥2

) 1
2

.

A short calculation yields

1

2P2
k

k

∑
i, j=1

pip j
∥∥xi − x j

∥∥2 =
1
Pk

k

∑
i=1

pi ‖xi‖2−‖x‖2 , (12)

and analogously

1

2P2
k

k

∑
i, j=1

pip j
∥∥∇ f (zi)−∇ f (z j)

∥∥2 =
1
Pk

k

∑
i=1

pi ‖∇ f (zi)‖2 −
∥∥∥∥∥ 1

Pk

k

∑
i=1

pi∇ f (zi)

∥∥∥∥∥
2

.

Now we have∣∣∣∣∣ 1
Pk

k

∑
i=1

pi f (xi)− f (x)

∣∣∣∣∣
�
(

1

2P2
k

k

∑
i, j=1

pip j
∥∥xi − x j

∥∥2

) 1
2
(

1

2P2
k

k

∑
i, j=1

pip j
∥∥∇ f (zi)−∇ f (z j)

∥∥2

) 1
2

�
(

1

2P2
k

k

∑
i, j=1

pip j
∥∥xi − x j

∥∥2

) 1
2
(

1

2P2
k

k

∑
i, j=1

pip jL
2
∥∥zi − z j

∥∥2

) 1
2

= L

(
1
Pk

k

∑
i=1

pi ‖xi‖2−‖x‖2

) 1
2
(

1
Pk

k

∑
i=1

pi ‖zi‖2−‖z‖2

) 1
2

.
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For any z∈ conv [x1, . . . ,xk] there are some ui ∈ [0,1] , i = 1,2, . . . ,k, such that ∑k
i=1 ui =

1 and z = ∑k
i=1 uixi . Then

〈Φ− z,z−φ〉=

〈
k

∑
i=1

uiΦ−
k

∑
i=1

uixi,
k

∑
i=1

uixi−
k

∑
i=1

uiφ

〉

=

〈
k

∑
i=1

ui (Φ− xi) ,
k

∑
i=1

ui (xi−φ)

〉
� 0,

hence
〈Φ− zi,zi −φ〉 � 0, i = 1,2, . . . ,k.

This allow us to conclude

1
Pk

k

∑
i=1

pi ‖zi‖2−‖z‖2 � 1
4
‖Φ−φ‖2 ,

and accordingly ∣∣∣∣∣ 1
Pk

k

∑
i=1

pi f (xi)− f (x)

∣∣∣∣∣� L
2
x̃‖Φ−φ‖ .

Taking into account (9) we obtain the second inequality in (10) and the proof is com-
plete.

A more general variant of the result given in Theorem 3, a refinement of [1, The-
orem 2], is stated below.

THEOREM 4. Let f : U → R be a differentiable function, and x1, . . . ,xk ∈ U ,
where U ⊂ R

n is an open convex set. Suppose that for some C > 0 and α ∈ (0,1) ∇ f
satisfies the Hölder condition

‖∇ f (y)−∇ f (x)‖ � C‖y− x‖α for all x,y ∈ conv [x1, . . . ,xk] .

Then for all pi � 0, i = 1,2, . . . ,k , such that Pk > 0 the following inequalities hold∣∣∣∣∣ 1
Pk

k

∑
i=1

pi f (xi)− f (x)

∣∣∣∣∣
� CΔα

P2
k

∑
i< j

pi p j
∥∥xi − x j

∥∥� CΔα

Pk

(
P2

k −∑k
i=1 p2

i

2

) 1
2

x̃

� CΔα+1

2P2
k

(
P2

k −
k

∑
i=1

p2
i

)
, (13)

where
Δ = max

1�i< j�k

∥∥xi− x j
∥∥ ,

and x̃ is as in Theorem 1.
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Proof. First observe that for any a,b ∈ conv [x1, . . . ,xk] there exist some ul,vl ∈
[0,1] , l = 1,2, . . . ,k, such that ∑k

l=1 ul = ∑k
l=1 vl = 1 and

a =
k

∑
l=1

ulxl, b =
k

∑
l=1

vlxl.

Then

‖a−b‖=

∥∥∥∥∥
k

∑
l=1

vl

k

∑
l=1

ulxl −
k

∑
l=1

ul

k

∑
l=1

vlxl

∥∥∥∥∥
=

∥∥∥∥∥
k

∑
i, j=1

uiv j (xi− x j)

∥∥∥∥∥
�

k

∑
i, j=1

uiv j
∥∥xi − x j

∥∥� Δ
k

∑
i, j=1

uiv j = Δ.

Consequently, for zi, i = 1,2, . . . ,k, defined as in Theorem 1 we have

∥∥zi − z j
∥∥� Δ, i, j = 1,2, . . . ,k,

hence ∥∥∇ f (zi)−∇ f (z j)
∥∥� C

∥∥zi − z j
∥∥α � CΔα , i, j = 1,2, . . . ,k.

From (4) and (11) we get

∣∣∣∣∣ 1
Pk

k

∑
j=1

p j f (x j)− f (x)

∣∣∣∣∣
� 1

2P2
k

k

∑
i, j=1

pip j
∥∥xi − x j

∥∥∥∥∇ f (zi)−∇ f (z j)
∥∥

=
1

P2
k

∑
i< j

pi p j
∥∥xi − x j

∥∥∥∥∇ f (zi)−∇ f (z j)
∥∥ ,

hence ∣∣∣∣∣ 1
Pk

k

∑
j=1

p j f (x j)− f (x)

∣∣∣∣∣
� C

P2
k

∑
i< j

pi p j
∥∥xi − x j

∥∥∥∥zi − z j
∥∥α

� CΔα

P2
k

∑
i< j

pi p j
∥∥xi− x j

∥∥ ,
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which is the first inequality in (13) . Applying the comparison inequality between the
arithmetic and quadratic mean and (12) we obtain

2

P2
k −∑k

i=1 p2
i
∑
i< j

pi p j
∥∥xi− x j

∥∥

�
(

2

P2
k −∑k

i=1 p2
i
∑
i< j

pi p j
∥∥xi− x j

∥∥2

) 1
2

=

(
2P2

k

P2
k −∑k

i=1 p2
i

) 1
2
(

1

2P2
k

k

∑
i, j=1

pip j
∥∥xi − x j

∥∥2

) 1
2

=

(
2P2

k

P2
k −∑k

i=1 p2
i

) 1
2
(

1
Pk

k

∑
i=1

pi ‖xi‖2 −‖x‖2

) 1
2

=

(
2P2

k

P2
k −∑k

i=1 p2
i

) 1
2

x̃

hence

∑
i< j

pi p j
∥∥xi − x j

∥∥�
(

P2
k −∑k

i=1 p2
i

2

) 1
2
(

∑
i< j

pi p j
∥∥xi − x j

∥∥2

) 1
2

� Δ

(
P2

k −∑k
i=1 p2

i

2

) 1
2
(

∑
i< j

pi p j

) 1
2

=
Δ
2

(
P2

k −
k

∑
i=1

p2
i

)
,

which proves the second and the third inequality in (13) .

3. One dimensional case

In this section we consider functions defined on I = (a,b)⊆ R, a < b.

THEOREM 5. Let f : I → R be a differentiable function, and x1, . . . ,xk ∈ I. Sup-
pose m,M ∈ R are such that

m � f ′ (x) � M, for all x ∈ I.
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Then for all pi � 0, i = 1,2, . . . ,k , such that Pk > 0 the following inequalities hold

∣∣∣∣∣ 1
Pk

k

∑
i=1

pi f (xi)− f (x)

∣∣∣∣∣
� M−m

2Pk

k

∑
i=1

pi |xi − x | (14)

� M−m

2P2
k

k

∑
i=1

pi

k

∑
j=1

p j
∣∣xi − x j

∣∣
� (M−m)(b−a)

P2
k

max
J⊂{1,...,k}

P(J)(Pk −P(J)) ,

where P(J) = ∑i∈J pi.

Proof. For n = 1 identity (4) becomes

1
Pk

k

∑
i=1

pi f (xi)− f (x) =
1
Pk

k

∑
i=1

pixi f
′ (zi)− x

1
Pk

k

∑
i=1

pi f
′ (zi) ,

hence ∣∣∣∣∣ 1
Pk

k

∑
i=1

pi f (xi)− f (x)

∣∣∣∣∣
=

∣∣∣∣∣ 1
Pk

k

∑
i=1

pixi f
′ (zi)− 1

P2
k

k

∑
i=1

pixi

k

∑
i=1

pi f
′ (zi)

∣∣∣∣∣ (15)

In [6, Theorem 2.4] it was proved that for any wi ∈ R, i = 1,2, . . . ,k , such that Wk = 1,
and any ai, bi, i = 1,2, . . . ,k , such that m1 < ai < M1 and m2 < bi < M2, i = 1,2, . . . ,k ,
the following inequalities hold

∣∣∣∣∣
k

∑
i=1

wiaibi−
k

∑
i=1

wiai

k

∑
i=1

wibi

∣∣∣∣∣
� M2 −m2

2

k

∑
i=1

wi

∣∣∣∣∣ai−
k

∑
i=1

wiai

∣∣∣∣∣ (16)

� M2 −m2

2

k

∑
i=1

wi

k

∑
j=1

wj
∣∣ai−a j

∣∣
� (M1 −m1)(M2 −m2) max

J⊂{1,...,k}
W (J)(1−W (J)) ,
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where W (J) = ∑i∈J wi. If we apply (16) on the right hand side of (15) choosing
wi = pi/Pk, ai = xi and bi = f ′ (zi) we obtain

∣∣∣∣∣ 1
Pk

k

∑
i=1

pi f (xi)− f (x)

∣∣∣∣∣� M−m
2Pk

k

∑
i=1

pi |xi− x|

� M−m

2P2
k

k

∑
i=1

pi

k

∑
j=1

p j
∣∣xi− x j

∣∣
� (M−m)(b−a)

P2
k

max
J⊂{1,...,k}

P(J)(Pk −P(J)) .

This completes the proof.

REMARK 1. In [6, Theorem 2.4] it was originally proved that (16) holds for any
wi ∈ R, i = 1,2, . . . ,k , such that Wk = 1 and ai, bi, i = 1,2, . . . ,k , such that 0 < m1 <
ai < M1 and 0 < m2 < bi < M2, i = 1,2, . . . ,k . But it can be easily seen that the
conditions 0 < m1 and 0 < m2 are not essential, we can simply choose two new strings
a′i = M1−ai and b′i = M2 −bi to obtain the same result.

REMARK 2. There is an alternative way to refine [1, Theorem 4] under the same
conditions in terms of x̃ as it is shown below. We start as in Theorem 5 but instead of
proceeding with the whole string of inequalities given in [6, Theorem 2.4] we use only
the first two and then the comparison inequality between the arithmetic and quadratic
mean. ∣∣∣∣∣ 1

Pk

k

∑
i=1

pi f (xi)− f (x)

∣∣∣∣∣
� M−m

2Pk

k

∑
i=1

pi |xi − x | � M−m

P2
k

∑
i< j

pi p j
∣∣xi− x j

∣∣
=

M−m

P2
k

P2
k −∑k

i=1 p2
i

2

(
2

P2
k −∑k

i=1 p2
i
∑
i< j

pi p j
∣∣xi − x j

∣∣)

� M−m

P2
k

P2
k −∑k

i=1 p2
i

2

(
2

P2
k −∑k

i=1 p2
i
∑
i< j

pi p j
∣∣xi − x j

∣∣2)
1
2

=
M−m

Pk

(
P2

k −∑k
i=1 p2

i

2

) 1
2
(

1

P2
k

∑
i< j

pi p j
∣∣xi− x j

∣∣2)
1
2

.

We already know that

x̃2 =
1

P2
k

∑
i< j

pi p j
∣∣xi − x j

∣∣2 ,
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hence ∣∣∣∣∣ 1
Pk

k

∑
i=1

pi f (xi)− f (x)

∣∣∣∣∣
� M−m

2Pk

k

∑
i=1

pi |xi− x| � M−m

P2
k

∑
i< j

pi p j
∣∣xi − x j

∣∣

� M−m
Pk

(
P2

k −∑k
i=1 p2

i

2

) 1
2

x̃.

In [3, Corollary 2.5] the authors proved, under the same conditions as in [6, Theorem
2.4], that the following inequality holds

∑
i< j

wiwj (ai−a j)2 � (M−m)2 max
J⊂{1,...,k}

W (J)(1−W (J)) .

If we apply it choosing wi = pi/Pk and ai = xi we get

1

P2
k

∑
i< j

pi p j
∣∣xi − x j

∣∣2 � (b−a)2 max
J⊂{1,...,k}

P(J)(Pk −P(J))
P2

k

,

hence ∣∣∣∣∣ 1
Pk

k

∑
i=1

pi f (xi)− f (x)

∣∣∣∣∣
� M−m

2Pk

k

∑
i=1

pi |xi − x| � M−m

P2
k

∑
i< j

pi p j
∣∣xi − x j

∣∣

� M−m
Pk

(
P2

k −∑k
i=1 p2

i

2

) 1
2

x̃

=
M−m

Pk

(
P2

k −∑k
i=1 p2

i

2

) 1
2
(

1

P2
k

∑
i< j

pi p j
∣∣xi − x j

∣∣2)
1
2

� (M−m)(b−a)
P2

k

(
P2

k −∑k
i=1 p2

i

2

) 1
2 (

max
J⊂{1,...,k}

P(J)(Pk −P(J))
) 1

2

.

Note that by a similar argument as in

〈a,b〉 � 1
4
‖a+b‖2

we can prove

1
Pk

(
P2

k −∑k
i=1 p2

i

2

) 1
2

� 1
2
,
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and consequently

M−m
Pk

(
P2

k −∑k
i=1 p2

i

2

) 1
2

x̃ � M−m
2

x̃.

THEOREM 6. Let f : I → R be a differentiable function, and x1, . . . ,xk ∈ I. Sup-
pose that for some L > 0 f ′ satisfies the Lipschitz condition∣∣ f ′ (y)− f ′ (x)

∣∣� L |y− x| for all x,y ∈ I.

Then for all pi � 0, i = 1,2, . . . ,k , such that Pk > 0 the following inequalities hold∣∣∣∣∣ 1
Pk

k

∑
i=1

pi f (xi)− f (x)

∣∣∣∣∣� L
b−a

P2
k

∑
i< j

pi p j
∣∣xi− x j

∣∣
� L

(b−a)2

P2
k

max
J⊂{1,...,k}

P(J)(Pk −P(J)) .

Proof. For n = 1 the first inequality in (11) becomes∣∣∣∣∣ 1
Pk

k

∑
i=1

pi f (xi)− f (x)

∣∣∣∣∣� 1

2P2
k

k

∑
i, j=1

pip j
∣∣xi − x j

∣∣ ∣∣ f ′ (zi)− f ′ (z j)
∣∣ .

Since f ′ is Lipschitzian on I we may conclude∣∣∣∣∣ 1
Pk

k

∑
i=1

pi f (xi)− f (x)

∣∣∣∣∣� L

2P2
k

k

∑
i, j=1

pip j
∣∣xi− x j

∣∣ ∣∣zi − z j
∣∣

=
L

P2
k

∑
i< j

pi p j
∣∣xi− x j

∣∣ ∣∣zi − z j
∣∣ (17)

� L
b−a

P2
k

∑
i< j

pi p j
∣∣xi − x j

∣∣ .
In [3, Corollary 2.4] the authors proved, under the same conditions as it was mentioned
before, that the following inequality holds

∑
i< j

wiwj
∣∣ai−a j

∣∣� (M−m) max
J⊂{1,...,k}

W (J)(1−W (J)) . (18)

If we apply (18) on the right hand side of (17) choosing wi = pi/Pk, ai = xi, we obtain∣∣∣∣∣ 1
Pk

k

∑
i=1

pi f (xi)− f (x)

∣∣∣∣∣� L
b−a

P2
k

∑
i< j

pi p j
∣∣xi − x j

∣∣
� L

(b−a)2

P2
k

max
J⊂{1,...,k}

P(J)(Pk −P(J)) ,

and this concludes the proof.
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REMARK 3. We can obtain a similar upper bound as in Remark 2 if we start as in
Theorem 6 but instead of using [3, Corollary 2.4] use (as in the proof of Theorem 4)
the following inequality

∑
i< j

pi p j
∣∣xi− x j

∣∣�
(

P2
k −∑k

i=1 p2
i

2

) 1
2

Pkx̃.

That way we get ∣∣∣∣∣ 1
Pk

k

∑
i=1

pi f (xi)− f (x)

∣∣∣∣∣� L
b−a

P2
k

∑
i< j

pi p j
∣∣xi − x j

∣∣

� L
b−a
Pk

(
P2

k −∑k
i=1 p2

i

2

) 1
2

x̃.

Now, using again [6, Theorem 2.4] as in Remark 2,∣∣∣∣∣ 1
Pk

k

∑
i=1

pi f (xi)− f (x)

∣∣∣∣∣
� L

b−a

P2
k

∑
i< j

pi p j
∣∣xi− x j

∣∣� L
b−a
Pk

(
P2

k −∑k
i=1 p2

i

2

) 1
2

x̃

� L
(b−a)2

P2
k

(
P2

k −∑k
i=1 p2

i

2

) 1
2 (

max
J⊂{1,...,k}

P(J)(Pk −P(J))
) 1

2

.

Let us consider Theorem 1 for n = 1. In that case conv [x1, . . . ,xk] = [xmin,xmax] ,
where xmin = min{x1, . . . ,xk} and xmax = max{x1, . . . ,xk} , and we suppose m,M ∈ R

are such that m � f ′ (x) � M for all x ∈ [xmin,xmax] . On the other hand, the condition
on ∇ f for n = 1 becomes(

M− f ′ (x)
)(

f ′ (x)−m
)
� 0 for all x ∈ [xmin,xmax] ,

which is obviously fulfilled if m � f ′ (x) � M. The inequalities in (3) become∣∣∣∣∣ 1
Pk

k

∑
i=1

pi f (xi)− f (x)

∣∣∣∣∣� M−m
2Pk

k

∑
i=1

pi |xi − x | � M−m
2

x̃,

and we can see that the first inequality in (14) is the same. In Remark 2 we proved that
the second inequality in (14) is better than the second one obtained in Theorem 1 when
n = 1.

Theorem 3 for n = 1 states∣∣∣∣∣ 1
Pk

k

∑
i=1

pi f (xi)− f (x)

∣∣∣∣∣� L
b−a

2
x̃
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and by a similar argument as before we may conclude that Theorem 6 provides better
bound than Theorem 3 for this simplest choice of Φ and φ .

Acknowledgement. The authors are very grateful to the referee for many construc-
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