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ON SOME TRACE INEQUALITIES

TRUNG HOA DINH, RALUCA DUMITRU, JOSE A. FRANCO AND CONG TRINH LE*

(Communicated by J.-C. Bourin)

Abstract. In this paper we consider some generalizations of the Ando inequality

I a) = £ B < [l1£ (1A - B

with the “weight” (A — B)”. More precisely, for p > 1 such that (—1)” = —1 and for a non-
negative function f on [0,e) such that f(0) =0, we study the following inequality:

Tr((A—B)P(f(A)— f(B))) > Tr(|A—B|" f(|A - B])),

whenever A and B are positive semidefinite matrices. We show that the inequality is true for
any operator convex function f and it is reversed whenever f is operator monotone.

1. Introduction
In [1] Ando proved that for p > 1 and for any unitarily invariant norm ||| - |||,
|[|AP = BP[[| > |[[|A = B|”||].
For the trace norm ||A||; = Tr(]JA]), the last inequality reduces to the following
Tr(|A” = BP|) > Tr(JA—BJP), p>1. (1.1)
This is a matrix version of the following scalar inequality:
|a? —bP| > |a—bP, and p>1. (1.2)
Interestingly, for p > 3 and a > b we have the following chain:
(a—b)P << (a—b)Ma"F—b" Ky << (a—b)A(a” 2~ 0P 2 < (a—b)(a” —bP ),
where p — k € [1,2]. Indeed, it is enough to show that

(a—b)P < (a—b)k(aPF—pP~F)
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and
(Cl _ b)kJrl(apfkfl _ bpfkfl) < (a _ b)k(apfk _ bpfk).

The first inequality follows from (1.2) since p —k > 2, the second inequality is equiv-
alent to ab? %+ ba?~* > 0 which is obvious.
And for p € [2,3], we have reverse inequalities as follows:

(a—b)2(aP 2~ b"2) < (a—b)(a” ' —bP~ 1) < (a—b)P.

Naturally, one would ask if there were matrix versions of the above inequalities.
Seemingly supporting motivation is given by the following fact (Theorem 3.1): For any
positive semidefinite matrices A and B and p > 3,

Tr((A—B)*(AP"2— BP~2)) < Tr((A— B)(AP~ ' —BP71)). (1.3)

It turns out that (Proposition 3.1) for positive semidefinite matrices A and B, p >
l,and g >0 issuchthat p>gand 0< p—¢g< 1,

Tr((A— B)Y(AP~7— BP~%)) < Tr(JA — BJP). (1.4)

For the special case ¢ = 2, the function 7~ is operator monotone for p € [2,3].
Therefore, it is natural to ask whether inequality (1.4) is true for operator monotone
functions.

Let p > 1 such that (—1)” = —1 (p is not necessarily an integer). In this paper,
for a non-negative operator convex function f(¢) on [0,c) such that f(0) =0 we show
that

Tr(|A—B|"f(|A - B|)) < Tr((A—B)"(f(A) - f(B))) (1.5)

whenever positive semidefinite matrices A and B. It is worth noting that the condition
(—=1)? = —1 is essential. If inequality (1.5) held for any positive number p, we could
use a limit process to get that

Tr(f(A) - f(B)) = Tr(f(|A - BI))

which is not true in general. Mention that Ando [1, Theorem 2] proved a similar in-
equality for continuous increasing functions whose inverse are operator monotone with
some certain conditions.

In addition, a reverse inequality is also studied for operator monotone functions.
For p = 1, inequality (1.5) was recently studied in [8]. For the power functions #*
(s € [2,3]), inequality (1.5) was obtained by E. Ricard [10] for non-commutative L;-
spaces.

The paper is organized as follows. In the next section, we prove two trace in-
equalities for operator monotone and operator convex functions. In the last section we
establish some inequalities for power functions. We also discuss another extensions of
(1.2) and establish some trace inequalities for them.
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2. Main inequalities

. . st
It is well-known that for s > 0 the function f(¢) = s operator monotone on
s

[0,0). From the proof of [1, Theorem 1] one can see that for any positive semidefinite
matrices B and C and for any s > 0,

1/5(B+C) = £:B)[| < |l O)]]]-

This inequality is not applicable for inequality (1.5) because we have the weight (A —
B)? in both sides. However, we have the following lemma which is essential for the
rest of this section.

LEMMA 2.1. Let p > 1 and s > 0. Then for any positive semidefinite matrices B
and C,
Tr (CP(f5(B+C) = fs(B))) < Tr (CP £5(C)).

Proof. Since (B+C+s)~' < (C+s)~!, there exists a contraction V such that
(B4+C+5)"Y2=V(C+s)""/% and hence (B4+C+5)~' = (C+s)"V2v(C+5)~ V2.
Put W = s(B+s)~! and X = (C+s)~"/2. Then on account of the fact that XC = CX
we have

Tr (CP(fi(B+C) — (B)) = Tr (CPs(B+C+5)™ (B +C) (B+5)
— (B+C+5)B) (B—i—s)’l)
=°Tr(CP(B+s) 'C(B+C+s)7h)
= sTr (CPWCXVX)
= sTr((XCP?wc'/?)(c' 2 xver/?))
<s|lxerPwe! 2, |cPxver |,
where we use the Cauchy-Schwarz inequality. On the other hand, (XC?/2,C'/?) and
(C'/2X ,CP/2) are monotone pairs in the sense of [5] as g1 (t) = /17 /(t +5) and g»(¢) =
P/2 are non-decreasing for any p > 1. Since W is self-adjoint, by [5, Theorem 1] we

have
lIxcrPwc' 2|3 < ||wxcP/2)13 < Tr(x2er . 2.1)

Similarly, we also have
|C'2xver?|3 < Tr(X2CPHY). (2.2)
Thus, the lemma follows from (2.1) and (2.2).

THEOREM 2.1. Let f(t) be a non-negative operator monotone function on [0, o)
such that f(0) = 0. Then for any positive number p > 1 such that (—1)? = —1 and
for any positive semidefinite matrices A and B,

Tr((A—B)"(f(A) - f(B))) <Tr(|A—B|"f(|A— B|)). (2.3)
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Proof. From the assumption and the integral representation of operator monotone
function f [9], we have

sy =pr+ | " A()du(s),

where (L is a positive measure on [0,e) and 3 > 0. Now, suppose that A > B and put
C = A — B. Therefore, on account of Lemma 2.1 we have

Tr((A—B)P(f(A) — f(B))) = Tr(BC™) + /ONTr(C”(fs(A) — /3(B)))du(s)

<TE(CPF(0)).

In general, denote by C_ and C_ the negative and positive parts of C, respectively.
Then we have |A—B|=C_+C.,and A—B=C. —C_.Put Z=A+C_=B+C;.
On account of the fact that (—1)” = —1, we have

Tr((A—B)"(f(A) - f(B))) = Tr ((CY = C*)(f(A) - f(2) + f(Z) - f(B)))
=Tr(CL(f(A) - f(2)))
+Te(CE(f(2) = £(A)) = Tr(CE(f(2) - £(B))).

~—
~—

~—

~—

Since the function f is operator monotone, and A,B < Z, one can see the first and the
the forth terms in the last identity are negative. According to the previous case, we have

Tr (CL(f(2) — f(B))) + Tr (C2(£(2) — f(A))) < Tr(CLf(Cy)) + Tr(CEf(CH))
(€ r(c))-

N

Tr
Tr

For operator convex functions the inequality (2.3) is reversed. To prove that we
need the following lemma.

LEMMA 2.2. Let p > 1 and s > 0. Then for any positive semidefinite matrices B
and C,
Tr (C? (hs(B+C) — hy(B))) = Tr (CPhy(C)),

where hy(t) =1t f(t) is operator convex on [0,e0).

Proof. Note that hy(r) = st — sf;(¢) . Therefore, from Lemma 2.1, we have
Tr (CP (hy(B+4C) — hy(B))) = Tr (sCP™1) — sTr (CP(f;(B+C) — f,(B)))
= Tr(CP(sC —s£5(C)))
= Tr (CPhy(C)).
THEOREM 2.2. Let f(t) be a non-negative operator convex function on [0,eo)

such that f(0) = 0. Then for any positive number p > 1 such that (—1)? = —1 and
for any positive semidefinite matrices A and B,

Tr((A—B)"(f(A) - f(B))) = Tr(|A—B|"f(|A— B])). 2.4)
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Proof. Ttis well-known that [9] for any operator convex function f on [0,) there
exists a positive measure pt on [0,e0) such that

F(6) = o+ By + /Ow ho(t)du (s),

where o and 8 are real, ¥ > 0 and h,(¢) is defined in Lemma 2.2. By the assumption
of the theorem, o« = 0. Now, suppose that A > B and put C = A — B. Therefore,

Tr((A - B)"(f(A) - f(B))) = T (BCP + yC?((B+C)* - B*))+
+ /O e (CP (hy(B+C) — hy(B)))du(s)

= Tr (BCP +yCP(C? +BC+CB))+
+ /0 e (CP (he(B+ C) — hy(B)))d ()

> Te(BC+7C7 )+ [ Te(Chy(C))da(s)

~ e (e (e s+ [ hicrauts) ) )
T (CPF(0)),

where the inequality follows from Lemma 2.2 and that Tr (XY) is nonnegative for pos-
itive semidefinite matrices X and Y. In general, using the same arguments in the proof
of Theorem 2.1 we have

Tr((A—B)"(f(A) - f(B))) = Tr (CY(f(A) — £(2))) + Tr (CL(f(2) — £(B)))
+Tr(CP((2) = £(A)) = Te (CL(£(Z) — £(B))).
According to the previous case, we have
Te(CL(f(Z) — f(B))) + Tr(CE(f(2) — f(A))) = Tr(CLA(C1)) + Tr (CP(C-))
— Tr (CP(|C)).

To finish the proof, we need to show that the first and the forth terms are positive.
We again use the integral representation of operator convex functions and the fact that
C_C, =0. We have

Te(CY(f(A) — £(2))) = ~Te (CL(f(A+C-) - f(A))
= ~Tr(BCTC_ +yC((A+C) —A%)+

— [ Tl sC —spA+C) +sh@)au()
= [T R+ ) = A dus)
2 07

where the inequality follows from the fact that f;(¢) is operator monotone and A+C_ >
A. Similarly, we also have that the forth term is positive. Thus, we finish the proof.
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REMARK 2.1. To finish this section we would like to note that the essential dif-
ference between proofs of Theorems 2.1 and 2.2 and ones in [8] is the using of Lemma
2.1. In [8] we use the fact that

(B4+s) ' —(B+C+s) ' =B+s)'c(B+C+s)"L.
Thanks to this, we can rewrite Tr (C(B+s)~'C(B+C+s)~!) as
Tr(C(B+s)"'C(B+C+s)"") =Tr((C(B+s)"'C)/2(B+C+s)~  (C(B+5)~'C)/?),

where X = (C(B+s)~'C)"/2 is a positive semidefinite matrix. And then, we use the
comparisons

C(B4+C+s)"'c<C(C+s)7'C and (B+s) ' <s7! (2.5)
to get the result. But in the proofs of Theorems 2.1 and 2.2 we have
Tr(CP(B+C+s)"' —(B4+s)™") =Tr(CP(B+C+s) 'C(B+s)").
When p # 1 there is no way to use the comparisons (2.5), hence, the approach in [8]

could not be used. That is why Lemma 2.1 is crucial and make the proofs interesting
and different.

3. Trace inequality for power functions

In the following proposition we provide another matrix generalizations of (1.2)
for power functions. It is worth mentioning that inequalities in this proposition are not
fully covered in Theorem 2.1.

PROPOSITION 3.1. Assume A,B € M,(C) are positive semidefinite, p > 1, and
q >0 is such that p > q. Then,

Tr((A— B)9(AP~9— BP™9))) < Tr (|A? — B?|). (3.
Moreover, if 0 < p—q < 1 then

Tr((A— B)I(AP~9— BP~9)) < Tr(JA — BJP).

Proof. Since the proof of the second inequality is similar to the proof of the first,
we just prove the first. By Holder’s inequality, we have

Tr((A=B)1 (AP~ = BP) < [[(A=B)?|| /gl A"~ = B” ]/ (p—q)-
By Ando’s theorem for p > 1,

(A= B) 0 = (A= B)? |17 < [|a” — B[ 1/7.
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Using Ando’s inequality again for 0 < 8 = (p —gq)/p < 1 that says |[|A® —B?|g <
|A —B||9, we obtain

1AP=9 = BP4|| g < 1IA7 _BFHEP*‘I)/P.
Thus,
Tr((A—B)(AP~9 =B 9) < [[(A=B)| /gl AP~ 7 = BP9 ) g

< JJA7 = B|{/7)jaP — BP0
= Tr(|A” — B|).

From [8, Proposition 1] and Proposition 3.1 we have the following chain of inter-
polating inequalities between ||A? — BP||; and Tr((A — B)>(AP~—2 — BP~?)).

COROLLARY 3.1. Let A and B be positive semidefinite matrices and p € [2,3].
Then,

Tr(|A? — B?|) > Tr((A — B)(AP~' — BP™ 1))
>Tr(|A—B|) > [Tr((A - B)*(AP~2 —B"2))].
REMARK 3.1. For p > 3 the following inequality
Tr((A—B)* (AP > = B"?)) > Tr(|A - BJP), (32)
does not hold. Both sides are not comparable.

Note that for p > 3 and a > b we also have another chain of inequalities as fol-
lows:

al —bP = (@ —bH)(a’ 2 —b"" ) = (a—b)*(aP 2 —bP"?) = (a—b)P.  (3.3)
PROPOSITION 3.2. For any positive semidefinite matrices A and B,
Tr((A—B)(4® —B%)) > Tr (A — BJ*).

Proof. Expanding the expressions in the traces and cancelling like terms, the de-

sired inequality is equivalent to,
3Tr(A*B+AB®) > 2Tr (ABAB + 2A°B?).
Since Tr (ABAB) < Tr(A?B?), the desired result follows if
Tr(A’B+AB?) > 2Tr (A%B?).

This result was shown in [3] by using the reduction we have used from the trace to
the inequality of scalars by means of the spectral decomposition. However, we give an
alternate proof here using the Geometric-Heinz mean inequality [4],

1
114Y2XB'(]] < SIAYXBY + ATXBY||
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for positive semidefinite A and B, v € [0, 1], arbitrary matrix X, and unitary invariant
norm ||| -]
Using X =1, v =1/4, and replacing A and B with A% and B?, we obtain

1ABIB < 34"/ 1+ %281/ 3
for the 2-Schatten norm. Expanding the norms in terms of traces, we obtain
|AB|3 = Tr ((AB)(AB)*) = Tr(A*B)
and
||A1/2B3/2+A3/2Bl/2H2 Tr((Al/zB3/2+A3/2Bl/2)(Bl/2A3/2+B3/2A1/2))
= %Tr (AB® +2A%B* + BA®).
Now the result follows by multiplying the inequality times 4 and subtracting

2Tr (A%B?) on both sides.
To finish this paper, we show a matrix version of inequalities in (3.3).

THEOREM 3.1. Let p > 3. Then for any positive semidefinite matrices A and B,

Tr(|AP — BP|) > Tr ((A% — B*)(AP~2 — BP72))
>Tr((A—B)(AP~' —BP)
=

Tr(|A — BP).

Proof. The first inequality actually is true for any p > 1 and follows from [8,
Proposition 1]. The last inequality was proved in Ricard’s paper [10]. The second
inequality is another form of (1.3) and is equivalent to

Tr(A2BP~% 4+ B?AP~2) < Tr(ABP~ ' + ABP™Y).
IfA= Za-A- and B = Zkak are spectral decomposition of A and B, respectively,

then the last inequality is nothlng but

x2yp72 +y2xp72 < )Cyp71 —l—yxp*l

which reduces to
Y=y <x 7 (x—y), =1L
The last inequality is obvious.

REMARK 3.2. The referee pointed out in his/her report that to prove (1.3) it is
suffices to use the fact that the function ¢ — ||A’ZB’||, is log-convex (see [6]). Thus,
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the function Tr(A’BP~") is log-convex. Since (1 —a)+a(p—1) with a =1/(p—2),
we have

Tr(A2BP~2) < (Tr (ABP =)' =%(Tr (AP~'B))* < (1 — o) Tr (ABP~ 1) + aTr (ABP ™).
(3.4)
Interchanging A and B in the last inequality, we have

Tr(B?AP~2) < (1 — o) Tr (BAP~!) 4 aTr (BAP ). (3.5)
Therefore, inequality (1.3) follows from (3.4) and (3.5).

REMARK 3.3. Inspiring from the second inequality in Theorem 3.1 one may ask
if the following inequality holds:

Tr((A—B)} (AP~ — BP73)) < Tr((A — B)*(AP~2 — B 2)). (3.6)

Unfortunately, this is not the case. Here we present a counterexample for inequality
(3.6). Indeed, consider

58 13 74 31
P=3 A‘<1341>’ B= (3185)'

For these values,

Tr((A— B)3(AP~3 — BP73)) = 1,258,807,200,
Tr((A— B)*(AP~2 — BP~2)) = —3,067,771,200

which contradicts (3.6).
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