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EXTENSIONS OF HIAI TYPE LOG–MAJORIZATION INEQUALITIES

JIAN SHI ∗ AND DAN ZHAO

(Communicated by J.-C. Bourin)

Abstract. In this paper, we will obtain several log-majorization inequalities via Furuta inequali-
ties with negative powers, which extends the related results before.

1. Introduction

Throughout this paper, a capital letter, such as T , stands for an n× n complex
matrix. We write T > O if T is positive definite.

Recall that for X ,Y > O , the log-majorization X ≺log Y means that⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

k

∏
i=1

λi(X) �
k

∏
i=1

λi(Y ), k = 1,2, · · · ,n−1;

k

∏
i=1

λi(X) =
k

∏
i=1

λi(Y ), k = n,

where λ1(X) � λ2(X) � · · · � λn(X) are the eigenvalues of X in decreasing order
counting multiplicities.

Recently, F. Hiai proved two beautiful log-majorization inequalities in [1] as fol-
lows.

THEOREM 1.1. ([1]). Let r,z > 0 with α > 1 .
Put

Qα ,z(A,B) = (B
1−α
2z A

α
z B

1−α
2z )z (1.1)

and
Pα ,r(A,B) = {B 1

2r (B− 1
2r A

1
r B− 1

2r )αB
1
2r }r. (1.2)

If z/r � max{α/2,α −1} , then Qα ,z(A,B) ≺log Pα ,r(A,B) for every A,B > 0 ;
If 0 < z/r � min{α/2,α−1} , then Pα ,r(A,B)≺log Qα ,z(A,B) for every A,B > 0 .

In this paper, we will obtain several log-majorization inequalities via Furuta in-
equalities with negative powers, which extends Theroem 1.1.

In order to prove the main result, here, we introduce a famous operator inequality
— Furuta inequalities with negative powers as follows.
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THEOREM 1.2. (Furuta inequalities with negative powers, [2]). If A � B � O
with A > O, 0 < p � 1 and 0 < q � 1 , −1 � r < 0 , then

(A
r
2 BpA

r
2 )

1
q � A

p+r
q (1.3)

holds as long as real numbers p,q,r satisfy

−r(1−q) � p � q− r(1−q) (1.4)

and one of the following two conditions :

1
2

� q � 1 (1.5)

or

0 < q <
1
2
,

−r(1−q)−q
1−2q

� p � −r(1−q)
1−2q

. (1.6)

By further discussion, C. Yang et al showed several forms of Furuta inequality
with negative powers in [3]. Here, we list two forms related to the main results as
follows.

THEOREM 1.3. ([3]). For A � B � 0 with A > 0 , the following results hold.

(Form I) If 1 � t > p � 0 , 1
2 � p, then A−t � (A− t

2 BpA− t
2 )

−t
p−t ;

(Form II) If 1 � t > p � 1
2 , then A2p−1−t � (A− t

2 BpA− t
2 )

2p−1−t
p−t .

Although the proof of Theorem 1.3 is shown in [3], here we give a sketchy intro-
duction of the proof for the convenience of the reader as follows.

Put r = −t and q = p−t
−t in Theorem 1.2. Together with (1.4) and (1.5), which are

equivalent to 1 � t > t
2 � p � 0, we can obtain (1.3), which is just A−t � (A− t

2 BpA− t
2 )

−t
p−t ;

Together with (1.4) and (1.6), which are equivalent to 1 � t > p > t
2 � 0 and p � 1

2 ,
we can also obtain (1.3). Therefore, (Form I) in Theorem 1.3 holds.

Put r = −t and q = p−t
2p−1−t in Theorem 1.2. Together with (1.4) and (1.6),

which are equivalent to 1 � t > p � 1
2 , we can obtain (1.3), which is just A2p−1−t �

(A− t
2 BpA− t

2 )
2p−1−t

p−t . Therefore, (Form II) in Theorem 1.3 holds.

2. Main Results

In this section, we will show the extensions of Hiai type log-majorization inequali-
ties, which are equivalent to the two forms of Furuta inequalities with negatives powers.

THEOREM 2.1. If r > 0 , p � 1
2 , 0 � p < t � 1 , 0 < θ � 1 and α > 1 , then

Pα ,r(A,B) �log Q̃α ,p,r,t,θ (A,B) (2.1)

holds for every A,B > O, where

Q̃α ,p,r,t,θ = {B− tθ
2r [B

t
2r (B− 1

2r A
1
r B− 1

2r )pαB
t
2r ]−

tθ
p−t B− tθ

2r }−
r(p−t)

ptθ . (2.2)



EXTENSIONS OF HIAI TYPE LOG-MAJORIZATION INEQUALITIES 565

Furthermore, (2.1) is equivalent to Form I of Furuta inequality with negative powers.

Proof. First, we prove that (2.1) can be obtained by Form I of Furuta inequality
with negative powers.

We only neeed to prove that Pα ,r(A,B) � I ensures that Q̃α ,p,r,t,θ (A,B) � I .
Pα ,r(A,B) � I means that

(B− 1
2r A

1
r B− 1

2r )α � B− 1
r . (2.3)

Put B1 = (B− 1
2r A

1
r B− 1

2r )α , A1 =B− 1
r . By Form I of Furuta inequality with negative

powers,

A−tθ
1 � (A− t

2
1 Bp

1A
− t

2
1 )−

tθ
p−t (2.4)

holds for p � 1
2 , 0 � p < t � 1 and 0 � θ � 1.

It follows that
B

tθ
r � [B

t
2r (B

−1
2r A

1
r B

−1
2r )pαB

t
2r ]−

tθ
p−t , (2.5)

which is equivalent to that

B− tθ
2r [B

t
2r (B− 1

2r A
1
r B− 1

2r )pαB
t
2r ]−

tθ
p−t B− tθ

2r � I. (2.6)

Then Q̃α ,p,r,t,θ (A,B) � I holds obviously.
Next, we prove that Form I of Furuta inequality with negative powers can be de-

rived from (2.1).
Notice that Pα ,r(A,B) � I ensures that Q̃α ,p,r,t,θ (A,B) � I . Because Pα ,r(A,B) � I

is equivalent to (2.3) and Q̃α ,p,r,t,θ (A,B) � I is equivalent to (2.5).

Put θ = 1, B = A−r
1 and A = (A− 1

2
1 B

1
α
1 A

− 1
2

1 )r in (2.3) and (2.5). We can obtain
that A1 � B1 ensures that

A−t
1 � (A− t

2
1 Bp

1A
− t

2
1 )−

t
p−t (2.7)

for p � 1
2 and 0 � p < t � 1, which is just Form I of Furuta inequality with negative

powers. �

COROLLARY 2.2.. If r > 0 , 1
α < t � 1 , 0 < θ � 1 and α � 2 , then

{B 1
2r (B− 1

2r A
1
r B− 1

2r )αB
1
2r }r �log {B− tθ

2r (B
t−1
2r A

1
r B

t−1
2r )−

αtθ
1−αt B− tθ

2r }− r(1−αt)
tθ

holds for every A,B > O.

Proof. Put p = 1
α in Theorem 2.1. �

COROLLARY 2.3. If r > 0 , 0 < θ � 1 and α � 2 , then

{B 1
2r (B− 1

2r A
1
r B− 1

2r )αB
1
2r }r �log {B− θ

2r A
− αθ

r(1−α) B− θ
2r }− r(1−α)

θ

holds for every A,B > O.

Proof. Put t = 1 in Corollary 2.2. �
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THEOREM 2.4. If r > 0 , 1 � t > p � 1
2 , 0 < θ � 1 and α > 1 , then

Pα ,r(A,B) �log Q̂α ,p,r,t,θ (A,B) (2.8)

holds for every A,B > O, where

Q̂α ,p,r,t,θ = {B θ (2p−t−1)
2r [B

t
2r (B− 1

2r A
1
r B− 1

2r )pαB
t
2r ]

θ (2p−t−1)
p−t B

θ (2p−t−1)
2r }

r(p−t)
p(2p−t−1)θ . (2.9)

Furthermore, (2.8) is equivalent to Form II of Furuta inequality with negative powers.

Proof. First, we prove that (2.8) can be obtained by Form II of Furuta inequality
with negative powers.

We only neeed to prove that Pα ,r(A,B) � I ensures that Q̂α ,p,r,t,θ (A,B) � I .
Pα ,r(A,B) � I means that

(B− 1
2r A

1
r B− 1

2r )α � B− 1
r . (2.10)

Put B1 = (B− 1
2r A

1
r B− 1

2r )α , A1 =B− 1
r . By Form II of Furuta inequality with negative

powers,

A(2p−1−t)θ
1 � (A− t

2
1 Bp

1A
− t

2
1 )

(2p−1−t)θ
p−t (2.11)

holds for 1
2 � p < t � 1 and 0 � θ � 1.

It follows that

B− (2p−1−t)θ
r � [B

t
2r (B− 1

2r A
1
r B

−1
2r )pαB

t
2r ]

(2p−1−t)θ
p−t , (2.12)

which is equivalent to that

B
θ (2p−t−1)

2r [B
t
2r (B− 1

2r A
1
r B− 1

2r )pαB
t
2r ]

θ (2p−t−1)
p−t B

θ (2p−t−1)
2r � I. (2.13)

Then Q̂α ,p,r,t,θ (A,B) � I holds obviously.
Next, we prove that Form II of Furuta inequality with negative powers can be

derived from (2.8).
Notice that Pα ,r(A,B) � I ensures that Q̂α ,p,r,t,θ (A,B) � I . Because Pα ,r(A,B) � I

is equivalent to (2.10) and Q̂α ,p,r,t,θ (A,B) � I is equivalent to (2.12).

Put θ = 1, B = A−r
1 and A = (A− 1

2
1 B

1
α
1 A

− 1
2

1 )r in (2.10) and (2.12). We can obtain
that A1 � B1 ensures that

A2p−t−1
1 � (A− t

2
1 Bp

1A
− t

2
1 )

2p−t−1
p−t (2.14)

for 1
2 � p < t � 1, which is just Form II of Furuta inequality with negative powers. �

COROLLARY 2.5. If r > 0 , 1
α < t � 1 , 0 < θ � 1 and 1 < α � 2 , then

{B 1
2r (B− 1

2r A
1
r B− 1

2r )αB
1
2r }r �log {B

θ (2−tα−α)
2rα (B

t−1
2r A

1
r B

t−1
2r )

θ (2−tα−α)
1−tα B

θ (2−tα−α)
2rα }

rα(1−tα)
θ (2−tα−α)

holds for every A,B > O.

Proof. Put p = 1
α in Theorem 2.4. �
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COROLLARY 2.6. If r > 0 , 0 < θ � 1 and 1 < α � 2 , then

{B 1
2r (B− 1

2r A
1
r B− 1

2r )αB
1
2r }r �log {B

θ (1−α)
rα A

2θ
r B

θ (1−α)
rα } rα

2θ

holds for every A,B > O.

Proof. Put t = 1 in Corollary 2.5. �

REMARK. Put θ = − r(1−α)
z in Corollary 2.3, and put θ = rα

2z in Corollary 2.6,
they are just the first part of Theorem 1.1.

THEOREM 2.7. If z > 0 , p � 1
2 , 0 � p < t � 1 and α > 1 , then

Qα ,z(A,B) �log P̃α ,p,t,z(A,B) (2.15)

holds for every A,B > O, where

P̃α ,p,t,z(A,B) = {Bt(α−1)
2z (B

t(1−α)
2z A

α p
z B

t(1−α)
2z )−

t
p−t B

t(α−1)
2z }− z(p−t)

pt . (2.16)

Furthermore, (2.15) is equivalent to Form I of Furuta inequality with negative powers.

Proof. First, we prove that (2.15) can be obtained by Form I of Furuta inequality
with negative powers.

We only neeed to prove that Qα ,z(A,B) � I ensures that P̃α ,p,t,z(A,B) � I .
Qα ,z(A,B) � I means that

B
1−α
2z A

α
z B

1−α
2z � I. (2.17)

It follows that
A

α
z � B

α−1
z . (2.18)

Put B1 = A
α
z , A1 =B

α−1
z . By Form I of Furuta inequality with negative powers,

A−t
1 � (A− t

2
1 Bp

1A
− t

2
1 )−

t
p−t (2.19)

holds for p � 1
2 , 0 � p < t � 1.

It follows that
B− t(α−1)

z � (B
t(1−α)

2z A
pα
z B

t(1−α)
2z )−

t
p−t , (2.20)

which is equivalent to that

B
t(α−1)

2z (B
t(1−α)

2z A
pα
z B

t(1−α)
2z )−

t
p−t B

t(α−1)
2z � I. (2.21)

Then P̃α ,p,t,z(A,B) � I holds obviously.
Next, we prove that Form I of Furuta inequality with negative powers can be de-

rived from (2.15).
Notice that Qα ,z(A,B) � I ensures that P̃α ,p,t,z(A,B) � I . Because Qα ,z(A,B) � I

is equivalent to (2.18) and P̃α ,p,t,z(A,B) � I is equivalent to (2.20).
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Put B = A
z

α−1
1 and A = B

z
α
1 in (2.18) and (2.20). We can obtain that A1 � B1

ensures that
A−t

1 � (A− t
2

1 Bp
1A

− t
2

1 )−
t

p−t (2.22)

for p � 1
2 and 0 � p < t � 1, which is just Form I of Furuta inequality with negative

powers. �

REMARK. If we put p = z
r · 1

α and t = z
r · 1

α−1 , then Theorem 2.7 is just the second
part of Theorem 1.1.

Acknowledgements. The authors thank anonymous reviewer for valuable com-
ments and suggestions on the manuscript. The corresponding author Jian Shi is sup-
ported by Natural Science Foundation of China (No. 11702078, 61702019) and NSF
of Hebei Science Foundation (No. A2018201033).

RE F ER EN C ES
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