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THE TRIANGLE INEQUALITY FOR GRADED REAL VECTOR SPACES
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(Communicated by M. Praljak)

Abstract. In this paper, we prove that a natural candidate for a homogeneous norm on a graded
Lie algebra of any length satisfies the triangle inequality, which answers Moskowitz’s question
in [2].

1. Introduction

In [1], M. Moskowitz extended the classical theorem of Minkowski on lattice
points and convex bodies in R" to simply connected nilpotent Lie groups G with a
@-structure whose Lie algebra g admits a length 2 grading. For this purpose, the au-
thor proved the triangle inequality for a certain natural homogeneous norm of the Lie
algebra associated with the grading of length 2. Later, in [2], the same author extended
the homogeneous norms for which the triangle inequality holds to gradings of length 3
and 4. At the end of the paper [2], the author demonstrated that the method of his proof
cannot be carried on to the case of length 5 or higher, so it was left as an open problem.
However, the arguments in the proof contains some errors. In [2], the inequality (13)
does not imply the inequality (12) in general. In fact, the inequalities (6) and (12) do
not hold for length r = 2,3, or 4. One can easily find a counterexample for (12) by
taking r =4,||X’|| =2 and ||Y’|| = 1.

In this paper, we claim that for the grading of any length r > 1, the homogeneous
norms defined as in [2] satisfy the triangle inequality. Our proof is quite elementary.
The main tools in our proof are only Holder’s inequality and Muirhead’s inequality. We
refer the reader to [3, 4] for the latter inequality.

A Lie algebra g is said to be graded if there is a finite family of subspaces
Vi,...,V, with g = Vi @...®V, satisfying [V;,V;] C Viy; for all i, (here, Vx =0
if k > r). The integer r is its length. For a graded Lie algebra g, we define, for 7 € R*,

(V. vr) = (tv17t2vz7...,t’v,).

Then oy is Lie algebra automorphism of g. Moreover, if g is a graded Lie algebra,
then g must be nilpotent (see [1] and [2]).

As in [1] and [2], we define a homogeneous norm on a graded Lie algebra g as a
function ||-|| : g — R satisfying the following conditions.
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(i) || >0 andis O only at 0.

(i) ||X||=]—X] forall X €g.

(iii) [Jox(X)|| = |¢]||X]|| forall7 € R and X € g.
(v) IX+Y| <|X|+|Y]| forall X,Y €g.

Any graded Lie algebra g possesses a natural candidate for a homogeneous norm
as follows: for X = (vq,...,v,), let

2r 2r—2 2\1/2r
X1 = (vl + 2l 2+ o),

where ||-||; is the Euclidean norm on each V;. (We may suppress the subscript.) This
norm satisfies properties (i) and (ii). However, the the homogeneity property (iii) holds
if and only if » < 2. In [1], it was shown that the subadditivity property (iv) (or the
triangle inequality) holds when r = 2 and the case when r = 1 is just the Cauchy
Schwartz inequality. Our main result is that the triangle inequality holds for all > 1.

THEOREM 1. || X +Y| < | X||+||Y]| for r>1.

2. Proof of the main theorem

As mentioned earlier, the main tools we use are Holder’s inequality and Muir-
head’s inequality. We first revisit here the latter inequality in the case of two variables
which will be used in the proof of the main theorem.

Let aj,ay,b; and b, be nonnegative real numbers satisfying the following condi-
tions:

1. a; > a and by > b,
2. Ll1>b1
3. aj+a;=by+b>.

Then (aj,a;) is said to majorize (by,b7).

LEMMA 2. [3] Suppose that (ay,a;) majorizes (by,by). Then for nonnegative
real numbers x| and x;,

ay ax ap . aj by by by by
XXy XXy Z XX XX,

Now, we can prove the main theorem.
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Proof of Theorem 1. For convenience, we reverse the indices of summands in X
and Y. Let X = (v, vy—1,...,v1) and ¥ = (Wp,w,—1,...,w1), i.e., vy, wr € V], vy,
wy—1 €Va,...,vi,w; € V.. Then

X4+Y=r+wrvie1 +we_1,...,vi +wp).
By taking 2rth power, we need to prove that
vy w27 Vet w2772 v w2 < (X + YD
Applying the triangle inequality, it is sufficient to show that
(el w2 4 (vl w172 4 (el w1 < X+ 171D

Expanding both sides using the binomial theorem, the above inequality becomes

2r

2r kg gk, (25 =2 22—k k
P 1 T ) Y Y
k s\ Kk

k=0
2 2r
2 _ 2r _
+ot Y (k) P ] < Y <k> X2y |, ()
k=0

k=0

where
X[ = (vrll®” 4 e |72 A o |2

and
2r—2

2 2
1711 = Ul w272 )72

It is clear that the first and the last terms of each summation in (x) can be canceled and
the inequality

2r 1 -1 2r 1 -1
(27 ) ol el () iy

+ +

2r r—1 r+l1 2r r—1 r+1
X Y

() o 2 )it

holds because ||v,|| < ||X|| and ||w,|| < ||Y]|. Now, we consider the middle terms of
each summation in (x), we have

2r r r 2r—2 r—1 r—1 2
()i o+ (2722 ) ol el () b o
r r—
2r
< ()i

which, in fact, holds by Holder’s inequality (with p = g = 2) and the largest coefficient
2

( r) dominates the others.
r

N
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It remains to show that forall k=1,2,...,r—2,

2r 2r—k k 2r k 2r—k
(9 [ i
2r=2 22—k k 2r—2 k 22—k
+<< X )IIvrlll horall® 4 (5 5 J el o

2k+2 in . [2k+2 . in
() el ol + el Do

k+2
2r
2r—k 2k
< ()it (2 ) it
. . 2r 2r . . S
Since the coefficient ) = \ar_k is larger than the other coefficients in this
r—

inequality, we only need to show that
(2= o+ Il o 25 ) - (o 22w a2

k42 k k k+2 2r—k k k 2r—k
e (I 12 P | v | s I°2) < IS I I 2,

By Holder’s inequality (with p = 2r g = 2 and vice versa), we have the following
inequalities:
Il w4 o |5 o)
ot I 157 < XY and
el w27+ e
T Y T P 'q L 1

Thus, it suffices to show that for every i = k+ l,k +2,...,r—1

2i—k k k 2i—
vl 2wl fhval* wal 5 < v

i(2r—k) ik
Foreach i=k+1,k+2,....r—1, (M,l—) majorizes (2i —k,k). By Lemma
r r

2, we have these inequalities.
By the preceding proof, we have the following inequality.

COROLLARY 3. Let r > 1 be a positive integer, and ay,ay,...,ar,b1,by,..., by

be nonnegative numbers. Then
r .
+[ X b7
i=1

1

(Ber) = (5)

=
S

(e
S
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