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SOME PROPERTIES OF THE GENERALIZED
GAUSSIAN RATIO AND THEIR APPLICATIONS

ZHEN-HANG YANG, BO-YAN X1 AND SHEN-ZHOU ZHENG*

(Communicated by N. Elezovic)

Abstract. We are devoted to an integral, asymptotic expansion and Maclaurin series representa-
tion for the generalized Gaussian ratio, and find their various related properties such as complete
monotonicity and some useful inequalities. As applications, several simple approximations for
its inverse function are presented, which may be essential to the estimations for the shape param-
eter of the generalized Gaussian distribution.

1. Introduction

Recall that a function f is called completely monotonic (for short, CM) on an
interval I if f has derivatives of all orders on I and satisfies

D (FeN® =0

for all Kk > 0 on I (see [4], [29]). A positive function f is called logarithmically
completely monotonic (for short, LCM) on an interval I if f has derivatives of all
orders on [ and its logarithm In f satisfies

(~D)*(Inf () =0

for all kK € N on I (see [3], [23]). For convenience, we denote the sets of the com-
pletely and logarithmically completely monotonic functions on I by ¢ [I] and Z 1],
respectively.

The celebrated Bernstein theorem [29, p. 161, Theorem 12b] showed that f(x) is
completely monotonic for 0 < x < o, if and only if

f= [ ean),
0

where p(¢) is nondecreasing and the integral converges for 0 < x < e. We would
like to remark that a continuous function f : (0,00) — [0,0) is said to be a Bernstein
function if f is of class C* and

D)™ =0
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for all k € N and x > 0 (see [25, Chapter 3]). Clearly, f is a Bernstein function if and
only if it is nonnegative, and f is a completely monotone function.
On the other hand, the Euler’s gamma function I' is defined by

ruy:A%kbﬂm (1)

for x > 0, and its logarithmic derivative y (x) =I" (x) /T'(x) is known as the psi or
digamma function, while v/, y", ... are called polygamma functions.

Since the 1980s, the complete monotonicity of certain ratios of gamma functions
has been investigated widely and deeply, see for example, [12], [7], [23], [2], [17],[6]
[19], [201, [24], [22], [34], [35], [8], [32], [33]. In particular, the following ratio of
gamma functions

C)C ()
T((x+)/2)*

is called the Gurland ratio [1 1], whose property can be found in [17]. An interesting
relation between T (u,v) and the modified Bessel functions I, (x) and K, (x) was es-
tablished in recent papers [36], [37]. Additionally, in the field of probability theory and
its applications, the ratio

T (x,y) = Vx,y >0

I'(x)T(x+2u)

T (x,x+2u)=
( ) T (x+u)?

, Vx,x+2u >0

is related to the variance of an estimator involving gamma distribution, which satisfies
the inequality

2
T(x,x+2u)=w>l+u— ()

I'(x+u) X

for any x,x+2u >0 (see [11]).
While the ratio
r(1/p)T(3/p) (1 3)
M(p)=————5—=T|—-,— ), >0
(p) TP o) P

appears in the form of ratio of the variance and the squared absolute expectation for the
generalized Gaussian random variable with a shape parameter p, and also known as
Mallat ratio [16].

It is also well known that the kurtosis ratio is defined by the ratio of the fourth
moment and variance squared. Therefore, the kurtosis ratio of the generalized Gaussian
random variable with the shape parameter p can be expressed by

%(p)zwﬂc §>, >0,

r'(3/p) p'p
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The above two ratios .# (p) and .# (p) have interesting applications in the domain of
image recognition and signal processing, etc. for more details see [27], [18], [26], [9],
[14], [10], [15]. Some related properties involved T (1/p,3/p) can be found in [17],
[8].

Clearly, the square root concerning Mallat ratio and kurtosis ratio has the form of

_ T2 T ()™

r <x2?0=1 ajwﬂ,) , ©

where x=1/p >0, aj,w; >0 for 1 < j<ng with $;2, w; =1 and maxi<j<n, (a;) #
min¢j<p, (aj). In the context, we call it to be a generalized Gaussian ratio. The
aim of this present paper is to investigate some important properties of the function
L(x) =InZ (x), such as complete monotonicity and inequalities.

The rest of this paper is organized as follows. In Section 2, a few essential lemmas
are given, in which Lemmas 1-5 will be used to prove Theorem 6. In Section 3, the
integral, asymptotic expansion and Maclaurin series representations of In.% (x) are es-
tablished. Some complete monotonicity results and inequalities involving In% (x) are
proved in Section 4. As applications, some elementary function approximations for the
inverse of the function x — InZ (1/x) are presented in Section 5.

2. Auxiliary Lemmas

To prove our main results, we need some auxiliary lemmas. The following is
rewritten from [30, Lemma 1], which will be used to prove Lemma 3.

LEMMA 1. Let A(t) =35 qaxt*, B(t) = S5 obit* and C(t) = X5y cxt* be real
power series with radii of convergence Ry = Rp =R > 0 and R, = r <R, respectively,
and B(t) > 0 for t € (0,R). Assume that A(t)/B(t) converges to C(t) for |t| <r,
then for integer n > 0 we have

(i) if
2n n
dion = D bi—ici—ax=E1+ Y, &> (<)0fork>2n+1,
i=0 =1

where & = byco —ay and & j = (bk_2j+1C2j71 + bk_zjczj) , then it holds that

IM 2n . .
B <) L )

fort e (0O,R);
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(i) if
2n+1

dk,2n+1 2 by_ici—ay= O+ 2 ﬁzj )Ofork} 2n+2,
Jj=1

where O = (bkC() +by_1c1 — ak) and ﬁzhl' = (bk_zjc2j + bk—2j—1c2j+1) , then it holds

that
(t 2n+1

B0 < 2 it (5)
forte (0,R).

REMARK 1. From the proof of [30, Lemma 1], we clearly see that

k
2 bk,,-c,- = dg.
i=0

To prove Lemma 3, we also need the following lemma due to Qi [21].

LEMMA 2. ([21, Theorem 1.1]) For k € N, the Bernoulli numbers By satisfy

2211 (2k+1)(2k+2)  |Bysa| 2% —1 (2k+1)(2k+2)

6
22T ] n? Bl 2221 2 “
In particular, let k=2j+1, 2j we have

29 1 (4j+3)(4j+4) _ [Baja| _ 2971 (4j+3)(4)+4)

4j+3 2 4j+4 2 ' @
24j —1 T |B4j+2’ 247 —1 T
24j—1_1(4j+1)(4j+2) - |B4j+2} 24i _1 4j+1)(4j+2) 8)
24+ n? |By;| 24721 m? '

Such inequalities above-mentioned are often used to prove the complete mono-
tonicity of certain special functions, see [30]. Indeed, by means of Lemmas | and 2 we
can prove an interesting inequalities for the hyperbolic functions as follows.

LEMMA 3. For any integer n > 0, the double inequality

Zn41 92k+1 tcoshr —sinhy 2% 22k+1
Byt < < Bopiot >k 9
Z (k)1 D2k Snh3 kgf) (k)1 P2k 9

holds for all t > 0, where By is the Bernoulli number.

Proof. Inequalities (9) can be written as

=1 92%k+1 2 (rcoshr —sinhr) /i3 21 22k

~———B < < By ot
C st (sinh7) /13 P [t
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Let
A1) = w 2(2::32 i Zakt lt] < oo,
B(1) = is1nh3t—3smht g 32;;33 %, Ebktzk ] < oo,
c@t) = % = ]gz)i]:;szHt z et e < .

(1) Let us first prove that for £ > 2n+ 1 there holds

dyon = Ebk zCz_ak—éal+zéa2/>O
i=1 j=1

where &1 = (bkC() - ak) and 5)271' = (bk,QjJrlCzj_l + bkfszQj) . We now part it by dis-
tinguishing three cases.
Case 1.1. If k =2n+ 1, by considering 2;‘:0 by_;c; = a; we see that

2n 24n+3
dant10n = Zéb2n+l—ici — a1 = —bocopt1 = _m34n+4 > 0.
Case 1.2. If k =2n+2, similarly we have
2n
dani2on = Y, bonta-iCi— aoni2 = —boCoi2 — bicany
i=0
24n+5 1 24n+3
=~ Banie — 5 v Ban
(An+4)1 T 2 an o)t
25 | B4l ( |Ban | )
= 2 [Panidl 1) (4n+3)— .
(4n+4)! 2 (n ) ) ‘B4n+4‘

Using the right hand side inequality of (8) for j =n+ 1 we obtain

|Bapi6] _ (4n+5)(4n+6) 24+4 — 1

|B4n+4| 7-52 24n+6_1’
which yields
1 |B4n+6\ (4n+5)(4n+6) 244 — 1
= 1)(4n+3)— —— 1)(4n+3)—
3 (1) (4 3)— S 2 (k1) (dn+3) e
1 (4n+5)(4n+6)1 3 2 17 9
>3 (1) (4n+3) - G =3m gt >0,

where the first inequality holds due to 72 > 8 and (2*™* —1) / (2*"—1) < 1/4. It
then follows that db,,422, <O0.
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Case 1.3. If k > 2n+ 3, it suffices to check that & = brco —ar >0 and & ; =
brsjy1c2j-1+brjc2; >0 for 1 < j<nand k> 2n+3. We have

331 2k+2  3*F2_8k—9

Gri=bico—ar= 3 = > 0.
1 Ko 4(2k+3)13  (2k+3)! 4(2k+3)!
Using the left hand side inequality of (8) we have
5271' _ bk—2j+lc2j71 +bk—2jc2j
|Baj| | Baj|
343 g4 324743 3 24t | By, |

T T Ak—4j55) (4j-2)  A(2k—4j13) (4))! |Byj]

- 32k74j+5_3 24j71 N 32k74j+3_3 24j+1 24]'71_1 (4]+1)(4]+2)
A(2k—4j+5) (4j—2)!  4(2k—4j+3)! (&)1 24+ 11 w2
24i=1 (324745 _3) 4 ' '
T 44— 2)1(2k—4j15)! (Efl (Zk_4f+3)f2(4f>_1>7
where

x+2)(x+1)(3*—3 .

filx) = ( )§x+2 _):E, ), x=2k—4j+3, (10)
2 -1 (y+2)(y+1 .

fz(y)=2y+1_l(y 1Y >,y=4j>4- (11)

yy—=1)
Since x=2k—4j+3>2(2n+3)—4n+3=9 and

3242 L4 (2x— 1) x 3% 43
(3x+2 _ 1) (3x+1 _ 1)

b+ =il =3 (x+2) >0,

it is derived that f; (x) > f1(9) = 8200/671. Also, f>(y) > 1/4 due to

1 4Q2y+1)x2' —(3y+13y+38)

B 0 fory>4.
£0)=7 Hex2-Do-1 oo
These yield
4 4 8200 1
— i (2k—4j 4j)— 1> — " _
n_zfl( k ]+3)f2( .]) > 72 671 4 >O7

andso & ;>0 for 1< j<nand k>2n+32>3.

From the cases 1.1-1.3, it results in dy >, < 0 for k > 2n+1, and by Lemma 1 the
right hand side inequality of (9) holds for all > 0.

(2) We now prove that for k > 2n+2,

>

n
dians1 = (beco+br_1c1 —ag) + Y (br—ajcaj+br—zj_1c2j41) <0,
J=1
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where 0y = (byco+by_1c1 —ax) and O j = (by_2jc2;+ br_2j-1c2j+1) . Similarly, we
distinguish three cases to prove it.
Case 2.1. For k =2n+2, since Zf-;o by_ici = ai, we have

2n+1 p4n+5
doni22n41 = Z(,) bopyo—ici — a2 = —bocaui2 = _mB4n+6 <0.
Case 2.2. For k =2n+ 3, likewise, we have
2n+1
doni3ons1 = 2 boni3—ici— a3 = —boconi3 — b1y
i=0
24n+7 1 24n+5
=—— Biys—~-——B
(An+6)l " 2 (anta) o
27 \Bynye| [ |Banys| 1
= ——(4n+6)(4n+5) ).
(4n+6)! <B4n+6 g (o) ldnt )>
Using the right hand side inequality of (7) for j =n+ 1 we obtain
|Bapis] _ (4n+7)(4n+8) 2446 — 1
|B4n+6| 2 24n+8 _ 1’
which yields
|Banyg| 1 (4n+7)(4n+8) 246 -1 1
——(4n+6)(4n+5 ——(4n+6)(4n+5
Borrol 8(n—|— Y(dn+5) < - SIS ] 8(n+ )(4n+5)
(4n+7)(4n+8)1 1 1 )
D — (4n+6)(4n+5) = -3 (12n° +29n+416) <0,

where the first inequality holds due to 72 > 8 and (2*7¢—1) / (2*"8 —1) <1/4. It
is deduced that d>,43 2,41 < 0.

Case 2.3. For k > 2n+4, it suffices to check that &) = byco+ by_1c1 —ar < 0 and
Oaj=by_ojcrj+brsj_1c2j11 <0 for 1 < j<nand k> 2n+4. We easily check
that

133 g 33 k42
C34(2k+3)! 154(2k+1)!  (2k+3)!
(8k? +20k — 33) 3% — (8k* — 20k — 33)

=— <0
20 (2k +3)!

ﬁ] = bk00+bk_16‘1 —day

Using the left hand side inequality (7) we have

Orj  _ biajerj+br-aj-1€2j+1
|Bajs2| [Ba|
1 24i+1 (32k—4j+3_3) 1 24i+3 (32k—4j+1_3) ’B4f+4|
T4 (2k—4j+3)!(4))! 4 (2k—4j+1)1(4j+2)! Byjia
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1 24j+1 (32k—4j+3 _3) 1 24j+3 (32k—4j+1 _ 3) (4]+4) (4]+3) 24j+1 1

S A 2k—413)d))! 40k—4j+ D@ 12) 2 24 1

4j+1 (22k—4j+3
1 247F1 (32k=4713 _3) (1_%f1(2k—4j+1)f2(4j))7

T4 (2k—4j+3)1(4))!

where f] and f, are given by (10) and (11), respectively. As shown in Case 1.3, fj (x)
is increasing. This in combination with x=2k—4j+1>2(2n+4)—2n+1 =09 yields
fi(2k—4j+1)> f1(9) =8200/671. Also, f>(4j) > 1/4. Therefore, we obtain

4 4 82001
= 2 A (Qk—4j+ D) fo(4)) < 1— =220
nzfl( k J+ )f2( J)< 2 671 4< )

andsois 0, for 1 < j<nand k>2n+4.

Taking into account Cases 2.1-2.3, we arrive at di 2,41 <0 for k > 2n+2. By
Lemma 1 the left hand side inequality of (9) holds for all # > 0, which completes the
proof.

REMARK 2. The double inequality (9) is equivalent to

1y (tcosht—sinht n 2k+1

- Byot*™ ) <0
sinh’1 &2k )
for any integer m > 0 and all # > 0.

The following Lemmas 4 and 5 are also useful to prove Theorem 6.

LEMMA 4. Let m > 0 be an integer. Then the function

1 & 2%By 1
O (x) = coth — Yo (12)

S (2k)! x21

is convex on (0,°0) if m is even and concave on (0,0) if m is odd.

Proof. 1t suffices to prove (—1)" ¢, (x) > 0 for x € (0,c°). Differentiation yields
thatfor m> 1,

_zcosh(l/x)—xsinh(l/x)_ mo2%By 1

"
o (X -
( ) x4s1nh3(l/x) k=1 (2k—2)!x2k+1
_ gy [feoshi —sinht "SI By 5} L
sinh3t k=0 (2k)' | X 7

which, by Lemma 3, gives the (—1)" ¢, (x) > 0 for x € (0,). Clearly, it is also true
for m = 0. This completes the proof.



PROPERTIES OF THE GENERALIZED GAUSSIAN RATIO 185

In what follows, we will encounter some classical mean values. The r-th power
mean of a = (ay,az, ...a,) with weight w = (wy,wy,...w;,) is defined as in [5]

1/r
M[r] (a;w) (Zwkak> if 0 and M[O] (a;w) Ha (13)

where M} (a;w) and MY (a;w) are called the weighted arithmetic and geometric
means, and also denoted by A, (a;w) and G, (a;w), respectively. A special Gini mean,
also called the power-exponential mean in [31], is given by

I
Z 1w,a,lnzg)

7 (14)
¥ wiaj

Zn (a;w) = exp (

LEMMA 5. Let aj,w; >0 for 1 < j <no with 37, wj=1 and maxi< j<n, (a;) #
ming < j<p, (@), let hy and hy,, (m € N) be defined on (0,) by

D t t
ho(t) = » wjcoth <—) —coth [ ——— |, (15)
j=21 J 2aj ZZyozleaj
< 2d1_2iBok o5y
By (8) = ho (1) — ——t , (16)
where
dr:M,[,:)] (a;w)" — Ay (@;w)", reR. (17)

Then we have (—1)" hy, (1) > 0 for any integer m >0 and t > 0.

Proof. (i) As shown in Lemma 4, [coth(1/x)]” > 0 for x € (0,e), which yields
ho (1) >0 for 1 € (0,0).
(ii) If we prove that i, () can be written by

L 2a; 2a
=

where ¢, is defined by (12) and a = 2;0:1 wja;. Then by Lemma 4 we arrive at

(=1)" hy (t) >0 for m > 1 and 7 > 0, and the proof is complete. Now using (15) and
(17) leads to

him ijcoth<2 j)—coth( ) 22 <Zw a1 gt 2k> (129]2{]; 21

R ! R 12kB2k2k1 _1-2k Bak op1
_Z'leCOth (E) —coth( ) 2 > w; +2 2 (2k)!t

j=1k=0 k=0
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which completes the proof.

LEMMA 6. Let L(x) =1InZ% (x), where % (x) is defined on (0,0) by (3). Then
we have

Ty Ap, (a;w) B
L(O ) =1In 7Gn0 @w) = ¢p, (18)

L (0%) = (Ml (aw)" = Ay (asw)" ) "D (1) = ™D (1) (19)
for m € N, where d,, is defined by (17).
Proof. To obtain the desired limit values, we denote a = Z?OZ (wja; and write
L(x) as

L(x)=InZ(x)= iwjlnl"(ajx) —1InT (ax)
j=

w;[InT (ajx+1)—In(a;x)] —InT (ax+ 1)+ In(ax)

1o
J=1

no no
=Y w;lnT(ajx+1)—InT(ax+1)+ [ Ina— Y w;lna; |,
j=1 j=1
which yields L(0") = d,. Differentiation leads to
0
L™ (x) = wiadty"™ ) (ax+1) - a"y" V) (@x+1), meN,
j=1

which implies
0
meﬂ:<2wﬂ—w>meU.
J=1

This completes the proof.
The following lemma is needed to prove Theorem 7.

LEMMA 7. Let n > 0 be an integer. The double inequality

2n+1 (—l)kxk . 2n (—l)kxk
2 <e <k§6 0 (20)

holds for x > 0.
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Proof. For every integer m > 0, let

It suffices to prove (—1)" g, (x) <0 for x > 0. Differentiation yields

. m k J j
(_1)mg’(1{)(x):(_ mty Z Xk ,j=12,...m—1,m.

In particular, we have
_qym ,(m) _—x
(=1)"gm (x)=e 1 <0 forx>0,
which together with
1y, Dy - 5 — _
(—=1)"gn’ (0)=0,=0,1,2,....m—1

gives (—1)" g, (x) < 0. This completes the proof.

3. Integral and asymptotic expansion representations

In this section, we are devoted to presenting the integral, asymptotic expansion
and Maclaurin series representations for the generalized Gaussian ratio.

3.1. Integral representations

THEOREM 1. Let x +— % (x) be defined on (0,00) by (3). Then L(x) = InZ (x)
can be expressed as

L(x)=InZ(x)= %co—l—clx—I— %/0 hOT(t)e_’“dt, 21

where ¢ is given by (18) and

ny g 110
c1:2wjaj1naj—<2wjaj> 1n<2Wlej>, (22)
j=1 j=1

j=1

while ho () is defined by (15).

Proof. Using the following Binet’s first expression for InT'(z) in terms of an infi-
nite integral (see [28, p. 248-250]),

() = (2% )in +11n(2n)+/°° Ll LV Re(r) >0
O\ o \2 7 ed—1)74 R



188 Z.-H. YANG, B.-Y. XI AND S.-Z. ZHENG

whose variant form (see [30]) is shown as

InT(z) = N P +11n(27r)+/m con L -2 ) Re(z)>0
z)=12 5 1=z ) 0 2 t) 2t ¢ 7

we obtain that for a;,x > 0 there holds

1 1 had t 2 e—lljxt
InT (ajx) = (ajx— 3 In(a;x) —ajx+ 3 In(27) +/0 coth 7)) dt

1 1 1 © 2a;\ e
=(ajlnaj)x— Elnaj—ajx+ajx1nx— Elnx—i- Eln (2n)+/0 (coth —— i) e—dt,

where we have made a change of variable a;t — ¢ in the above integral. It then follows
that

InZ (x ijlnl“ (a;x) —InT (ax)
j=1
no B B 1 B no
= ; jajlna;—alna x—l—z lna—j:zilelnaj

e—xt
2/ (ijcoth aJ_COch> ; dt

with a = Z?":l wja;. This completes the proof.
From Lemma 6 and Theorem | we can obtain the integral value of [3°#" kg (t) dt
with every integer m > 0.

PROPOSITION 1. Let hy be defined on (0,00) by (15). Then for every integer
m >0, we have

Ap, (a;w) .
| I P =0
. " Gy (aw) CO( | =0,
" Vho (1) dt = o1 2o (W) — 23
/0 o(t) 24A,, (a,w)lnAn0 @) =2c ifm=1, (23)

2 (Ml (@sw)" = Ang ()™ ) [y (1) ifm > 2

Proof. The integral representation (21) together with (18) yields

1 L [ ho(t)
Y o :
L(0 )_c0_2c0+2/0 .

which implies (23) for m = 0. Similarly, we easily get

1 00
L’(O):O:cl—E/O ho (1), 24)
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which implies (23) for m=1.
Taking into account the integral representation (21) and (19) we have

_1>m

ng ng m 0o
)= S (B ) w0 = S [
=1 Jj=1
for m > 2, which indicates (23) for m > 2, and the proof is completed.

REMARK 3. Proposition | exhibits an interesting relation connecting the ratio or
difference of classical means and integrals [;°#" 'h¢ (t)dt for any integer m > 0. This
allows us to establish a few new inequalities of some means values, for example, the

inequality
Un [ d,\ "
o

holds for m,n € N with 2 < m < n, which follows from the known integral inequality

<f6° (" ho <z>)rmdr> " (fa” (r'ho <t>)t"dr> "

Jo t7 ho (t)dt Jo t7 ho (¢)dt

2y ™ () " <y

€0

for another example, by the Scharwz inequality, we have

A N e O
cods 4 (fot o (t)dr) ([fy tho (r)dr) ~ 127

which is equivalent to

Z. (a 2 2 r[12] )2 A, (a
(m o(a,w>> T Mo(a,W)2_1 1 Ao (@w)
Ang (a;w) 12 \ A, (a;w) Gy (a3 w)

Applying the relations (23) with m = 0,1 to the integral representation (21), we
get another integral representation concerning In% (x).

THEOREM 2. Let x +— 2 (x) be defined on (0,00) by (3). Then L(x) = InZ (x)
can also be expressed as

ho (1)
t

L(x)=InZ (x) = %/Ow (1+1x+e™)dt, (25)

where hy (t) is defined by (15).
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3.2. Asymptotic expansion

THEOREM 3. Let % (x) be defined on (0,%0) by (3). Then the asymptotic expan-
sion

1 - di_uB 1
L(x):ln%(x)~560+c1x+z L2k as x — oo (26)

& 2k (2k — 1) 221

holds, where By is the Bernoulli number and d, is defined by (17).

Proof. Using the asymptotic expansion in [1]

1 By
1n1“(x)~§1n(27r)+< ——)lnx x+zm7 27)

we have

InZ (x ijlnl" ajx)—InT (ax)
j=1

o[ 1
= w; [2111(27:) ( ajx— 2>1“ a1x+212k 2k—1)( )2]{_11

1 Bok
_[Eln(znn(ax——)ln(ax>—aX+Z (2k— 1) (an) 1]

12k
l no no
=3 Ina— ) wjlna; | +x ijajlnaj—ﬁlnc?
j=1 j=1
i 20 wi 1 sz
+ L —
IZI (jl a?kfl a2k1> 2k(2k— 1)x2k71
< dy 2By
= —co+cix+ Zl 2k(2k— 1)x2k*1 R

which completes the proof.

3.3. Maclaurin series

THEOREM 4. Let % (x) be defined on [0,0) by (3). Then InZ (x) can be ex-
pressed by the following Maclaurin series

. (k—1)
L(x)=InZ(x) = co+ d"wki'(l)x", (28)
k=2 :

where dy. is defined by (17).
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Proof. Using the integral representation (25) and expanding e~ in power series
yield

L(x)=InZ( ):% Ow hott) (1+tx+e™)d
1= ho(r) S (=Dt
= 5/0 <1+zx+k§6 o k)d

[ 35 ([ )

By the relation (23), the desired Maclaurin series expansion follows.

4. Complete monotonicity and inequalities

THEOREM 5. Let L(x) =InZ (x), where % (x) is defined on (0,e0) by (3). Then
x+— L" (x) is a completely monotonic function on (0,), while x — L' (x) is the Bern-
stein function on (0,0). Consequently, the inequalities

"0 weaiw(xa; 1o .
0<—zf 1Y ’)—qf(wa,-aj) < o o (EW) (29)

z] 14Wj Apg (azw)

J=1

hold for x > 0.

Proof. Using the integral representation (25) and Lemma 5 we have

1 00
L(x) = —/ ho (£) (1— e ™) dt > 0, (30)
(—1)" L2 ( 2/ "o (t) e ™ dt > 0 (31)
for x >0 and m =0,1,.... By Lemma 5 and Bernstein theorem, the function L” is a

completely monotonic function, and L’ is a Bernstein function. Using the increasing
property of L’ (x) on (0,c0) with L' (0) =0 and

1 00
=— ho(t)dt =
3 | mowd=e,
we derive that

)
0<L(x Zw ja;y(ax) — (20 WJ> l[/(xZaij) <cy,

j=1 j=1

which is equivalent to (29). This completes the proof.
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THEOREM 6. Let m > 0 be an integer. Then the function

InZ (x) — %co—clx ifm=0,
Fn(x) = 1 dy 2By . (32)
InZ% ()C) €0 —C1X— zk 1 W h—1 lfm >1
is completely monotonic on (0,e0) if m is even, and so is —Fy, (x) if m is odd.

Proof. We first write Fy, (x) in the following form

1 hm (t) —xt
F - = I 3
m (.X) /0 : e Mdt

where h,, (1) is defined by (16). Using the integral representation (21) and the following
formula

IR T

—=—_—/ 7 dt

x T(s) /o ¢ ’

we obtain that for m > 1,

1 ~ho(t) _, < di-2By 1 “ ok2
Fn(x) == dr — t dt
(x) 2/0 r ¢ IZ‘IZk(Zk—l)(Zk—z)!/o ¢

:2/ ho (1) ﬂgd / ( dl 2kB2kt2k 2) e
=1

Since d; = 0, we see that 3" ; (-) = X (-) in the second integrand above. This in
combination with (16) yields

ho (¢ 2d1 24B2%k k2| / i
Fu ( e dt = dt.
2/ ( k=o 24)! 2

Evidently, it is also true for m = 0. By Lemma 5 and Bernstein theorem the desired
result follows.
As a direct consequence of Theorem 6 we immediately get the following

COROLLARY 1. For n € N, the following inequalities

1

50 +cx <InZ (x) < co+cyx, (33)
%Ll*zk&k ! <InZ(x)— lc +eix <2ni,1 By 1 (34)
& 2k (2k— 1) 121 20T ¢ 2k (2k — 1) 12k

hold for x > 0.
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Proof. The double inequality (33) follows from the monotonicity of

1 [/=h
Fy (x) = 5/0 Ot(t) e Mdt

with Fy (0) = ¢o/2 and Fy (e=) = 0. The double inequality (34) follows from F3, (x) >0
and —F5,_ (x) > 0.

REMARK 4. Note that F}, (x) is in fact the remainder of the asymptotic expansion
(26). By Theorem 6 and Corollary | we see that the remainder satisfies (—1)" F, (x) €
%[(0,°0)] and
d—om—1Bomi2 1

Fn O < G 2t 2) T

REMARK 5. Letting w = (wy,w;) with wy +wy =1 and a = (aj,a;) with a; #
ap in inequalities (33) we arrive at

’ X
wiag +woan ay ay*®
w1 W2 wiag+woa
ap a; (Wia) +waay) "1 H2e2)
) X
_ T (a1x)"' T (azx)"? _ma +waan ( ay*“ay*? )

T (wiaix + woazx) ay'ay? YWi1a1twaaz

wiay +woap
for x > 0. In particular, putting (wy,w;) = (1/2,1/2) and x = 1 we have
a1—1/2a1212—1/2 alflaazfl

4 )
T : 35
((al +a2)/2)a1+a2—1 < (a17a2) < ((al +a2) /2)a1+a2—2 (35)

Multiplying the second inequality of (35) by 4ajas/ (a) +a»)* yields

ap a
a; 4

T(a+1l,aa+1)< —,
(e ) ((a1+az) /2)117%

which was established by Kecki¢ and Vasi¢ [13]. The first inequality of (35) was proved
in [17, Theorem 1] by Merkle. Furthermore, taking » = 1 and x = 1 in the right hand
side inequality of (34) yields

1 d_,
1 1 — —_—
nZ (1) < 260+Cl+ o

which is equivalent to

a—1/2 ay—1/2 2
a, ay (a1 —a2)

ex :
((a1 +ap) j2)1 2! P aras (a1 +az)

T(al,ag) <

This is due to Merkle [17, Theorem 1].
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THEOREM 7. Let n € N. The double inequality

2n41 g (k 1) 2n 4 (k=1) (1
o +2 YT W) kg () <c0+2kwk7'()xk (36)
k=2 :
holds for all x > 0.
Proof. By the double inequality (20), we have
2n+l k * 2n (—l)kl‘k
2+2 xk<1+tx+e*”‘<2+2 R

Applying the second inequality of the above double inequality to the integral represen-
tation (25) yields

InZ (x) = %/()whOT(Z)(l+tx+e_t")dt<%/:hoT(I) <2+Z - ) ik k)
2n o xk
:/0 hot()d +;2(_1)k (/O tklho(t)dt) -

k=2

which, by means of Proposition 1, gives the right hand side inequality of (36). The left
hand side one of (36) can be proved in a similar way.

REMARK 6. Theorem 7 tells us that the remainder of the Maclaurin series (28)
satisfies

dpi1 W™ (1)
+(lrr)hul)! ‘me

InZ (x) —Co—zdkl//k ¢! )Xk
=2 k!

R (x)] =

Letting w = (1/2,1/2), a = (ay,a2) =1 and n,x = 1 in Theorem 7 we have

1 1 1
co+ Edzl///(l) + gd3l[/”(1) < 11’1:@(1) < co+ Edzl[//(l)

with )
ay —a
dy = %Jh =3 (a1 +a2) (a1 —a)*.

From this we derive the following corollary.

COROLLARY 2. The double inequality

a1 +ar)? 2
%CXP(?A‘ (al _a2) _26(3) (a1+a2) (al—a2)2) <

(37

(a1 +a2)2 2 2
T TR -
(a1,a2) < daras exp 4 (a1 —a2)

holds for ay,ay > 0 with a; # a;.
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REMARK 7. Inequalities (37) seem to offer a new type of bound for the Gurland
ratio T (aj,az), which cannot be compared with corresponding bounds given in (35).
Moreover, after replacing (a;,az) by (a1 +1,a2+ 1), inequalities (37) can be written
as

2
exp (7;—4 (a1 —a2)2 - %C (3) (a1 +ax+2)(a; —a2)2) <

7'[2 2
T (aj,ay) < exp 4 (a1 —a2)

for aj,ap > 1 with a; # as.

5. Approximations for the inverse of the function x — In% (1 /x)

20-2(2)=ma(2). e

By (30) we see that

Let

L (x) = —iL/ (l) <0 forx € (0,00),

X2 X

and

x—0t x—0t X X—00

lim £ (x) = lim InZ (l) = lim InZ (x) = oo,

lim .Z (x) = lim InZ (1) = lim InZ (x) = dy.

X—o0 X—00 X x—0t

Therefore, the inverse of . exists and is decreasing from (dp,e<) onto (0,e). In this
section, we are devote to present some approximations for .#~! by simple elementary
functions, as applications of our results.

First, from the double inequality (33) we immediately get

1 1
—Co+c—l<$(x):1n%<—> <C0+C—l,
2 X X X

which, by replacing (x,.Z (x)) with (£~ (x),x), yields

a 27 x) < a

—= <
x—co/2 X—Co

(38)

for x > ¢(. This implies that some combinations of ¢;/ (x — 4;) with A; € [¢0/2,co] (i=
1, 2, ...) are better approximations for .Z~! (x) than ¢;/(x —co/2) and c1/ (x —co),
for example,

1 C1 C1 C1
2<x—co/2+x—co)’ \/(X—CO/Z)(X_CO).
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Second, replacing x by 1/x and letting n = 1 in the double inequality (34), we
obtain
1 C1 d,1 d73 3 1 Cl d71

1
5004—;4-636—%)6 <$(x):1n<%’<;> < EC()—F;-FE)C.

This gives a better approximation for % (x):

1 ¢ d-
Z(x)~ §C0+;1+1_21x’

whose absolute error is less than d,3x3 /360. Clearly, it is suitable for the case of
x € (0,1). Solving the approximate equation above for x gives

6

X <,§f—c0/2j: V(2= c0/2? —d1c1/3>

/

if (£ —co/2)° —d_1c1/3 >0, thatis, & > co/2++/d_1c1/3. Since (£~ (x)) <0
and

%% (x—co/Z— \/(x—co/Z)z—d,lcl/3) =1-

x—co/2
Vie—co/2? ~doer/3

we choose the smaller root as an approximation for .2 ~! (x).

<0,

THEOREM 8. Let ¢y, c¢; and d_y be given by (18), (22) and (17), respectively.
Then the inequality

270 g % (x—co/Z— \/(x—co/z)z—d—1€1/3) =A;(x) (39)

holds for x > co/2 + \/d_1c1 /3.
Now let (wy,wa) = (1/2,1/2), (a1,az) = (1,3). Simple calculations yield

ar+ay 1 1 4
— 2 — —In= ~0.14384
co =1In 7 5 n(aya;) 3 n3 0.14384,
1 27
= E(allnal—kazlnaz)— a1—2ka2 lnal—;a2 = EIHE ~0.26162,
L _VYa+la 2 1
-1 2 a+a 6

Then we derive a concrete approximation formula for £~ (x):

1. 4 1 4\* 1 27
1 < _ [ P _1no ) — il
L (x) KA (x)=36(x ln3 \/()c ln3> 36 In 16) (40)

for x >1n(4/3) /4+ /In(27/16)/6 ~ 0.19248, where

x=L(y)= %lnl"(y) +%1n1“(3y) —InT(2y).
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REMARK 8. From Table 1, we find that the maximum absolute error of the ap-
proximation formula (40) is less 0.04 for x > 0.24895. Clearly, it is suitable for the
case of .Z! (x) <5/3, that is, the shape parameter in a generalized Gaussian distribute
is not greater than 5/3.

Table 1: The absolute error estimating .2 ~! (x) by A; (x)
y  ZL'W=1fy x=L() Al A®-L(H)

7/20 20/7 0.19300 3.95550 1.09840
2/5 5/2 0.20359 2.83440 0.33440
1/2 2 0.22579  2.09740 0.09740
4/7 7/4 0.23856 1.80018 0.05018
3/5 5/3 0.24895 1.70630 0.03963
3/4 4/3 0.28486 1.34700 0.01367
4/5 5/4 0.29705 1.26010 0.01010
9/10 10/9 0.32168 1.11690 0.00579

1 1 0.34657 1.00350 0.00350
4/3 3/4 0.43077 0.75089 0.00089
3/2 2/3 0.47333  0.66716 0.00049

Third, replacing x by 1/x and letting n = 1 in the double inequality (36), we
obtain
77.'2d2 1

1
<$()C) =InZ (;) <CO+T;.

midy 1 d§(3) 1
12 x? 30X

€0

This gives another better approximation for % (x):

7T2d2 1

L) Seot B2
Wzt 3z

~

(41)

whose absolute error is less than d3¢ (3)x~3/3. Clearly, it is suitable for the case of
x € (1,00).

THEOREM 9. Let cog and d, be given by (18) and (17), respectively. Then the

inequality
V3d 1
77 (< 2 (42)
6 X —co
holds for all x > cy. Moreover, we have
. _ T 3d2 1 2C (3) d3
1 L7 x) - =— —.
xf?g ( (x) 6 X — co> 2 dp

Proof. Replacing (x,.Z (x)) with (! (x),x) in the inequality (41) gives (42).
To obtain the desired limit value, we let .2~ ! (x) = 1/y, y € (0,50). Then x=_Z (1/y) =
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L(y), and then, by (30), y = 1/L’ (y) > 0 for y > 0. Using the Maclaurin series (28)
yields

2 () — n\/3dy 1 _ 1 ny3dy 1

6 Vi—co vy 6 JLl)-c

NG _l\/62+03y+04y2— )

Vel +eydi+ent ¥ Verteyten?
2

C)t+cC3ytcegy” — 2 _}c_3 asy — 0

(\/cz+63y+04y2+\/c_2) Vertaytey? 2

where ¢ = dy'*=) (1) /k! for k > 2. This ends the proof.

~

R e e

REMARK 9. Theorem 9 reminds us that

3 1 20(3)ds

L7 (x) = =
(x) 6 X—Co 7'52 d2

A2 (x)

as x is near to cg. Unfortunately, numeric computations show that this approximation
formula A; (x) is not accurate enough. This way for an improvement of accuracy is to
extend A; (x) as

A3 () =Ar () + 3 Bl o)
k=1

with p; >0 and B; € R, which is still an open problem.

6. Conclusions

This paper is devoted to investigating properties of generalized Gaussian ratio
Z (x) defined by (3). By means of some lemmas, we established an integral, asymp-
totic expansion and Maclaurin series representations of the logarithm of generalized
Gaussian ratio InZ (x), and found that (InZ (x))' and (InZ (x))" are Bernstein and
completely monotonic functions, respectively. More importantly, we showed a validity
of Theorems 6 and 7. The former asserts that the function (—1)" F,, (x) defined by (32)
is completely monotonic on (0,0), which not only yields two interesting inequalities
(33) and (34) for the function InZ (x), but also provides an estimation of remainder of
an asymptotic expansion for InZ (x). While the latter gives a new double inequality
(37) for the Gurland ratio and offers an estimation of remainder of the Maclaurin series
for InZ (x). Consequently, several approximate formulas for the inverse of InZ (1/x)
are obtained, which leads to an estimation of shape parameter for generalized Gaussian
distribution.



[1]

[2]
[3]
[4]
[5]
[6]
[7]
[8]

[9]

[10]

[11]
[12]
[13]
[14]

[15]

[16]
[17]
[18]
[19]

[20]
[21]

[22]
[23]
[24]

[25]

PROPERTIES OF THE GENERALIZED GAUSSIAN RATIO 199

REFERENCES

M. ABRAMOWITZ AND 1. A. STEGUN (EDS), Handbook of Mathematical Functions with Formulas,
Graphs, and Mathematical Tables, National Bureau of Standards, Applied Mathematics Series 55, 9th
printing, Washington, 1972.

H. ALZER, On some inequalities for the gamma and psi functions, Math. Comput. 66, 217 (1997),
373-389.

R. D. ATANASSOV AND U. V. TSOUKROVSKI, Some properties of a class of logarithmically com-
pletely monotonic functions, Comptes Rendus de I’ Académie Bulgare des Sciences 41, 2 (1988), 21—
23.

S. N. BERNSTEIN, Sur les fonctions absolument monotones, Acta Mathematica 52 (1928), 1-66.

P. S. BULLEN, Handbook of Means and their Inequalities, Kluwer Academic Publishers, London,
UK, 2003.

T. BURIC AND N. ELEZOVIC, Some completely monotonic functions related to the psi function, Math.
Inequal. Appl. 14 (2011), 679-691.

J. BusTOZ AND M. E. H. ISMAIL, On gamma function inequalities, Math. Comput. 47, 176 (1986),
659-667.

C. P. CHEN AND J. CHOI, Completely monotonic functions related to Gurland’s ratio for the gamma
function, Math. Inequal. Appl. 20, 3 (2017), 651-659.

J. A. DOMINGUEZ-MOLINA, G. GONZALEZ-FARIAS AND R. M. RODRIGUEZ-DAGNINO, A prac-
tical procedure to estimate the shape parameter in the generalized Gaussian distribution, Technique
Report, 1-01-18(2001), http://www.cimat .mx.

G. GONZALEZ-FARIAS, J. A. D. MOLINA AND R. M. RODRIGUEZ-DAGNINO, Eﬂiciency of the
approximated shape parameter estimator in the generalized Gaussian distribution, IEEE Transactions
on Vehicular Technology 58, 8 (2009), 4214-4223.

J. GURLAND, An inequality satisfied by the gamma function, Skandinavisk Aktuarietidskrift 39
(1956), 171-172.

M. E. H. ISMAIL, L. LORCH AND M. E. MULDOON, Completely monotonic functions associated
with the gamma function and its g-analogues, J. Math. Anal. Appl. 116, 1 (1986), 1-9.

J. D. KECKIC AND P. M. VASIC, Some inequalities for the gamma function, Publ. Inst. Math. Bel-
grade 11, 25 (1971), 107-114.

R. KRUPINSKI AND J. PURCZYNSKI, Approximated fast estimator for the shape parameter of gener-
alized Gaussian distribution, Signal Processing 86 (2006), 205-211.

R. KRUPINSKI, Approximated fast estimator for the shape parameter of generalized Gaussian distri-
bution for a small sample size, Bulletin of the Polish Academy of Sciences Thchnical Sciences 63, 2
(2015), DOL: 10.1515/bpasts-2015-0046.

S. G. MALLAT, A theory of multiresolution signal decomposition: the wavelet representation, IEEE
Transactions on Pattern Analysis and Machine Intelligence 11 (1989), 674-693.

M. MERKLE, Gurland’s ratio for the gamma function, Computers & Mathematics with Applications
49, 2-3 (2005), 389-406.

F. MULER, Distribution shape of two-dimensional DCT coefficients of natural images, Electronics
Letters 29 (1993), 1935-1936.

F. Q1, A class of logarithmically completely monotonic functions and application to the best bounds
in the second Gautschi—Kershaw'’s inequality, J. Comput. Appl. Math. 224 (2009), 538-543.

F. QL, Bounds for the ratio of two gamma functions, J. Inequal. Appl. 2010 (2010), Art. ID 493058.
F. QL A double inequality for ratios of the Bernoulli numbers, Available online at
http://www.researchgate.net/publication/264418049 (2014).

F. Q1, Bounds for the ratio of two gamma functions: from Gautschi’s and Kershaw’s inequalities to
complete monotonicity, Turkish J. Anal. Number Theory 2, 5 (2014), 152-164.

F. Q1 AND B. N. Guo, Complete monotonicities of functions involving the gamma and digamma
functions, RGMIA Research Report Collection 7, 1 (2004), 63-72.

F. QI AND Q. M. LU0, Bounds for the ratio of two gamma functions: from Wendel’s asymptotic
relation to Elezovi¢-Giordano-Pecari¢’s theorem, J. Inequal. Appl. 2013 (2013), Art. ID 542.

R. SCHILLING, R. SONG AND Z. VONDRACEK, Bernstein functions: Theory and Applications, Stud-
ies in Mathematics 37, de Gruyter, Berlin, 2010.



200

[26]

[27]
[28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]
[36]

[37]

Z.-H. YANG, B.-Y. X1 AND S.-Z. ZHENG

K. SHARIFIAND A. L. GARCIA, Estimation of shape parameter for generalized Gaussian distribution
in subband decompositions of video, IEEE Transactions on Circuits and Systems for Video Technology
5(1995), 52-56.

M. VARANASI AND B. A. ZHANG, Parametric generalized Gaussian density estimation, Journal of
the Acoustical Society of American 86 (1989), 1404-1415.

E. T. WHITTAKER AND G. N. WATSON (EDS), A Course in Modern Analysis, Cambridge University
Press, 4th ed, Cambridge, UK, 1990.

D. V. WIDDER(EDS), The Laplace Transform, Princeton University Press, Princeton, 1946.

Z. H. YANG, Approximations for certain hyperbolic functions by partial sums of their Taylor series
and completely monotonic functions related to gamma function, J. Math. Anal. Appl. 441 (2016),
549-564.

Z. H. YANG AND J. F. TIAN, Optimal inequalities involving power-exponential mean, arithmetic
mean and geometric mean, J. Math. Inequal. 11, 4 (2017), 1169-1183.

Z.H. YANG AND J. F. TIAN, A comparison theorem for two divided differences and applications to
special functions, J. Math. Anal. Appl. 464 (2018), 580-595.

Z.H. YANG AND J. F. TIAN, A class of completely mixed monotonic functions involving the gamma
function with applications, Proc. Amer. Math. Soc. 146, 11 (2018), 4707-4721.

Z. H. YANG AND S. Z. ZHENG, Monotonicity of a mean related to polygamma functions with an
application, J. Inequal. Appl. 2016 (2016), Art. ID 216.

Z.H. YANG AND Z. S. ZHENG, Complete monotonicity involving some ratios of gamma functions, J.
Inequal. Appl. 2017 (2017), Art. ID 255.

Z. H. YANG ANG S. Z. ZHENG, The monotonicity and convexity for the ratios of modified Bessel
functions of the second kind, Proc. Amer. Math. Soc. 145, 7 (2017), 2943-2958.

Z. H. YANG ANG S. Z. ZHENG, Monotonicity and convexity of the ratios of the first kind modified
Bessel functions and applications, Math. Inequal. Appl. 21, 1 (2018), 107-125.

(Received November 14, 2018) Zhen-Hang Yang

School of Sciences

Beijing Jiaotong University

Beijing 100044, China

Department of Science and Technology
Zhejiang Electric Power Society
Hangzhou 310008, Zhejiang, China
e-mail: yzhkm@163 .com

Bo-Yan Xi

College of Mathematics

Inner Mongolia University for Nationalities

Tongliao City 028043, Inner Mongolia Autonomous Region, China
e-mail: baoyintu78@imun.edu.cn

Shen-Zhou Zheng

School of Sciences

Beijing Jiaotong University
Beijing 100044, China

e-mail: shzhzheng@bjtu.edu.cn

Mathematical Inequalities & Applications

v.ele-math.com

mia@ele-math.com



