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FRACTIONAL DIFFERENTIAL OPERATORS IN
VECTOR-VALUED SPACES AND APPLICATIONS

VELI SHAKHMUROV

(Communicated by M. Bohner)

Abstract. Fractional differential operator equations with parameter are studied. Uniform L, -
separability properties and sharp resolvent estimates are obtained for elliptic equations in terms
of fractional derivatives. Moreover, maximal regularity properties of the fractional abstract
parabolic equation are established. Particularly, it is proven that the operators generated by
these equations are positive and also are generators of analytic semigroups. As an application,
the anisotropic parameter dependent fractional differential equations and the system of fractional
differential equations are studied.

1. Introduction, notations and background

In the last years, the maximal regularity properties of boundary value problems
(BVPs) for differential-operator equations (DOEs) have found many applications in
PDE and pseudo DE with applications in physics (see [1, 5, 8-15] and the references
therein). Pseudo-differential equations (PsDE) were treated e.g. in [17-18]. DOEs have
found many applications in fractional differential equations (FDEs), pseudo-differential
equations (PsDE) and PDEs (see e.g. [1 —3],[5],[11],[12],[16 — 19],[24]). The regu-
larity properties of PsDE have been studied extensively by many researchers (see e.g.
[6,10], [21-22] and the references therein). The boundedness of PsDEs in Sobolev
spaces have been treated e.g. in [10],[14],[22]. Moreover, the smoothness of PsDE
with bounded operator coefficients have been explored e.g. in [8],[15]. In contrast
to [8],[15] the FDE considered here, contain unbounded operators and parameters. In
particular, the main objective of the present paper is to discuss the uniform L, (R";E)-
maximal regularity of the elliptic fractional differential operator equation (FDOE) with
parameters

Pe(D)u+Au+ Y, e(a)Aq(x)D*u+Au=f(x), xeR", (1.1)

lo|<m

where P: (D) is a fractional differential operator, A, A, (x) are linear operators in a
Banach space E for ; € [0,00) and o = (01,02, ...,0) . Here, D% = D{'D3?,., D%
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are the Liouville derivatives, m is a positive number, & are positive, A is a complex

parameter, £ = (&,&,...,&,) and & ( He n

Here, L, (Q;E) denotes the space of strongly measurable E -valued functions that
are defined on the measurable subset Q C R" with the norm given by

1

11y ) = /Hf x| L 1<p<e,

£l =esssup|lf (x)]|g-
xeQ

We prove that problem (1.1) has a maximal regular unique solution and the following
uniform coercive estimate holds

> e(o) Al " ||DaMHL,,(Rn;E)+||AMHLP(R'1;E) SCIS N, e (1.2)

|| <m

for feL,(R";E), A €Sy, where Sy is a set of complex numbers that is related with
the spectrum of the operator A. The estimate (1.2) implies that the operator O¢ gener-
ated by (1.1) has a bounded inverse from L, (R"; E) into the space H}' (R";E (A),E),
which will be defined subsequently. Particularly, from the estimate (1.2), we obtain
that the operator O is uniformly positive in L, (R";E). By using this property we
prove the uniform well posedness of the Cauchy problem for the parabolic FDOE with
parameter

du

ot
in E -valued mixed spaces L, for p=(p,p;1). In other words, we show that problem
(1.3) has a unique solution u € W, ™ (R E (A),E) for f € Ly (R E) satisfying
the following uniform coercive estimate

<M1l zr) - (1.4)

Note that, the constants C, M in (1.2) and (1.4) are independent of parameters. As
an application, in this paper the following are established: (a) maximal regularity prop-
erties of the anisotropic elliptic FDOE in mixed Ly, p=(p1,p) spaces; (b) coercive
properties of the system of FDOEs of infinite many order in L, spaces.

The Banach space E is called an UMD-space if the Hilbert operator

S0,

£—>0 X—=Yy
[x—y|>e

+P:(D)u+Au= f(t,x), u(0,x) =0, (1.3)

Rn+1 E + HPg (D)MHLP(RTI;E) + HAMHLP(RTI;E)

(Hf)(x) =
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is bounded in L? (R;E), p € (1,o0) (see. e.g [4]). UMD spaces include e.g. L, I,
and Lorentz spaces L, for p, g € (1,0).

Let C denote the set of complex numbers and
Sp={A; 2 €C, |JargA| < @}U{0},0< p <.

A linear operator A is said to be @-positive (or positive) in a Banach space E if
D(A) is dense on E and

Jaran|, , <marmp

forany A € Sy, where ¢ € [0, 7), I is the identity operator in E, B(E) is the space
of bounded linear operators in E. Sometimes A + Al will be written A+ A and will
be denoted by A;. It is known [20, §1.15.1] that the powers A%, @ € (—oo,o0) for
a positive operator A exist.The operator A (h), h € Q C C is said to be ¢ -positive
(or positive) in E uniformly with respect to & € Q if D(A(h)) is independent of #,
D(A(h)) is dense in E and H h)+ A1)~ H <M(14A])"" forall A €8p, 0< @<

m, where M does not depend on h and A. Let E (A%) denote the space D (A%) with
the norm

1
PN\ p
H””E(A@) = (||”||ij HAGMH )' L 1< p<oo, 0< 0 < oo,

A set W C B(E|,E) is called R-bounded (see e.g. [23]) if there is a constant
C > 0 such that for all 171,75, ...,T,, € W and ug up,...,u, € E;, meN,

1
0
where {r j} is an arbitrary sequence of independent symmetric {—1, 1} -valued random
variables on [0,1]. The smallest C for which the above estimate holds is called an R-
bound of the collection W and is denoted by R (W). A set of operators G, C B(Ey,E»)

depending on parameter & € Q C C is called uniformly R-bounded in # if there is a
constant C independent of 7 € Q such that

m m
/ ec)
o =t Ey o =t

) Tju; dy,

m
PR

E Ey

> i) T (h)u; > ori(y)u;

E;

for all Ty (h), 1> (h),...,T,, (h) € G, and wuy u,...,un € E;, m € N. It implies that
supR (G) < C.
heQ

The operator A is said to be R-positive in a Banach space E if the set {k A+ A)fl

S S(p} is R-bounded. A positive operator A (k) is said to be uniformly R-positive in
a Banach space E if there exists ¢ € [0, ) such that the set

{xmmﬂwr%xe%}
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is uniformly R-bounded. Let S(R";E) denote the E-valued Schwartz class, i.e., the
space of all E-valued rapidly decreasing smooth functions on R” equipped with its
usual topology generated by seminorms. For E = C this space will be denoted by S =
S(R™). Here, S’ (E) = S’ (R"; E) denotes the space of linear continuous mappings from
S into E and is called E-valued Schwartz distributions. For any o = (oy, 00, ..., 04),
0; € [0,0) the function (i&)* will be defined as:

AN (lé )alv'v(ién)an’é é27~7§n7é0
(i2) ‘{ U 0ah. a0

where
(i&)* = explog (In|&| + iz sgn &/2)] . k = 1,2,...n.

The Liouville derivatives D*u of an E -valued function u are defined similarly to the
case of scalar functions [13].

C(Q;E) and C™ (Q;E) will denote the spaces of E -valued bounded uniformly
strongly continuous and m times continuously differentiable functions on €, respec-
tively. Let F and F~! denote the Fourier and inverse Fourier transforms defined as

Fu=(m) [lexp(x.)u(x)dx, F~lu=n)? [ fexp—(nE)lu(§)dé,
R7 R~

where

x=(x1,%2,-,%), E=(&1,&,...,8) eRY, (x,8) = ixkék.
k=1

Through this section, the Fourier transformation of a function u will be denoted by .
It is known that

F(Dgu) = (iél)al 7’v(i§n)an ’27 Dg (F (u)) =F [(_ix")al 9"y (_ixn)an u ]

for all u € §'(R"E). Let E; and E, be two Banach spaces. B(Ej,E>) denotes the
space of bounded linear operators from E; to E,. A function ¥ € C(R";B(E|,E>)) is
called a Fourier multiplier from L, (R";E;) to L, (R";E,) if the map

u— Au=F " (E)Fu, ucSR"E)
is well defined and extends to a bounded linear operator
A: L,(RE)) — L, R Ey).
The set of all Fourier multipliers from L, (R";E;) to L, (R";E,) will be denoted by
M} (E\,E,). For Ey = E; =E itis denoted by M} (E). Let ®, = {¥) € M} (E\,E»),
he Q} denote a collection of multipliers depending on the parameter /. We say that W,

is a uniform collection of multipliers if there exists a positive constant M independent
of h € Q such that

[F= |, gy < Ml e, )
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forall € Q and u € S(R;E)).

Let Ey and E be two Banach spaces and E( be continuously and densely embed-
dedinto E. Let s € R and & = (&;,&,,...,&,) € R". Consider the following Liouville-
Lions space

Hy(R":Ey,E) = {u u €S (R"Eo), F ( +E| )jFueL (R"E),

< oo,
Ly(R"E)

Let € = (&1,&,...,&) and & be positive parameters. We define the following
parameterized norm in Hy(R"; Eo,E),

_1 2\ 3
[ull s (s, 1) = 1l nsggy + [|[F (L+IE]7) " Fu
p( ) I( )

noo \2|
- T E2
||u||H° ¢ (R":EQ.E) —||”HL ®nE) T ||F 1+<28k' ék) Fu < oo
= L, (R":E)

Sometimes we use one and the same symbol C without distinction in order to
denote positive constants which may differ from each other even in a single context.
When we want to specify the dependence of such a constant on a parameter, say o, we
write Cq .

By using the techniques of [9, Theorem 3.7] and reasoning as in [19, Theorem Ag],
we obtain the following proposition.

PROPOSITION Ay. Let E| and E, be two UMD spaces and
¥, € C"(R"\{0};B(E|,E)).

Suppose there is a positive constant K such that
supk ({1¢171D7#1.(8): £ €2\ (0}, pre (0.1} }) <K
€
for

B = (Bi:B2-Ba) s 1Bl = Zﬁk

Then ¥y, is a uniform collection of multipliers from L, (R";E}) to L, (R";E>) for
p € (Lo0).
Proof. Some steps (Lemma 3.1, Proposition 3.2) of proof [9, Theorem 3.7] triv-

ially work for the parameter dependent case. Other steps (Theorem 3.3, Lemma 3.5)
can be easily shown by replacing

{1E1P DPw (€): € e R\ {0} }

with

== {16/" D7, (8): £ e RM\ {0} ]
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and by using the uniform R-boundedness of the set X,. However, the parameter
dependent analog of Proposition 3.4 in [9] is not straightforward. Let M, My €
Lle¢(R",B(E),E,)) be Fourier multipliers from L, (R";E}) to L, (R E>). Let My y
converge to My, in L'’ (R",B(E},E>)) and T,y = F~'M), yF be uniformly bounded.
Then the operator T;, = F~'M,,F is uniformly bounded, so we obtain the assertion of
Proposition Ag.
The embedding theorems in vector valued spaces play a key role in the theory of
DOE:s. For estimating lower order derivatives in terms of interpolation spaces we use
following embedding theorems from [17].

THEOREM A . Suppose E is an UMD space, 0 < & < & < oo, | <p<Lg< oo
_> <

and A is an R-positive operatorin E. Then for s € (0,00) with = |a|+n <;—) - [11

s, 0 < U < 1— s the embedding
s n. n. 1—2—
D“H} (R";E (A),E) C Ly (R"E (A'=%7H))

is continuous and there exists a constant C, > 0, depending only on [l such that

e(a) HDauHLq(R”;E(AI*X*H)) <Cu {h” el ez ek a) ) (4 [l me:e)

forall ue Hy(RME(A),E) and 0 <h < hy < .

2. FDOE with parameters in Banach spaces
Consider the principal part of the problem (1.1),
(Le+A)u=P:(D)u+Au+Au= f(x), xe R", 2.1
where P (D) is the fractional differential operator defined by

P(D)u=FP(©)i(6) = 2m) ¢ [HOR(E)a)as. @)

Rr

CONDITION 2.1.Assume P (&) € §” for some positive number m, i.e.,

14 m—|c
2

‘Dgpg (5)) <Cy |1+ (i gkﬁ5k2>
k=1

forall £ e R", oy >0, o= (0y,0,....,000) with || <m and & € (0, &]. Sup-
pose P (§) € Sy, forall & € R", 0 < ¢ < m and there is a constant ¥ > 0 such that
n

Pe ()] =7 D e l&d™.
k=1

Let
X=L,(R:E),Y = H;f (R E(A).E).

In this section we prove the following:
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THEOREM 2.1. Assume the Condition 2.1 holds. Suppose E is an UMD space,
p € (1,) and A is an R-positive operator in E with respect to @ € (0, wt|. Then for
feX, AeSy, 0< @ < —@ and @1+ @ < @ there is a unique solution u of the
equation (2.1) belonging to Y and the following coercive uniform estimate holds

Lol
Y e(@) A7 [D%ully + |Aully < CIIf]x- (2.3)

|O¢Km
Proof. By applying the Fourier transform to equation (2.1) we obtain
[P (&) +A+A1a(8) =7 (&) (2.4)

By construction A + P (§) € Sy, for all # € (0,1], & € R" and the operator
A+ A+ P (&) isinvertible in E. So, from (2.4) we obtain that the solution of equation
(2.1) can be represented in the form

u(x)=F ' [A+A+P. (&) /. 2.5)

By definition of the positive operator A, the inverse of A~! is bounded in E. Then the
operator A is a closed linear operator (as an inverse of bounded linear operator A~!).
By the differential properties of the Fourier transform and by using (2.5) we have

lAully = [F'ala+a+re@)) " 7,
1%l = [Fe i+ a+r@) 7
where X = L, (R";E). Hence, it suffices to show that operator-functions
o(e4,8) =AA+A+P (&),

0o (,2,8) = (@) A" EC A+ A+ P (E)]!

are collections of multipliers in X uniformly with respect to & € (0, &) and 4 € S, .
By virtue of [5, Lemma 2.3, for A € Sy, and v € Sy, with @ + ¢» < 7 there is a
positive constant C such that

A+v|Z=C(A|+]|v]). (2.6)
By using the positivity properties of operator A, we get that
B(A.e)=[A+A+P (&)
is bounded for all { e R", A € Sy, , & € (0, &] and
~1
1B, &) <CA+A+P(E)) -

By using Condition 2.1 and estimate (2.6), we obtain that

—1
IB(,e)[| SC(1+ A+ [P (&))" <G 1+|7t|+28k|€klm] : 2.7)
k=1
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Then by resolvent properties of positive operators and uniform estimate (2.7) we obtain

lo (e A< 1+ +PeE)A+A+PE)
<+ (A +PE)) 1+ AL+ 1P () <G,

where [ is an identity operator in E. Moreover, by using the well known inequality

n
Wiy v < (1 - Zﬁ?)
k=1

for |B| <m, yr >0 and B = (B, B, ..., Bn) forall u € E, we have

_lal
oo (€, 2, &) ullp < & () [A] 7 [EX/IB(A,0)ullg

1 1 %
<] (s,r AL ék|) 1B (A, &)ul,
k=1

< Ca (M + & éﬂ") 1B(A,€)ullg -
k=1

In view of estimate (2.7) and by Condition 2.1 we get from the above inequality
|00 (&,4,8) ullp < Collullf -

So, we obtain that the operator functions o (¢,A,&) and oy (€,A,§) are uniformly
bounded, i.e.,

HG(SaA‘ag)”B(E) < C7 HGOC (gaa‘ag)”B(E) < COC' (28)

Due to R-positivity of A, by (2.8) and by Kahane’s contraction principle [6, Lemma 3.5],
we obtain that the set {o (g,A4,&); & € R"\{0}} is uniformly R-bounded, i.e.,

supR{o (&g,1,&); &E e R"\{0}} < My.
e,A

In a similar way for B = (B1,Ba,.... Ba). Bi € {0, 1}, we obtain
R({1elP Do (e.2.8): £ c R\ {0}}) <. (2.9)
Consider the following sets
of (e.1.&) = { I[P Dl (e.2,8): & e R\ {0},
ol (2.4,8) = {1/¥' Dl (e,2,8) : & € R™\ {0} },
B= (BB ), Bie {0,1}.

In view of the R-positivity properties of operator A, due to Kahane’s contraction, addi-
tion and product properties of the collection of R-bounded operators (see e.g. [7, 23]),
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by (2.9) for all {50‘)} eR", {05 <s,k,€(j)>}, j=1.2,..p and upus,....uy € E

and independent symmetric {—1,1}-valued random variables r; (y), 4 € N we obtain
the following uniform estimate

[ Zr oot (ea.e)

Zoﬂ(eu )7 0)

dy

<cf

Q

/

R ({gﬂDgoa (e, 1,E): E € R"\{O}}) <M

Hence, we infer that the operator-valued functions o (¢,4,&) and oy (€,4,&) are uni-
form R-bounded multipliers and it’s R-bounds are independent of € and 4. By virtue
of Preposition A, the operator-valued functions o (g,4,&) and o (€,4,&) are uni-
form collections of Fourier multipliers in X. So, we obtain that for all f € X there is
a unique solution of equation (2.1) and estimate (2.3) holds.

Let O, denote the operator in X generated by problem (2.1) for A =0, i.e.,

D(0¢) C HY (R":E (A) E), Ogu= Pe (D)u+ Au.

20

E

i.e.,

Theorem 2.1 and the definition of the space H)' (R";E (A),E) imply the following
result:

RESULT 2.1. Assume all conditions of Theorem 2.1 are satisfied. Then there are
positive constants C; and C, so that

Cul|Oeully < llull g, (.2 (a) £) < C2[|Ocullx
for u € Y. Indeed, if we put A =1 in (2.3), by Theorem 2.1 we get
2 e(@)[IDullx +[|Aully < C|[Ocullx (2.10)

jaf<m

for u € Y. Due to the closedness of A and by the differential properties of the Fourier
transform, we have

lAully = |[F~

Z X ||DOCMHX = HF7

So, in view of estimate (2.10) and by definition of ¥, we obtain
””HH;’{E(R”;E(ALE) < G [|Ocul|y -
The first inequality is equivalent to the following estimate

|1F~ Adl|y -+ [|FP (£) |

k=1

1
n 2
|F~'Aal|, + ||F~" 1+<Zsk%5,3> i

X



530 V. SHAKHMUROV

So, it suffices to show that the operator functions

1

1qmy 1
AL A+ 1+<isk%§,3> , €(a)&” l+<i£k%€k2>
k=1

are uniform Fourier multipliers in X. This fact is proved in a similar way as in the proof
of Theorem 2.1.
From Theorem 2.1, we have:

RESULT 2.2. Assume all conditions of Theorem 2.1 hold. Then, for all A € So
the resolvent of operator O, exists and the following sharp uniform estimate holds

Y e(@ o et s laoern) <c @

la|<m (

Indeed, we infer from Theorem 2.1 that the operator O + A has a bounded inverse
from X to Y. So, the solution u of the equation (2.1) can be expressed as u(x) =
(Oe+A)"'f forall f€X. Then estimate (2.3) implies the estimate (2.11).

RESULT 2.3. Theorem 2.1 particularly implies that the operator O; is positive in
X. Then the operators O are generators of analytic semigroups in X for o < % (see
e.g. [20,§1.14.5]).

Now consider the problem (1.1). By using Theorem 2.1 and the perturbation the-
ory of linear operators, we have:

THEOREM 2.2. Assume all conditions of Theorem 2.1 are satisfied. Suppose

ST i
A (A~ (T5H) & L (RYB(E)) for e (071—%). Then for f € X, A € Sy,
0< @ <m— 1, 01+ @2 < ¢ and for sufficiently large |A| there is a unique solution

u of the equation (1.1) belonging to Y and the following coercive uniform estimate
holds

> e(o)|a]'” g " ID%ully + [Aully < C1 £ - (2.12)

|| <m

Proof. 1t is clear that O, = O¢ + L¢, where O; is the operator in X generated by
problem (2.1) for A =0 and

Leu= 2 e( x)D%uforuey.

lot|<m

In view of the condition on Ay (x) and by Theorem A for u € Y we have

S elw) HAl‘%‘“D“

\O(|<m

[ < Cu [P Nl .+ Nl ] @:13)

|Leully < Z e(a)||Aq (x) D%ul|x .

\O(|<m
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Then from estimates (2.12), (2.13) and for u € Y we obtain

ILeully < C [ |0eullx +H= 0~ flully] (2.14)

Since [|ully = F |(Oe +A)u+Leully for A € Sy, , we get

lullx < W[II(Ong/l)uIIXJrIIOguIIX]
1
(O +A)ullx + 2, e(@)|ID%uly + [lAully (2.15)
W W lo|<m
From estimates (2.13) — (2.15) for u € Y, we obtain
ILeully < Ch* (O +A)ully +CrIA]™ U1 [[(O + A)ully - (2.16)

Then choosing /& and A such that Ch* < 1, Cy|A|"'A=0-H) < 1 from (2.16), we
obtain that
| oo

From Theorem 2.1 and (2.17) we get that the operator (Q + A) has a bounded inverse
in X. Moreover, it is clear that

(Qe+2) " = [1+Lg(og+z)‘1] (0e+ 1), (2.18)

Le (0O +1)7" <1. (2.17)

where [ is an identity operator in X. Using relation (2.18), estimates (2.3), (2.17)
and perturbation theory of linear operators, we obtain that the operator Q¢ + A has a
bounded inverse from X into ¥ and the estimate (2.12) holds.

3. The Cauchy problem for parabolic FDOE with parameter

In this section, we shall consider the following Cauchy problem for the parabolic
FDOE
du

dt
where P (D) is the fractional differential operator defined by (2.2) and A is a linear
operatorin E, € = (&1,&,...,&,), & are positive parameters.
By applying Theorem 2.1 we establish the maximal regularity of the problem (3.1)
in E-valued mixed L, spaces, where p=(py,p). Let O, denote the operator gener-
ated by problem (2.1). For this aim we need the following result:

+P:(D)u+Au= f(t,x), u(0,x) =0, (3.1)

THEOREM 3.1. Suppose Condition 2.1 holds, E is an UMD space and operator
A is R-positive in E with 0 < @ < w— @1. Then operator O is uniformly R-positive
in L, (R:E).

Proof. From Result 2.3 we obtain that the operator O is positivein X =L, (R";E).
We have to prove the R-boundedness of the set

o(e,A,8) = {x(ogM)—l ‘A eSq,}.
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From the proof of Theorem 2.1, we have
A(Oe+2) " f=F'®(e,E Q) f, feX,

where
D(e,EA)=A(A+P(E)+ )"

By reasoning as in the proof of Theorem 2.1, we obtain the following uniform estimate
e &, M)lne) < 4[| A+ Pe§) 42071, <

By definition of R-boundedness, it suffices to show that the operator function @ (¢,&,1)
(which depends on variable A and parameters £, €) is a multiplier in X uniformly with
respect to & and €. Indeed, by reasoning as in Theorem 2.1 we can easily show that
®(g,&,A) is auniform multiplier in L, (R; E) . Then, by the definition of a R-bounded

set we have
1
0

1
/ Z”J i (Oe+Aj)" Z Flo(e,&,0) f
0 J=1

:/1 dy<C/§

forall £ €R", 21,22,.... Am € S, fi,fos-wr fn € X, mE N, where {rj} is a sequence
of independent symmetric {—1,1}-valued random variables on [0, 1]. Hence, the set
®(g,&,A) is uniformly R-bounded.

Let E be a Banach space. For p = (p, p1), Z = Lp (R}"";E) will denote the
space of all p-summable E -valued functions with mixed norm, i.e., the space of all
measurable E-valued functions f defined on R”*! for which

dy
X

X

12”1 @ (e,8,4)) f

j—

rL
P
1 epey = | [ /Hf (t)|bdx | ar| <.
Rt \0
Let E be a Banach space and A be a positive operator in E. Suppose, / is a pos-
itive integer. Wlﬁ (0,00;E (A) ,E) denotes the space of all functions u € L, (0,%0;E (A))
possessing the generalized derivatives u(!) ¢ Ly (0,00; E) with the norm

ullwi(0.co:a) ) = 11421, (0 coik) +H Lp(0.0oiE)

Let m be a positive number. Wpl’m (R’fl ;E(A)E ) denotes the space of all functions
u€ Ly (R E(A)) possessing the generalized derivative Dju = 9% € Z with respect
to y and fractional derivatives D%u € Z with respect to x for |¢t| < m with the norm

Z HD u||Z7

Z  lal<m

du
H”HWPIM(RHIE( )E) = [[Aull, + dr
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where u = u(t,x).
Now, we are ready to state the main result of this section.

THEOREM 3.2. Assume the conditions of Theorem 2.1 hold for ¢ € (%7 n). Then
for f € Z problem (3.1) has a unique solution

ueW," (RI*E(A),E)
satisfying the following unform coercive estimate
' du

Proof. By definition of X = L, (R";E) and mixed space L, (Rfl;E) ,P=(p,p1),

2|l T+ I1Pe (D) ullz + [|Aullz < ClIfllz-
z
we have

1

Py

- a1 -
il 0 = | [ MR | = | [N
0 0

1
Pl

P1
J2
/([ = Jull-
R" \0
Moreover, by definition of the space W} (0,00;E (A),E) and by Result 2.1, we obtain

/!
H”HW,}I (0,0;,D(0¢ ) ,.X) — HOSMHL,,(O,oo;X) + H” HLP(O,OQ;X)
= [|Aull + | Dyull; + Y [IDYull,

|or|<m

= lullygim gty ), (3.2)

Hence, we deduced from the above equalities that,
2= Ly (RISE) = Ly, (0,0:X), Wi (RIE (4), )
=W, (0,5:D(0),X).

Therefore, the problem (3.1) can be expressed as the following Cauchy problem for
the abstract parabolic equation

d—+0£u() f(t), u(0)=0,1¢€(0,). (3.3)

By virtue of [1, Theorem 4.5.2], the condition £ € UMD implies X € UMD
for p € (1,). Then due to the R-positivity of O, and by virtue of [23, Theo-
rem 4.2], we obtain that for f € L, (0,%0;X) equation (3.3) has a unique solution
ue Wpln (0,00;D(0¢),X) satisfying the following uniform estimate

0l (0) < CI S, 0eox) -

Hdl Lp, (0.00:X)
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From the Theorem 2.1, relation (3.2) and from the above estimate we get the
assertion.

4. BVP for anisotropic FDE

In this section, the maximal regularity properties of the anisotropic FDE is studied.
Let Q =Q x R”, where Q C R* is an open connected set with compact C% -
boundary dQ. Consider the BVP for the FDE

Pe(D)u+ Y, (baDI+A)u=f(xy),y€Q, 4.1)
lor|<21

Bju= Z big (y)DEu (x,y) =0,xeR", 4.2)
IBI<;

yeaQ, j=1,2,..,1,
where u = u(x,y), Pg (D) is the fractional differential operator defined by (2.1),

J
Di=—i—,y= Sy ,boy=0b s
j l&yj y (yl yu) o o (y)

a=(on,00,...,04), B=(Bi,B....,Bu) are nonnegative integer numbers, and & =
(€1,€,...,€,) and & are positive parameters. For Q = R" x Q, p=(py,p) here,
Lp (©) will denote the space of all p-summable scalar-valued functions with mixed
norm i.e., the space of all measurable functions f defined on Q, for which

A
r1

11l () = / /|f wy)Prdx | dy| <o

Rn

Analogously, Wp" 2 (Q) denotes the anisotropic fractional Sobolev space with corre-
sponding mlxed norm, i.e., Wy"*' () denotes the space of all functions u € Ly ()
possessing the fractional derivatives DZu € Ly, (Q) with respect to x for |a| < m and

. . 2 A\ .
generalized derivative % €Ly (Q) with respect to y with the norm
k

22y
21
y;

||u|| i ( Z ||Dau||L( Q) Z
=1

[ <m

Lp(Q)
Let Q denote the operator generated by problem (4.1) — (4.2), i.e

D(Q) = w2 (Q,B;) = {u cue W (Q), Bju=0, j= 1,2,...1},

Qu="P:(D)u+ Y, baDu.

lor|<21
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Let él = (517527...,5“,1) GRu_17 o = ((X],OCQ,...,(Xufl) € Z* and

a1 _
A (y07§/7Dy) = 2 Ao! (y()) 52 IR ﬁllDL fOfyO eG
[o/|+j<2l

B;(vo,&'.Dy)= Y, big (v 51152 - ﬁﬁ” IDJ for yo € dG.
IB'I+i<l;

CONDITION 4.1. Let the following conditions be satisfied:

(1) by €C (Q) for each |ar| = 21 and by € Lo, (Q)+ L, () foreach |o =k < 21
with r; > p1, p1 € (1,%0) and 2] —k > rl—k;

(2) bjp € C¥71i (9Q) foreach j, B, 1; <2l, p€ (1,0), L €Sy, ¢ €[0,7);

(BforycQ,E€R*, 6 €Sy, e (0,%), |E|+]o]|#£0leto+ ¥ b (y)E%#
0 loc|=21

(4) for each yy € dQ local BVP in local coordinates corresponding to yo,

A +A(y0,8',Dy) 0 (y) =0,
Bj(y0,&',Dy) 0 (0)=hj, j=1,2,...,1

has a unique solution & € Cy (0,e0) for all & = (hy,hy,...,h;) € C' and for & € R*"1.

Suppose v = (v1,Vs,...,V,) are nonnegative real numbers. In this section, we
present the following result:

THEOREM 4.1. Assume Condition 2.1 and Condition 4.1 are satisfied. Then for
FELy(Q), 2 €Sy, ¢ € (0, n], problem (4.1) — (4.2) has a unique solution u €

m,2l

Wy (Q) and the following coercive uniform estimate holds

n Vi v
Y TTe W% 1Dkl @)+ 3 D%l @) < €Iy a)-

V|<mk=1 |o|<21

Proof. Let E =Ly, (). It is known [4] that L,, (Q) is an UMD space for
p1 € (1,00). Consider the operator A defined by
D(A) =W, (QBju=0), Au= Y bg(x)D%u(y).
<21
Therefore, the problem (4.1) — (4.2) can be rewritten in the form of (2.1), where
u(x) =u(x,.), f(x) = f(x,.) are functions with values in E = L, (Q). From [6,
Theorem 8.2] we get that the following problem

u()+ Y, ba(y)D%u(y)=f(y), (4.3)
<2t
Bu= Y big(y)DPu(y)=0,j=1,2,..,1
IBI<L;

has a unique solution for f € L,, (Q) and arg € S(¢1), |n| — . Moreover, the
operator A generated by (4.3) is R-positive in L,, . Then from Theorem 2.1 we obtain
the assertion.
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5. The system of FDE of infinite many order

Consider the following system of FDEs
N
Pe(D)ui+ Y, (aij+A)uj(x) = fi (x), x €R", (5.1)

j=1
i=1,2,...,N, N€l,o,

where P: (D) is the fractional differential operator defined by (2.2), € = (€1,&,...,&,)
and g are positive parameters. Let a;; be real numbers and

1,(4) ={ €l ull a) = lAu],

1

() -5l <)

N
u={u;}, Au= {Za,;,»uj}, i, j=1,2,..,N.
=1

>

N
Eaijuj

Jj=1

CONDITION 5.1. Let

N
dajj = aji, Z Llijéiéj >C0|€‘2 fOI'é 750

ij=1
Let
N N
FE) =L/ u={u ()}
THEOREM 5.1.. Assume that the Condition 2.1 and Condition 5.1 are satisfied.
Then, for f(x) € L, (R";1,), |argA| < @, ¢ € (0, x| and for sufficiently large

problem (5.1) has a unique solution u € H)' (R",1;(A),ly) and the following uniform
coercive estimate holds

P

S e(o) Al /(i}l)auj(x)}qydx v

‘O{l<m R® J=1
L 1 p 7
N |N q\ g r N q r
/ D Za,,u, dx| <C / D@ dx
wn \i=1[j=1 wn \i=1

Proof. Let E =1, and A be a matrix such that A = [g;], i, j=1,2,...,N. Itis
easy to see that
BA)=2A2(A+A)" = A [Aji(A)], i, j=1,2,..N
= _D(l) ji L, j=1,2,...N,
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where D (A) =det(A—AI), Aj;i (A) are entries of the corresponding adjoint matrix of
A — Al Since the matrix A is symmetric and positive definite, it generates a positive
operator in [, for g € (1,%0). For all uj us,...,uy € ly, A1,2A2,...,A4 € C and inde-
pendent symmetric {—1, 1}-valued random variables r; (y), k=1,2,....,u, u € N we
have

u q
[ 208G
aQ k=1
N
</ 2

< supz

kljl

Z‘I
q
jl Ak)rk()’)uki dy

I M‘:

Jl sz

u
/Z y)ugj| dy. (5.2)

Since A is symmetric and positive definite, we have

supz Aji lk) <C.
ki j=1
From (5.2) and (5.3) we get
u q u q
J|Zr0B00m| av<c [|Xn0mu| ar
o =1 ! o k=1 .
q q

i.e., the operator A is R-positive in /,. From Theorem 2.1, we obtain that problem
(5.1) has a unique solution u € Hy' (R";1,(A),ly) for f € L, (R";1,) and the following
estimate holds

Y e(e)]A” D%l p(Ertg) T IAU L gy SM AL, (o) -

<

From the above estimate we obtain the assertion.
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