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POLYNOMIAL INEQUALITIES ON MEASURABLE SETS
IN LORENTZ SPACES AND THEIR APPLICATIONS

F. E. LEVIS

(Communicated by J. Soria)

Abstract. In this short note, we study inequalities for algebraic polynomials on measurable sets
in Lorentz spaces and discuss their applications to best approximation.

1. Introduction

Polynomial inequalities on measurable sets play an important role in analysis (see
for instance [2, 5, 9]). In particular, generalized Polya inequalities in L? and its appli-
cation to best approximation can be see in [4].

In this paper, we establish Remez and Polya-type inequalities on measurable sets
in Lorentz spaces and apply them to problems of approximation theory.

Let . be the class of all real extended p-measurable functions on (0, ), 0 <
o < oo, where u is the Lebesgue measure. As usual, for f € .#, we denote its dis-
tribution function by ps(A) = u({x € (0,00) : |f(x)| > A}), A >0, and its decreasing
rearrangement by f*(r) =inf{A : ug(A) <t},1>0.

Let w: (0,a) — (0,00) be a weight function locally integrable with respect to
t. We denote by W : [0,0] — [0,0) the function W (r) = [ywdpu. For f € .4, and
I <g<oo,let

by = ( 7y )

Consider the Lorentz spaces L"? = {f € My : || f|lwq < o} (see [3]). These spaces
have been widely studied in multiple contexts. In general, they are not Banach spaces;
however, they are quasi-Banach spaces if and only if W satisfies the A;-condition, that
is, there exists C > 0 such that W(2r) < CW(z) for all > 0. Moreover, || - ||, is

a norm if and only if the weight w is decreasing. In particular, if w(r) = 77" with
1 < g < p < oo, they are the classical Lorentz spaces LP9 and || f||w,q = || f]|p.¢ A good
reference for a description of these spaces is [0, 7, 8].
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Here and in the sequel IT" denotes the real vector space of algebraic polynomi-
als of degree at most m, and W satisfies the A,-condition. In these cases, from [3,
Corollary 2.2] we have

g +Rl%g < CUlglh g+ IRl ghe L™, (D

The paper is organized as follows. In Section 2, we prove a lower estimate of de-
creasing rearrangement of algebraic polynomials and state a theorem about the equiv-
alence between norms on measurable sets in Lorentz spaces. As a consequence, we
obtain the Remez and Polya-type inequalities for algebraic polynomials. Section 3 is
devoted to show inequalities of the best polynomial approximation on measurable sets
in Lorentz spaces and their applications in best local approximation.

2. Basic inequalities
For a measurable set E C (0, ) and P € 1", we denote u(E) = |E| and

[Pl = sup|P(x)|.
xeE

The result below is a key theorem in this section and shows a lower estimate of
decreasing rearrangements of polynomials.

THEOREM 1. For a measurable set E C (0, ),
nomial P € IT":

E|>0,1€(0,|E

), and a poly-

(E[—1)" .
g IPle < (Pxe) (@), )

where XE is the characteristic function of E.
Proof. Let F; = {x € E : |P(x)| < (Pxg)*(¢)}. We observe that

| =Hxe(0,0):|(Pxe) ()| < (Pxe)* (1)} — o+ |E|
= |E| = upy (Pxe)" (1)) = |E| = Hpye)- (Pxe)" (1)) = [E| — 1.

On the other hand, it follows that upy,. (Pxe)*(¢)) = 0. So ||P||r = [|PxEl(0,0) <
(Pyxe)*(t) by [1, Proposition 1.8]. According to [5, Formula (2.2)] we have

Ple<Tu|———1)IP|lr <Tpn| =—— | (P 1), 3

1 m m
= (VD) - V)
is the Chebyshev polynomial of degree m. Clearly

where

0< 0 o )
X
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for every x > 1. Now (3) becomes

Pl <2 (1) (Pae) ) < o E (P ).

This completes the proof. [l
Now, we discuss some inequalities among norms in Lorentz spaces.

THEOREM 2. For a measurable set E C (0, ),
Hm :

1

8&mnCa

W(IE)|P|ls <| L SW(ET||Pe.

Proof. According to [1, Proposition 1.8] we have

(Pxe)* (1) < (Pxe)"(0) = sup |P(x)xe(x)| = [P,

x€(0,a)
for every ¢ € (0,¢r). Then

|E| |E|
1Pxellg = [ (Pre) i < IPIE [ wdp = W(ED|PIE:

On the other hand, as W satisfies the A;-condition, (2) leads to

E]|
! E % (| oy
q 4q AN il SR
1P g D) < 1Pl g (151) <0t [ S
o
< [ (Pre) .

and so the proof is complete. [l

COROLLARY 1. For a measurable set E C (0,a),

Pell™:
1 1
1 P p\4 1
=) |E|7||P P 2)E17||P|E.
3mtsy (61) | |pH e < 1Pxellpq < (q) |E|7||P||e

The following theorem provides us a Remez-type inequality.

THEOREM 3. For a measurable set E C (0, ),
.

=

1

P, < 18" o E)"CTW ()
w,q X T
[E|"W(|E|)q

HPXEHW,L]'
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Proof. According to Theorem 2, [5, Theorem 1.2] and (4) we have

20 )
Tn| = —1])IPle
(E

16" (200 — |E|)"CiW (a1)
1
[E["W(|E])

_—=

1
[Pllwg < W ()7 [|Pl[(0,0) < W(ax)

<

W (0) 72" (20— |E|)"

= O
E]

I1PllE <

|PxE

S wq

Now, a generalized Polya-type inequality is also presented.

THEOREM 4. Forameasurable set E C (0,0), |E| >0, and a polynomial P(x) =
Yo apxk e 11" -
Ay

L
[E["W(IE|)7

for 0 < k < m, and where Ay = 28"k om=Fg! (’Z)

lax| <

I1PxE

wq’

2 2
Ci, 0<k<m.

Proof. Set Q(x) =P (5§ (x—1)+ ). By the Markov’s inequality for higher de-
rivatives ([2, p. 248]),

m!? 12

klok ok ! m!
_ (k) < _
0,01 HQ H[—l,l] S (m—k)P? 1901y (m— k)12 IPllo.c)-

el < 3 [P
On account to the above inequality and Theorems 2 and 3, we obtain

1 2
klok m\28"Cq m\228mamCy

p <
e 37” " _ORIEm 0
(m—k)"*W(x) (m—k)!?|E|"W(|E])

”PXE “ wq
This completes the proof. [l

3. Applications to best approximation
For f € L1, we consider the problem to find P € IT", such that

10 =PIl = ok, 1~ )l

where E C (0,a), |E| > 0. Such a polynomial P = P,.,(f,E) there always exists and
it is unique. It is called the best approximation of f on E from IT”.

The uniform norm of the best approximation of f on E from IT" can be bounded
in terms of the measure of E and the Lorentz norm of f on E'.

1 3
THEOREM 5. Let K =2"""4Caa™. For a measurable set E C (0,a), |E| >0,

and f € L™4:
K

[Pug(F B gp € ———T
OO w1

”fxEHw,q'
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Proof. From (1) we have

1P (B (1 < 2C N1 - 5)

Now, Theorems 2 and 3 imply

gne 28mCF o
|Pug(FE) S ey
T EPW(E])

S—— I xelly O
[E["W(|E])7

1Poa (£ E)| 0,00 < |1Poa(F B e,

As an immediate consequence of Theorem 4 and (5), we estimate the coefficients
of Poy(f,E).

THEOREM 6. For a measurable set E C (0,a), |E| > 0, and P,4(f,E) =
Yo apxk e 11" -
1 1
2iCTA,
] € ——— [/ XEllvg> (6)
[E["W(|E|)7

for 0 < k < m, and where Ay, is given in Theorem 4.

Next, we give more estimates for the coefficients of P, 4(f,E) that will be sharper
than (6).

COROLLARY 2. For a measurable set E C (0,0.),
S apxk e T

E| >0, and P, (f.E) =

1 1
24C1Ay kb
lay] < ——— (f—Zajx/ xell s
[E|"W(|ET) Jj=0 W
for 1 < k< m, and where Ay is given in Theorem 4.
Proof. As
Pw,q(f_PaES):PW,q(faEs)_R @)

for every P € IT™, the proof is immediately followed by (6). [

For x € (0, o), we consider a family of measurable subsets of (0,0), {E;}, such
that |Es| > 0 and sup,cg, [y —x| — 0 as |Es| — 0. If there exists the limit of P, 4(f, E;)
as |Es| — 0, it is called the best local approximation of f at x from IT".

We say that that a function f belongs to the class tv’gq(x) if f € L™ and there
exists a polynomial P.(f) € IT" such that

107 = PN REN g =0 (B W(ENDT) as || —o. ®)

It is possible to see that the condition (8) determines uniquely the polynomial

Pe(f)-
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PROPOSITION 1. Let f € L"4. If there exists Py(f) € II" that satisfies (8), then
it is unique.

Proof. Suppose there are polynomials P! (f) and P?(f) such that (8) holds. From
(7) and Theorem 5 we deduce that

1P (1B ~ P gy = 0(1) a5 | =0, i=12.

So by uniqueness of limit we have P!(f) = P2(f). O
In the same manner as in the proof of Proposition 1, we can prove the following
existence theorem of the best local approximation.

THEOREM 7. If f € 1,/ (x) then Py(f) is the best local approximation of f at x
from T1™.
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