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A NEW FRACTIONAL ORDER POINCARE’S
INEQUALITY WITH WEIGHTS

FARMAN MAMEDOV, NAZIRA MAMMADZADE AND LARS-ERIK PERSSON*

(Communicated by S. Varosanec)

Abstract. We derive a new Sawyer’s type sufficient condition for the fractional order Poincare
inequality with weights

([0~ Fralvwas) < ([[1760)- 07 oc)avay)
Q QxQ

to hold in a non-regular domain Q C R" of finite volume, where @ (x,y) = [x—y|™"~*P ap(x,y),
O<a<l,gzp>1, feC(Q), and v(-), o(-,-) are positive measurable functions such that

o' P (x, )" () EL(Q) ae. xeQ and va— 5 ffvdx

1. Introduction

The aim of this paper is to further investigate the fractional order weighted Poincare’s
inequality

([ 150 Fualoviar)” <c ( /\f foF ot ). )
Q

in a bounded domain Q for ¢ > p > 1 and a continuous function f € C(Q). In this

inequality v, @ are positive measurable functions, € is a finite volume non-regular

domainin R",n > 1 and f,q = ﬁ [ f(x)v(x)dx. It is a well-known open Problem
' Q

to find necessary and sufficient conditions on the weights v =v(x) and @ = ®(x,y) so
that (1) holds in very simple domains (see the book [25] and the references therein).
However, such kind of inequalities and sufficiency conditions on a domain Q ( e.g.
c-John domain, a domain satisfying fat condition on its complementary set, measure
density condition domains, etc.) are subject of many studies. Fractional inequalities
have important applications e.g. in the study of Brownian motion, in the censored stable
processes, in the investigation of transience and boundary behavior of the underlying
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Levi and Markov processes, where the right hand side of the inequalities appears in a
Dirichlet form (see, e.g. [3, 9, 19, 21, 36]). One important reason for that is that such
inequalities find application in interpolation theory, boundedness of maximal function
in Lorentz spaces, and in the study of compactness problems for non-smooth domains.

We continue by giving an elementary background of this type of inequalities. The
Hardy inequality on finite interval (0,/) reads

X

! !
G o) as< (S25)" [ rwrax @
o 0 0

where f is a positive measurable function on (0,/) and p > 1. The constant (%)p is
sharp and nowadays it is also known that the integral on the right hand side in (2) can
! p=t
be replaced by [ f(x)?[1— (%) 7 |dx.
0
After the change of variable y =/ —x in the left hand side of (2) we get that it is
equal to

Jits fronttor [ o [ o

where g(1) = f(I —t). Changing again the variable = [ — s on the right hand side of
(2), we find that it is equal to

l l

1
(p%l)”o/f(wpdzz (p%l)”o/f(z—sy’ds: (;%)po/g(”pds‘

Therefore, by (2), it yields that

l

! ]
0/(%/8(5)615>de< (%)po/g(s)pds. 3)

y
Let u be an absolutely continuous function on R, satisfying that #(0) = u(/) = 0. Then

+ I
e e N L ST

By now applying the triangle inequality of norms together with the inequalities (2) and
(3) we get the inequality

! !
O/‘x(lz(f)x) [lar< (l(pzf 1))170/”/(")”‘” 4)
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for all absolutely continuous functions u(x) on the interval (0,7), with u(0) =u(l) =0.
J. Necas, in [34], proposed the following extension of (4) for any n dimensional
bounded Lipschitz domain € for p > 1:
NI

J de%(mywwx, fecy(Q), )

where Vf denotes the gradient of f. Moreover, for a fractional scale o € (0,1) exten-
sion of (5), it was suggested the following modeling inequality

P () = fW)IP
| Gt omm e < Cora® | e

QxQ

dxdy, op>1, (6)

where dist(x,dQ) denotes the distance from x to the boundary dQ of Q.

In general, inequality (6) does not hold in non-regular domains. If op < 1, then
there are examples showing that such inequality fails even for smooth domains (see
e.g. [12, 39]). For this inequality to hold in Lipshitz domains see [4, 10] and for fat
complementary condition domains see [&].

Another extensions of Hardy’s inequality (4) was concentrated around its follow-
ing fractional order analogue. If n > 1, 0 < o < 1, then the inequality

/|J|Z§|’2pp dx < Cn,a,p/ dedy (7)
Q axQ

|x_y|n+ocp

holds for all f € C3(Q) inthecase 1 < p < Z, and forall f € Cy(Q\{0}) in the case
p > - Note that the domain in this inequality need not to be bounded or smooth (for
the case 1 < p < % of this inequality see also [28] and [27, Theorems 1, 3 ]). For a
more exact description of the history and current status of such fractional order Hardy
inequalities we refer to Chapter 5 of the new book [25], see also the references therein.

The first study of fractional order Hardy’s type inequalities (7) was started in [17,
20] and after that such research was continued e.g. in [6, 7, 16, 18, 22, 23, 24, 26, 40]
-essentially in one-dimensional cases. An essential use on boundedness and derivative
identities for Hardy’s operator and its conjugate was made in those studies. For the
inequality (7) see also R.L. Frank and R. Seiringer [14, Theorem 1.1] for exact constant
problem, B.Dyda and A.V. Vahakangas [13, Corollary 2] for a generalization of |x|~*?
to regularly varying functions.

There are many generalizations of (7) to the general weighted cases. See Chapter
5 of the book [25] and the references therein. Moreover, it is still an open problem
to find necessary and sufficient conditions on the weights v(x) and @(x,y) so that the
weighted version of (7) holds even in the one-dimensional case (see p.295 in [25]).
Our study in this paper concerns Poincare’s inequality in non-regular domains. We
refer to R. Hurri-Syrjanen and her coauthors concerning the fractional order Poincare’s
inequality in the ¢-John domains (see [37, 38])

(!f(x)—fglq*dx)"l* <c g/é%dxdy)‘l’, ®)
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where 0 < o < 1, I%— ql* =% and fg = ﬁ J f(x)dx. See also [11]. For this inequality
Q

to hold in smooth domains see V.G. Mazya and T.O. Shaposhnikova [32, 33].

In this paper we are influenced by some ideas from [27, 28, 30, 31]. However, we
derive a much more general inequality which, in particular, do not use Muckenhoupt’s
condition A... This allows us to consider more general weights and we can avoid ad-
ditional difficulties with checking the weight assumptions in order to derive effective
sufficient conditions. The obtained much weaker condition (10) below on the pair of
weights v(x) and @(x,y) in Theorem 1 could be considered as a Sawyer’s type condi-
tion for fractional order Poincare’s inequality (1). Another essential fact is that in our
conditions we do not use integration over all balls, instead we only need to consider
the parts contained in domain € (see e.g. Theorem 1). Note especially the Poincare-
Sobolev type inequalities play a fundamental role in the study of qualitative properties
of partial differential equations (especially [15] and also e.g. [1, 2, 29, 30]).

The main result of this paper (Theorem 1) is presented in Section 2. Moreover,
some applications, comparisons with related results and remarks can be found there.
The detailed proof of the main result is given in Section 3.

2. The main result with applications

In this paper we use the following notation:

By C,Cy,(,,... we denote different constants that may change the values, which
are unessential for purposes of the paper, at each appearance.

By Q we denote an open domain in R” and by Q(x,r) we denote the Euclidean
ball with center x and radius . For a measurable set E C R" the |E| denotes its Leg-
esgue measure. For a measurable function v and measurable set E, v(E) denotes the
integral of this function over the set E, i.e. v(E) = [;v(x)dx. C(Q) denotes the class
of continuous functions in Q.

DEFINITION 1. For a domain Q we define oq as the system of balls:
oo ={0=0(1:xeQ,0<1<a@)}. )
The main result of this paper reads:

THEOREM 1. Main) Letg>p>1,neZ,,0<a <1 and Q C R" be a domain
with finite volume. Suppose that the positive measurable functions v(x),®(x,y) are
such that

v(), 0P (x, )V () ELIQ)  ae x€Q,

where ®(x,y) = |x—y| "~ *Pay(x,y).
Then for the inequality (1) to hold Vf € C(Q) it is sufficient that

!

|Q;WQ| (//w(xO’)l_p,V()’)pldxdy)l/p, < A( / V(X)dx>l/q (10)
onQ

onQ
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for some A > 0 and for all Q € og, where, in (1), the constant C = CoA with Cy
depending only on n,p and q.

Observe that we do not require that the non-regular domain € a priory satisfy any
regularity condition like the conditions (11) or (12) below.

Let the bounded domain € C R" satisfy the following measure density condition:
there exists a constant § > 0 such that

0NQ| > 4|0 (1D

for any ball Q € og.

Inserting in Theorem | v(x) =1, 0 = |x —y| "% with 0 < o < 1 we get the
following assertion for such domains. We remark that this fact is usually deduced from
the extension assertion by Y. Zhou [41]. However, Corollary 1 gives a direct proof (cf.
also [11]).

COROLLARY 1. Letn€Z+,0<Oz<ll<p<a,n -l-q——OandQCRn
be a domain with finite volume and satisfying property (11). Then the inequality (8)
holds for any function f € C(Q).

Concerning this inequality in smooth domains see e.g [27, 32]. It is extended to
the c-John domains by R. Hurry-Syrjanen, B. Dyda et al. [11, 37, 38]. Moreover, J.
Bourgain, H. Brezis, and P. Mironescu even found the optimal constant C in (8) when
Q is a cube, see [5, Theorem 1].

Let s > 1, Q be a domain satisfying the following property: there exists a ¢ > 0
such that for any Q € ogp it holds that

0NQ| > cdp- (12)

Inserting in Theorem 1 v(x) =1, o(x,y) = [x—y| " % ie. wy(x,y) =1 with
0 < a <1 we get the following statement for a domain Q satisfying condition (12).

COROLLARY 2. Let n€Zy, 0<a<1,1<p< 2l &2y 0 gnd

Q C R" be a finite volume domain satisfying (12). Then the inequality

1

(fisr-aftan)* <[] MR ana)

holds for any function f € C(Q), with fo = %‘ff(x) dx.
Q
Itis easily seen that the exponent of maximal integration for domains with property
(12) fall down if to consider the domains with s > 1, i.e. § = % < gy =
ﬁ and equals to the Sobolev’s power for s = 1. This result extends (8) to domains
satisfying (12) covering those obtained by H. Surjanen for s-John domains.
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REMARK 1. Using our approaches in this paper we can produce the Poincare’s
type inequality (1) under the condition

IQ%(/V‘I’Q;(//wl‘l"(x,y)dxdy)”l’ <A (13)
(0] 0xQ

for the pair of weights v(x) € Aw and ®(x,y) := [x —y| "~ *Pay(x,y), exponents g >
p > 1 and the domain satisfying condition (11)(cf. [27, Theorem 3] ). Inserting in
it g=p>1,v=dist(x,0Q)" %, w(x,y) = |x—y|7"*" and assuming the following
estimate VQ € oq on John domains

/ dist(x,0Q)~dx < CO'~ %,
0

we obtain the inequality

/() — fua () = F )P

P
———dx<C Q
dist(x, 0Q)er < Cupal€) / |x — y|rtor
Q QxQ

dxdy, 1<op<n, (14)

for those domains. For that we will invoke Whitney decomposition technique dividing
each cube into sufficiently small dyadic sub-cubes (see e.g. [37, p. 391]).To check that
v € Ay, in addition, we use the elementary inequality

/ dist(x, 0Q)“Pdx < CO'* %
0

3. Proof of Theorem 1

Proof. Let the fixed number a € R be such that

1
min{aER: v({xeQ: f(x) <a})} > EV(Q). (15)
We denote Qy = {x€ Q: f(x) >a+ a} for a > 0. Note that Q,, is an open set
since f is continuous. It is clear that

1
v({x eQ: f(x)> a}) > EV(Q).

Let y be a sufficiently small positive number that will be specified later. Suppose
that o > 0 is a fixed number such that €, is nonempty. Choose a connected component
QL CQy (j=1,2,...). We denote the parts of Q34 and Qy, contained in Qf, by
Q34 ; and L4 j, respectively (the sets Q34 ; and €, ; may be disconnected).
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Let the set Q3¢ ; C QJ, be nonempty.
For any fixed point x € 3, ; there exists a ball O = Q (x,p(x)) such that

v(ene\ak) = wiena). (16)

Indeed, if 0 < y < 1, then the continuous function
1 .
F(r) = ;v(Q(x,t)ﬂQ\Qé) —v<Q(x,t)ﬁQ>7 t>0,

is negative for sufficiently small 7 >0 since x is an interior point of €234 ;. In view
of our choice of a from (15), F(t) is positive for = d(Q):

Fd(Q)) = %v(Q (x,d()) ﬂQ\QQ) - v<Q (x,d(Q)) mg)

= %/V(Q) — V(Q (x,d(Q)) ﬂQ) = (%/— 1) v(Q) >0.

By applying Cauchy’s theorem, we find that
F(t") =0 for somer* € (0,d(Q)),
so setting p(x) =¢* we can conclude that (16) holds.

DIt
v(QNQ34,7) < W(QNQ), (17)

then by using (16) it follows that
V(0NQ) =v (QmQ\QQ) Ty (ng)
<p(enQ)+v(0nal).
This fact and (17) yield that

Y

V(QOQ&X,j) < —y

y (ngz{;) . (18)

2) Now, let
V(0NQs45) > (QNQ). (19)

Then at least one of the following conditions holds:

1
a) |0NQyq ZE\QOQ| (20)

or
1
b) 1QNQ\ Q20| > 710N Q. @
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Assume that a) is satisfied. Then, by using (16) and (20), we get that

/ v(y)dy / dx?%V(QﬂQ)\QOQL
one\Q/, ONq,j

Therefore,

YV(Qﬂé)\QOQ\ / < / V(y)dy>dx.

N0 ona\Q;
Applying Holder’s inequality we obtain that

2 Up . —1/p
WONQ)0NQ) / ( / oo v(y)dy) dx
QﬂQZa,_/ QﬂQ\Q{x

YV(QOQZ)|Q09|< / ( / G)dy>dx>’_><

ONQyq j on Q\Qé

><< / ( / wl—p’dx> )pdy>%

ona\Ql, 2N«

Hence,
2 / / 1/p
N0 j) < —o=ar / . / o(x,y) "d P g %
v(QNQ3q, ;) y\QmQ\< QOQ\%( 0N, (x,) x>V(y) Y>

g (/Qﬂfz\% </ngzaJ w(x’y)dx>dy>l/p'

We use the condition (10) and find that

2A L 1
W(QNQ0s) < AV(QNQ)T / dy / o))’ @)
ona\e,  9Na,;
b) Now, assume that

1
2NQ\ Qa,j| > 510N Q. (23)

We may repeat all arguments above, for example, in this case using (19) and (23) it
follows that

/Qmszmv_, (/QQQ\QMJ dx)"(y) dy > %/V(QQQ”QQQL

We conclude that

U
SI—

V(QNQ3q,) < 4 (QmQ)

(/Qrmsa.j</Qm9\gza.jw(x’y)dx>dy> @
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where it has been used that, according to (10), it holds that

|Q:19|< / ( / w(x,y)l”’/dX>V(y)”/dy>”

0N, 0N\,

1
< Av(ONQ)7 .

By combining (24) and (22), we get that

[</Qﬁ(23aﬁj (/QﬂQ\QMA’j a)(x,y) dx) dy) v
+</Qﬂfz\9é dy(f(gmgza. a(x.y)dv) l/p}' (25)

In case 2) by using (19) and (25) we have the inequality

1
7

(@NQ)«

2A
v(QnN QSa,j) < 7"

1

24 1p
Qs ) < Qs )7 / / y)dx)d
QN Qe ) 7/IﬁV(Q ) [ ( o, Uonaa,, OV )

' (/ng\gg dy<~/Qﬂ92a.j @) dx) 1/17] - (26)

It is not difficult to see that sup p(x) < es. By now applying Besikoviche’s cov-
XGQ3IZ,_/

ering Lemma (see e.g. [35]) to the system of balls {Q = Q(x,p (x))}xegmj that covers
Q34 j, we find a countable subcover {Q'}, i € N, such that

Do) <Ky Qe JO 27)

From (26) and (18) it follow that

2A 1/p

NQsy 1) < A Qsy / / y)dx)d
QN se) € @ N o, Unpanay,, @030 @)

+</QimQ\Qg dy(/Qiﬂgza‘j w(x’”dx) l/p} * %v (Q’fﬁQé) '
(28)

| —

Summing (28) over i € N, applying (27) and using Holder’s inequality, we obtain that

V(Q30,) < % (2 (V(Q'NQ34,) Z_:>i [214 ( / ( / wdx) dy)

' 0'NQq,; 0N\,

+2( / (/de)dyﬂ‘l’ﬂL%/Zi,v(Q’th).

0iNQ\Q, 0N
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/
Since Z > 1, we also have that

Q)< Uenen)?[( [ ([ o))

v UQNQa,; UQND\q,;

(] o)) (Uena).

uoNQ\Q} L’_JQiﬁQZa.j

_Q

Therefore,

v(Q3a,j)<2,fiq (Q}a;)%[(/< / a)dx)dy)

Y Q3pj Q\Qog, j
—l—( / ( / wdx) dy)}l/p—l-%v (Qé).
Q\Qf, o

Again summing this inequality over j, keeping in mind the constructions in the begin-
ning, and the assumption % > 1, we get that

1

v(Q3a)\211<n (Q}a)%{(/( / a)dx)dy)

Y Qg Q\Qoy

+( / (/“"@‘@F i yy v(Qa). 29)

A\Qy g

In particular, it follows from (29) that,

v(xeQ: f(x)—a>3a)

1
25 1d A 5 Lo
< LV(Q;—Q)‘/( // wdxdy)" 1_yyv(9“>' (30)

{er+ [f(x) |>a}

Considering the function a — f(x) in place of f(x) —a and the domain Q™ =
{x€Q: a—f(x) >0} inplace of QT ={x € Q: f(x) —a> 0}, we get the analogous
inequality

v(xeQ: a—f(x)>30a)

4l
27K A 1
<SS ([ eda)"+
v
{rea 1@ -r0)>a}

Cn)
Qa 31

'u\'—-
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This fact can be proved absolutely similarly as we proved (30) so we delete the

details.
It follows from (30) and (31) that

v(xeQ: |f( )—al >3a)

2145 K’ A 1 i »
< —F—v(Qq)? ( // codxdy) ! 1 _yyv(Qa).

I+
v {er [f(x)=f(y) \>a}

By integrating this and again applying Ho6lder’s inequality we obtain that

/ Qi) d 0t
0

21+— q < 1
< :’1", / V(Qs0) doﬂ / / / wdxdy daq> ‘
0 0 |[f(x)—f)|>a
/ Q) datt.
£
By using Minkowski’s inequality, we find that
') l fx)—fly |
</( // (udxdy daq ! // / o(x,y I’daq> dxdy)p (32)
0 f-fl>e 0
1
/ 100 = O o(x.y)dxdy) "
Since .
1
/v(x €Q: |f(x)—a|>3a)do? = 3—q/|f(x) —a|v(x)dx
0 Q
and

=

/ W(Qq)dod = / £ (x) — alv(x)dx
0 Q
by using the last inequality and (32), it follows that

-k /|f ) —alv(x)

1+1
2+

<1”—"’?A( [ 1769 —alrviwya) ¥ / )~ £ P e dsdy)

Lo+
3qy q a
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Up to now we have only made the restriction y < 1 on the crucial parameter y but

now we do the final restriction and choose ¥ as a sufficiently small positive number so
that ; — fﬁ’; > 0 and we can conclude that

/\fx —a\%(x)dx)
< aon // 70— ) wdvay)

==

1
1+ 7 -1
: _ 2 Py A( 1 _ cenY
WlthCo—i% T <3q 1—7) .
34 q

To finalize the proof of Theorem 1 it remains to prove that

1

HV(')% <f_79’v> HLq(Q) S ZHV('ﬁ (f()—a)

L1(Q)

(see, e.g. inequality (3.26) in [30] or (22) in [27]). Indeed, using an elementary con-
vexity inequality

(E+n)<297 (€94 nT), En=0, g>1,

we get that
[0 0 -Ta)[],
<2t171Hv( )é(f(.)—a)qu(Q)+2‘1*1Hv(.)$(a—7gv) zq(g)
<2qu()$(f()—a) ;(Q)

since, by Holder’s inequality,

Q) Hv(')é

L9(Q)

V(IQ) /v(x) (f(x) —a)dx
Q

The proof is complete.
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