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NOTE ON STRICHARTZ INEQUALITIES FOR
THE WAVE EQUATION WITH POTENTIAL

SEONGYEON KIM, IHYEOK SEO* AND JIHYEON SEOK

(Communicated by I. Peri¢)

Abstract. We obtain Strichartz inequalities for the wave equation with potentials which behave
like the inverse square potential |x|~2 but might be not a radially symmetric function.

1. Introduction

Consider the following Cauchy problem for the wave equation with a potential
V(x):
—d?u+Au—V(x)u=0,
u(x,0) = f(x), (1)
du(x,0) = g(x),
where u : R""! — C, V:R" — C and A is the n dimensional Laplacian.
In this paper we are concerned with the Strichartz inequalities for the wave equa-

tion (1). In the free case V = 0, the following remarkable estimate was first obtained
by Strichartz [13] in connection with Fourier restriction theory in harmonic analysis:

L n—1

n < g n 7= nys 2 27 2
[Jull 2 +1)(Rn+l) S gy + 181l g-12@ny, 7 @)

where H? denotes the homogeneous Sobolev space equipped with the norm || |57 =
|(v/=A)7f||,2. Since then, (2) was extended to mixed norm spaces L/L’ as follows
(see [10, 9] and references therein):

||”||L?(R;L;(R")) S HfHHI/Z(Rn) + HgHHfl/Z(Rn)

forg>2,2<r<eo,

2 —1 —1 1 —1
ot and - +0=""1 3)
q r 2 q r 2
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Here the second equality in (3) is just the gap condition and the case g = r recovers the
classical result (2).

Now we turn to the wave equation with a potential. Several works have treated this
potential perturbation of the free wave equation. In [1] the potentials satisfy the decay
assumption that V (x) decays like |x|~#~¢ at infinity. In [6] this assumption is weakened
to |x|737¢, which is in turn improved to |x|~2~¢ in [7]. In these papers Strichartz
type estimates for the corresponding perturbed wave equations are established. But
the main interest in the equation (1) comes from the case where the potential term is
homogeneous of degree —2 and therefore scales exactly the same as the Laplacian.
For instance, when V (x) = a|x| =% with a real number «, the equation (1) arises in the
study of wave propagation on conic manifolds [4]. We also note that the heat flow for
the operator —A + alx| =2 has been studied in the theory of combustion [14]. In fact,
the decay |V| ~ |x|= was shown to be critical in [8] which concerns explicitly the
Schrodinger case but can be adapted to the wave equation as well.

For the inverse square potentials V (x) = a|x| =% with @ > —(n —2)?/4, Planchon,
Stalker and Tahvildar-Zadeh [11] first obtained the Strichartz inequalities for the equa-
tion (1) with radial Cauchy data f and g. Thereafter, this radially symmetric assump-
tion was removed in [2]. More precisely, the range of the admissible exponents (g, r)
for the Strichartz inequalities

||”||Lf(R;H;7(Rn)) S ||fH1-'11/2(Rn) + ||g||H71/z(R,,)

obtained in [11, 2] with the gap condition ¢ = é +% = ”2;1 is restricted under % +

nl g % which is the same as that of the wave equation without potential. Here,

1 £1lze = I|(W/=A)° f||1r . In [3] these results were further extended to potentials which
behave like the inverse square potential but might be not a radially symmetric function.
Indeed, the potentials considered in [3] are contained in the weak space, M2

In this paper we consider the Fefferman-Phong class of potentials which is defined
for 1 < p<n/2by

p
vesr o W= sw 2 ([ wora) <o
r(x

x€R™ r>0

where B, (x) denotes the ball centered at x with radius r. Note that L"/> = .%"/2 and
alx| 72 € L'/?> C ZP if 1 < p <n/2. Our result is the following theorem.

THEOREM 1. Let n > 3. Let u be a solution to (1) with Cauchy data (f,g) €
H'? x H='/2 and potential V € FP with small ||V| z» for p > (n—1)/2. Then we
have

el oy S 1+ IVIz) (11,5 + gl ) @

2
for g>2,2<r<eo,

2 n—1 _n-—1 1 n n-—1
<

qr\2 qg r 2

(&)
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REMARK 1. The class of potentials in the theorem is strictly larger than L"/2*.
For instance, consider

V(x) =f<§>\x\—27 FEL(S™Y), (n-1)/2<p<n/2,

which is in .Z? but notin L"/%*.

Throughout this paper, the letter C stands for a positive constant which may be
different at each occurrence. We also denote A < B to mean A < CB with unspecified
constants C > 0.

2. Proof of Theorem 1

In this section we prove the Strichartz inequalities (4) by making use of a weighted
space-time L? estimate for the wave equation.

We first consider the potential term as a source term and then write the solution
to (1) as the sum of the solution to the free wave equation plus a Duhamel term, as
follows:

sin(ty/—A) " sin((t —s)v/—A)
VA ¢ + VA

By the classical Strichartz inequalities for the wave equation (see e.g. [9]), we see

u(x,r) = cos(tv/—A) f + (V()u(-,s))ds.  (6)
162 g = 1 (V=8)€™ A flyry S 71y (7)

for (gq,r) satisfying g > 2, 2 < r < e and the condition (5). Applying (7) to (6), we
get

tsin((r —s)v—A)
< WV IV T (v (Dul-
Ieligar <171, el + | [ R ouespas|
t
for the same (g,r).
Now it remains to show that
L sin((r — s)v/—A)
———~(V()u(-,s))ds < ||V]|.zp 1+ )
[ F A et as| S V(1] + el

for (g,r) satisfying g > 2, 2 < r < o and the condition (5). By duality, it is sufficient
to show that

(=8 [ DDy gugesasc) N

SIVIZ» (11,3 + gl )Gl g,
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The left-hand side of (8) is equivalent to
// )o=Lsin(( — )V=A) (V(Jul-,5)),G) dsdr
:/R/O (Vu,(vV=2)°"sin((r — s)V=A)G ) dsdt
:<V1/2u,vl/2(\/—_A)‘” msin((t—s)\/—_A)Gdt> C)

X,8

s

Using Holder’s inequality, (9) is bounded by

iz, [ (V=2)7 [ sin((a = 5)v=8) Gar

(v

Here, L?(|V|) denotes a weighted space equipped with the norm

1
2
2
llz2, v = ( /R It V(x)|dxdt) .

lulliz, vy S VI (U1 g + gl _s) (10)

‘We will show that

and

1/2
s,y SIVISIGl

H(\/—_A)G_l/msin((t—s)\/—_A)Gds

t

(1)

for (g,r) satisfying the same conditions in the theorem. Then the desired estimate (8)
is proved.

To show (10), we use the following lemma which is a particular case of Proposition
2.3and 4.2 1in [12].

LEMMA 1. Let n > 3. Assume that V € F? for p > (n—1)/2. Then we have

Ieos(t=8) iz, vy < V221 (V=0)" 2l (12)
intv/—A
|, SRR el 13)

and

/l sin((t —s)\/—_A)F( s)ds
0

T

Indeed, applying Lemma 1 to (6), we see

< Vel v
L)zr,t(|v|) x,t(| =1

1/2
iz, vy S IVIE p (1AL, y + 118l 1)+ IV Izellullz, v - (14)

Since we are assuming that ||V|| #» is small enough, the last term on the right-hand side
of (14) can be absorbed into the left-hand side. Hence, we get the first estimate (10). To
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obtain the second estimate (11), we first note that the first two estimates (12) and (13)
in Lemma 1 directly imply

H(\/_)Ve”\/_fHLz |V\

et [CVA N LARtEr IS (15)
for y € R. Using (15) and the dual estimate of (7), we then have

H (V-A)"! / sin((t — s)vV/—A) Gds‘

R L2,(V)
< H(\/—_A)G_l/ei(t_s)\/jAGds‘
~ R L2,(IV])
1/2 (\/__A)O'—l/2/e—is\/—_AGds
R L?
1/2
SIvIEG Gl

!
i

for (g,r) satisfying g > 2, 2 < r < o and the condition (5). Here we are going to use
the following Christ-Kiselev lemma ([5]) to conclude that

‘M¢ixw—{/tgn«p—g¢ixxhu

—oo

< v 1/2 G
2wy SV G,

(16)
if2>q.

LEMMA 2. Let X and Y be two Banach spaces and let T be a bounded linear
operator from L*(R;X) to LB(R:Y) such that

:Aﬂmﬁ@ﬁ
:/_;K(t,s)f s)ds

has the same boundedness when B > o, and ||T|| < || T||.

Then the operator

The desired estimate (11) follows directly from (16) by changing some variables.
This completes the proof.
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