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SHARP RATIONAL BOUNDS FOR THE GAMMA FUNCTION
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(Communicated by N. Elezovic)

Abstract. In the article, we prove that the inequality

24p

Tx+1) <
x+p

holds for all x € (0,1) if and only if p > po, where T'(x) = [5*#*'e~"dt is the gamma function,
po = [xol(xo+1)—x3] /[1-T(xo+1)] = 1.755---, xo = 0.192--- is the unique solution of
the equation y(x+1) =[1 —T(x+ 1)][2—T(x)]/[(1 —x)T(x+1)] on the interval (0,1) and
v (x) =T"(x)/T(x) is the psi function. As applications, we present the best possible parameters
Ao and Lo on the interval (0,eo) such that the double inequality

2 2

Ytk <I'x+1) < it}

x+ X X+ Ho

holds for all x € (1/2,1), and the two-sided inequality

x(1—x)(1—x+ o)
sin(7x)[(1 —x)% + o]

takes place for all x € (0,1/2).

x(1—x)(1—x+29)

<To+1) < G =02 + 4]

1. Introduction

Let x > 0. Then the classical Euler gamma function I'(x) [71] and its logarithmic
derivative, the so-called psi function y(x) [45] are given by

M= [Crletarn oy - ?/((;‘))

respectively. They have wide applications in pure and applied mathematics [8, 9, 10,
11, 12,13, 14, 16, 19, 20, 21, 23, 24, 25, 26, 28, 29, 30, 32, 33, 35, 36, 37, 38, 39, 48, 49,
50,51, 52, 53, 54, 55,59, 63, 70, 72, 73, 74, 75]. In particular, many special functions
can be expressed by use of the gamma function [1, 2, 3, 4, 5, 6, 7, 18, 27, 40, 41, 42,
43, 44, 46, 47, 56, 57, 58, 60, 61, 62, 64, 67, 68, 69]. Recently, the bounds for the
gamma function have attracted the attention of many researchers. It is well known that
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I'(x+1) =xI'(x) and I'(n+ 1) = n!. Therefore, we only need to focus our attention on
I'(x+1) with x € (0,1).
Gautschi [17] proved that the double inequality

r 1
1—s< (n+ )

(1-5)y(n+1)
Tt <¢ (1.1)

n

holds for all s € (0,1) and n € N.
Inequality (1.1) was generalized and improved by Kershaw [34] as follows:

s\I=s _ T(x+1) gyt (149)/2)
<x+2> < T(x+s) =¢

forall x>0 and s € (0,1).
Elezovi¢ et al. [15] established the double inequality

X 1 1 1
— r T I — —
5 < (x) <-3 + 1 +x
for the gamma function being valid for all x € (0, 1), and asked for “other bounds for
the gamma function in terms of elementary functions”.
In [31], Ivady provided the bounds for gamma function in terms of very simple
rational functions as follows:
2 2
x+1 x° 42
<I 1)<
+1 (+1) x+2

(1.2)

for all x € (0,1). Inequality (1.2) can be regarded as a simple estimation of the value
of the gamma function.
In 2017, Yang et al. [66] proved that the inequality

x2+q
X+q

Mx+1)> (1.3)

holds for all x € (0,1) if and only if ¢ < y/(1 —y) = 1.365---, where

o]
y= lim (2 %—logn> =0.577---

is Euler-Mascheroni constant [22].
The aim of this paper is to prove that the inequality

x2+p

I'x+1) <
x+p

is valid for all x € (0, 1) if and only if p > po, and the double inequality

2 2
. <1"(x+1)<x +H
x+A x+u
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holds for all x € (1/2,1) and the two-sided inequality

ax(1—x)(1—x+pu) mx(1—x)(1—x—+21)

sin(7x)[(1 —x)% + p] sin(7x)[(1 —x)2 + 4]
takes place for all x € (0,1/2) if and only if A < A9 = y/(1 —7) = 1.365--- and
1> o= (m+/T—2)/(8—21) =1.697--, where py = % ~1.755--- and
xo =0.192--- is the unique solution of the equation

P+ D]2-T(0)]
(1—x)(x+1)

<I'x+1) <

yx+1) =

on the interval (0,1).

2. Lemmas

In order to establish our main results we need several lemmas, which we present
in this section.

LEMMA 2.1. (See [65, Corollary 3]) The double inequality

1 7 1 1 1
24(x+1/2)> 960(x+ 1/2)4+10g <x+ 5) <y(x+ 1)<m+log (x—i— 5)

holds for all x € (—1/2,e0).

LEMMA 2.2. (See [66, Lemma 2.11]) Let p € [8/5,9/5], x € (0,1) and the func-
tion h(p,x) be defined by
42 1
(+p)? P4+p  (x+p)*
Then there exist M1(p),M2(p) € (0,1) with ni(p) < Ma2(p) such that h(p,x) >0 for
x € (0,m(p))U(m(p),1) and h(p,x) <0 for x € (Mm(p),n2(p))-

LEMMA 2.3. Let p € (7/4,44/25), x € (0,1) and the function g(p,x) be defined
by

h(p,x) =y (x+1)+ (2.1)

2x 1
2—+ .
X*+p Xx+p

g(p,x) =y(x+1)— (2.2)

Then g(p,1/10) >0 and g(p,1/2) <0

Proof. 1t follows from Lemma 2.1 and the well known identity y(x+ 1) = y(x) +
1/x that

(x+1)=y(x+2)— ! > ! - U +1 +§ L
Ve =y X+l 24(x+3/22  960(x+3/2)%  E\*T2) TxyT

2.3)
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1 3 1
w(x+1)<m+log<x+§)—m. 2.4)
Inequalities (2.3) and (2.4) lead to
! +1)> ! !
V{10 24(1/10+3/2)2 960(1/10 1 3/2)4

1 3 1 8 2577715
+log| —+= | — =log -

10°2) T1 %5 2883584’

(2.5)

1 1 13 1 21
) e tlog(a4l) e —log2— = (26
‘”<2+ )<24(1/2+3/2)2+ °g<2+2) Ty 29

From (2.2) we get

dg(p,1/10) [(2x—l)p2+2x2p+(2—x)x3] ~ 100(8000p*—200p—19)

= <0,
dp (x2+p)*(x+p)? +=1/10 (1000p>+110p +1)2
2.7)
dg(p,1/2) {(Zx— 1)p2+2x2p+(2—x)x3] B 48p+3) >0
dp (x> +p)*(x+p)? w2 2p+1)4p+1)?
(2.8)
for p € (7/4,44/25).
It follows from (2.2) and (2.5)-(2.8) that
1 2/10 1
1/10 44/25,1/10) = —+1)—
8(p,1/10)> g(44/25,1/10) l”<1o+ ) 17100 +44/25 ' 1/10+44/25
257771 2/1
>10g§ > > /10 =0.000716--- > 0,

52883584 17100+ 44/25 ' 1/10144/25
L]
1/4+44/25 " 1/2+44/25

21 1 1
log2 — = — _
S8 S T 144425 1/2+44/25

for p € (7/4,44/25). O

—0.01813--- <0

LEMMA 2.4. Let p € (7/4,44/25), x € (0,1), g(p,x) be defined by (2.2), and
N1(p) and Ny (p) be defined by Lemma?2.2. Then g(p,n1(p)) >0 and g(p,n2(p)) <0.

Proof. Let h(p,x) be defined by (2.1). Then from (2.1) and (2.2) we clearly see
that

% = h(p,x) (2.9)
and
. 1 4 ) 1 4
g(p,0 ):W(1)+I—)<—Y+7<O» g(p,1 ):‘I/(z)—rp>1—y—ﬁ>0
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for p € (7/4,44/25).

We use the proof by contradiction to prove the desired results. We first prove
that g(p,mi(p)) > 0. Indeed, if g(p,ni1(p)) <0, then from (2.9) and (2.10) together
with (7/4,44/25) C [8/5,9/5] and Lemma 2.2 we clearly see that there exists @ (p) €
(n2(p), 1) such that g(p,x) <0 for x € (0,w;(p)) and g(p,x) >0 for x € (w;(p),1),
which contradicts with Lemma 2.3.

Next, we prove that g(p,m2(p)) < 0. In fact, if g(p,n2(p)) = 0, then (2.9) and
(2.10) together with (7/4,44/25) C [8/5,9/5] and Lemma 2.2 lead to the conclu-
sion that there exists @, (p) € (0,11(p)) such that g(p,x) <0 for x € (0, (p)) and
g(p,x) =0 for x € (i (p), 1), which also contradicts with Lemma 2.3. [

3. Main results
THEOREM 3.1. Let p > 0. Then the inequality

2
IFx+1) < rEp
X+p

holds for all x € (0,1) if and only if p > po, where

_ TG0+ D) =3y ges
- T(x+1)

and xy = 0.192--- is the unique solution of the equation

1 -T(x+ ]2 - T)]
(1—0[(x+1)

yx+1) =
on the interval (0,1).
Proof. Let p € (7/4,44/25),x € (0,1), m(p) and n2(p) be defined by Lemma

2.2, h(p,x) and g(p,x) be respectively defined by (2.1) and (2.2), and f(p,x) be de-
fined by

_ x? +p
f(p,x) =logl(x+ 1) —log e (3.1)
Then from (2.2) and (3.1) we clearly see that
0
! g’; Y (), (32)
f(p,0%)=f(p,17) =0. (3.3)

It follows from Lemma 2.2, Lemma 2.4, (2.9) and (2.10) that there exist 7;(p) €

0,1m(p))> w0(p) € (Mm(p),Mm(p)) and B(p) € (M2(p),1) such that g(p,x) <0 for
x € (0,7 (p))U(t0(p), m2(p)) and g(p,x) >0 for x € (71(p), 0 (p)) U (72(p), 1). Then
(3.2) leads to the conclusion that f(p,x) is strictly decreasing on (0, 7;(p)) U

(10(p), 7 (p)) and strictly increasing on (71(p), T (p)) U (12(p),1).
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Let xo =0.192--- be the unique solution of the equation
[1-T(x+1)]2-T(x)]
(I1=x)I'(x+1)

on the interval (0, 1) and xp = 79(po), where

yx+1) =
xol(xo+ 1) —x3
0T N0 g 755... € (7/4,44/25).
po= UL 17550 (14,4429

Then we clearly see that (po,xo) € (7/4,44/25) x (0,1) is the the unique solution
of the simultaneous equations

X*+p 2x 1
logF(x+1) =1 , Py =
oeT(x+1) =log 2. 1) = 52— —
and
f(po,x0) = f(po, T(po) = 0. (3.4

From (3.1), (3.3), (3.4) and the piecewise monotonicity of the function f(po,x)
on the interval (0, 1) we get
2+ Po
X+ po
for all x € (0, 1), and inequality (3.5) becomes equality if and only if x = xp.
It is easy to verify that the function p — (x*> + p)/(x+ p) is strictly increasing on
(0,0) forall x € (0,1). Therefore,

T(x+1) < (3.5)

X+ p
xX+p
forall x € (0,1) and p > po follows from (3.5).

Next, we prove that p > pg if inequality (3.6) holds for all x € (0,1). Indeed,
inequality (3.6) implies that

T(x+1) < (3.6)

x(x+1) —x?
1-T(x+1)
forall x € (0,1). In particular, taking x = xo, then (3.7) leads to the conclusion that

(3.7)

=

xol(xo + 1) — x3

>—————=py. O
P2 T+ 1
THEOREM 3.2. The double inequality
2 2 2
r <1"(x+1)<x il
x+A x+u

holds for all x € (1/2,1) and the two-sided inequality

ax(1—x)(1—x+pu) mx(1—x)(1—x+21)

sin(7x)[(1 —x)2 + p] sin(7x)[(1 —x)2 + 4]
takes place for all x € (0,1/2) if and only if A < X =7y/(1—17) = 1.365--- and
w=>uy=(r+vr—-2)/(8—2m)=1.697---.

<I'x+1) <
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Proof. Let x € (0,1), xo = 0.192--- be defined by Theorem 3.1, and H(x) and
P(x) be respectively defined by

[1-T(x+1)][['(x) —2]

H(x)=wyx+1)+ T—ores1) (3.8)
X1 (X —)C2
P(x) = % (3.9)

Then from the proof of Theorem 3.1 we know that xq is the unique solution of the
equation H(x) =0 on the interval (0,1).
It follows from (3.8) and (3.9) that

P(%) — o, P(17) =, (3.10)

. H(x) n? 3y
— 0, lm —=———-—"+42y<0 3.11
r=0 My =g A=t GAD
x(I—=x)T(x+1)
P(x)= 2" "H(x). 3.12
From (3.11) and (3.12) together with x( is the unique solution of the equation
H(x) =0 on the interval (0,1) we clearly see that P(x) is strictly increasing on (0,x)
and strictly decreasing on (xp,1), which implies that P(x) is strictly decreasing on
(1/2,1). Therefore, Ay and po are the best possible constants such that the double
inequality

im A _2_ 7

x—0t X :E_Z

2 2

xtho <Tx+1)< Y rio

x+24o x+ Ho

holds for all x € (1/2,1) follow from (3.10) and the monotonicity of the function P(x)
on the interval (1/2,1).

It is well known that I'(x)I"(1 — x) = 7t/ sin(zx) for all x € (0, 1), which leads to

the conclusion that

(3.13)

_ mx(l—x)
 sin(mx)T(x+1)
for all x € (0,1). Therefore, Ay and p are the best possible constants such that the
two-sided inequality

I(2—x) (3.14)

7x(1 —x)(1 —x+ o) x(1 —x)(1 —x+ Ap)
sin(7x)[(1 — x)% + o) sin(7mx) [(1 — x)2 + Ao)
takes place for all x € (0, 1/2) follow easily from (3.13) and (3.14) together with 1 —x €
(1/2,1). O
Let Ay =y/(1—7) and x;, = \/A9(Ao + 1) — Ag. Then simple computations show

24020\ _ Aot/ Ao(Aet+])
that (’lm) = T A

<Tx+1)<

(x—xy,), which implies that

mi x2+lo_xi0+).0_ 2\
in = - .
x01) x+Ao  xtA 1+Y

(3.15)
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REMARK 3.3. From (1.3) and (3.15) we clearly see that the inequality

F'(x+1)> %

holds for all x € (0,1).
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