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SOME ESTIMATES FOR THE BILINEAR
FRACTIONAL INTEGRALS ON THE MORREY SPACE

XI1A0 YU, XIANGXING TAO, HUIHUI ZHANG AND JIANMIAO RUAN

(Communicated by J. Jaksetic)

Abstract. In this paper, we are interested in the following bilinear fractional integral operator
B.7, defined by
BIu(f.8)(x) = wdy,
Rn ‘y‘n o
with 0 < o < n. We prove the weighted boundedness of B.#, on the Morrey type spaces.
Moreover, an Olsen type inequality for B.% is also given.

1. Introduction

In 1992, Grafakos [14] studied the multilinear fractional integral operator .7, 5
with its definition defined by '

. 1 m
T 5(N)x) = /R" W—_anfi(x— 0,y)dy,
i—1

where B
f= s fm)

and

—

0=(61,6,...,6,)

is a fixed vector with distinct nonzero components.
For a special case of .7 5, the following bilinear fractional integral was also
studied by Kenig and Stein in [30].

BIy(f,8)(x) = wd}/, 0<o<n.

R" |y[ =
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As the operator B.#;, can be regarded as a variant version of the bilinear Hilbert
transform if we take o — 0, many authors pay much attention to such operator and
they proved the boundedness of B.#, on variant product function spaces. One may see
[2,3,4,5, 10,43, 45] et al. for more details.

Meanwhile, it is well known that in the last 70s, Muckenhoupt and Wheeden
([36, 37]) introduced the A, and A(,,) weight classes which are very adopted for
the weighted estimates of the singular integrals and fractional integrals. Now, let us
introduce the definitions of @ € A, and @ € A, ;) respectively.

DEFINITION 1. ([36]) We say a non-negative function @(x) belongs to the Muck-
enhoupt class A, with 1 < p <o if

o)y, = S“P<|Q/ @) (1g1 o) T o

forany cube Q and 1/p+1/p' =1.
Incase p=1, w € A; is understood as there exists a positive constant C such that

1
5], @0y < Cot) @)

fora.e. x € Q and any cube Q. For the case p = oo, we define Ao = |J A,.
1<p<eo

DEFINITION 2. ([37]) We say that a non-negative function ®(x) belongsto A, ;)
weight class with 1 < p < g < oo if

1 Va s o 1/p'
[0]a,, = sgp (a/Qa)(x)qu) (E/Qw(X) pdx) < oo, (3)

Since the last 90s, the multilinear theory for the singular integral operators was
developed a lot. For example, in 2002, Grafakos and Torres [15] introduced the mul-
tilinear C-Z theory. Later, Lerner et al. [32] introduced a new kind of multiple weight
which is very adopted for the weighted norm inequalities of the multilinear C-Z op-
erator. Following their work, Chen and Xue [7], as well as Moen independently [33],
introduced a new type of multiple fractional type A( Ba) weight class . Now, let us give
the definition of A( Bg) weight class.

DEFINITION 3. ([7,33) Let 1 < py1,--+,pm,1/p=1/p1+---+1/pm and g > 0.
Suppose that @ = (@, -, ®,) and each ®; is a nonnegative function on R”. We say
that @ € A ;) if it satisfies

. . 1/q m 7p 1/p;
(@], —sup<|Q/v (x)dx) q<|Q/a) dx) <oo,  (4)

1
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m _ N\ /P
where vg = [] ;. Moreover, for the case p; =1, <|1@ fQ ; P ’) is understood as

i=1
(iIQlf(Di)_l

Chen and Xue, as well as Moen independently, proved the following theorem.
THEOREM A. ([7,33]) Suppose that 0 < o« <mn, 1 < py,--+,pm <oo. If 1/p=
2 l/piand 1/g=1/p—o/n. Then, ® € A zfand only if the following multiple

welghted norm inequalities holds:

Ian Pz < LTI opy

Here, 9y, denotes the multilinear fractional integral operator and its definition can
be stated as

joc,m(f)(X) = /(Rn)m ( fl(yl)f2(y2)7-..,ﬁn(ym)

= y1| e =y

dyldy2 e 'dym~

For the study of the weighted theory for B.#, with the multiple fractional type
weight class, Hoang and Moen [18, 34] did some excellent work to show that the op-
erator B.7, satisfy several weighted estimates on the product L” spaces. Recently,
Komori-Furuya [27, 28] also got some important weighted norm inequalities of B.#,
with power weights.

On the other hand, in order to study the local behavior of solutions to second order
elliptical partial differential equations, Morrey [35] introduced the Morrey space. The
Morrey space .} (R"), 0 < g < p <eo, is the collection of all measurable functions
f with its definition defined by

MR = ] € MPR): N gy = sop 01779 £ x| o eny <
C n

Q:cubes

Many authors studied the weighted norm inequalities for integral operators on the Mor-
rey type spaces, readers may see [20, 22, 25, 26, 29] et al. or the summary article [21]
to find more details. Here we would like to mention that in [20, 22, 25], Iida et al.
introduced the following new fractional type multiple weight condition as follows.

1/q0 1/q

war = w0 (19) " (b ol ()@ (x)1dx)
oco
0,0’ :cubes

m / 1/p"
< 11 (07 Jor 000 Vi) <

lida et al. [20, 22, 25] found that the above multiple weight condition is very
adopted for the weighted norm inequalities of the operator %y ,, on the Morrey type
space and they proved the following theorem.
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THEOREM B. ([20,25]) Let 0 < . <mn, 1 < py,--,pm <o, 1/p= 2 1/p;.

Thenweassumethat0<p<po<ooand0<q<qo<°owzth 1/6]0—1/P0—a/nand
q/q0 = p/po- Moreoverforf (fi, s fm) and & = (01, @, -, O), we denote

1L = sop 1009 1T (5 f 1aoas )

and

V& (x) = H(D,(x)

If there exist a > 1 satisfying
[w]aqmqf <

where P = (p1,--+,pm) and a > 1, then there exist a positive constant C independent
of fi, such that

170 (F)Vall g0 SCl(fran, - fmm)l yr0-

In [17], He and Yan studied the weighted bounedness of B.%, on .Z} (R") with
0 < g < 1. Thus, it is natural to ask whether we can prove the weighted norm inequali-
ties for B.%, on .} (R") with g > 1? In this paper, we will give a positive answer to
this question.

Motivated by the above backgrounds, in this paper, we will give the weighted
boundedness of B.#,, onthe Morrey type space with the fractional type multiple weights
condition proposed by lida et al. Our results can be stated as follows.

THEOREM 1. Suppose 0< oo <n, py >r>1,pa>s>1, 1/r+1/s=1,1/p=
1/p1+1/p2, 1 <p1,py <o, 0<p<pg <o, 0<q<qo<co. Let

2
1/qo=1/po—a/n, q/q0=p/po and V@(X)Z_Hwi(x)-

Moreover, assume that either p or q satisfies one of the following condition:

1
> 1 > —.
p or g )

Ifthere exists a > 1, such that [®] o (iL 22_) < oo, that is
T\ s+pyortpp

|Q‘ 1/‘1 l pLr l/rfl/pl
su vz (x)?dx —/ 0} x_”l’>
ooy (Q’) (g fyrotras) (g7 fy o0
0,0 :cubes
_ P2 1/'\'71/172
) <.

1 —s
(i
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Then, there exists a positive constant C independent of f and g, such that

||Bja(f7g)vcﬁH,///‘70 < (@] sy ﬂ) ||(f(x)1,ga)2)H'///£o. )

aqo7q7(s+p1 Ty
REMARK 1. Note that for the operator %5,

. N1 2 (v2)
ja,Z(f)(x) - </(]R")m (|x—y1‘ + ‘x_y2‘

)Zn—(x d)’Id}’2

As mentioned in [34, p.629], if we denote & is the point mass measure at the origin,
then we know that the kernel of %, >,

Ko (u,v) = (Ju] +[v]) 72"+

has a singularity at the origin in R>" as opposed to the kernel of B.7,

o(u+v)

‘u|n—a ’

ko (u,v) =

which has a singularity along a line. Thus, we conclude that Theorem 1 parallel ear-
lier results by the authors [25] for the less singular bilinear fractional integral operator
ja’z .

If we choose p = pg and g = g¢ in Theorem 1, we can easily obtain the following
result proved by Hoang and Moen [18].

COROLLARY 1. ([18]) Suppose that there exist real numbers ., py,1,p2,s,p and
q satisfying the same conditions as in Theorem 1. If 1/p1+1/p,—1/q= o/n and

DEA ( ( pis  por ) ) then there exists a positive constant C independent of f and g,
p1+x ’ p2+r ’
such that

HBfa(f,g)HLq(vgu) SCU Nl (o) Il oz (w22 (6)

Proof. By the definition of the Morrey space, it suffices to show

CT) s, r < oo — . 7
[ aqo,q,(xfl}l,,fgz) (g =q0) (7)

2
In fact, as @ GA(( ne ) ),we have v = 1'[1 of € Aygor Vi€ A 0-1/p)
p1ts py+r)? 1=

Then, we know that vfﬁ satisfies the reversed Holder inequality (see Section 2). That
is, if we choose a = 1+ & where € € R and ¢ is small enough, there is

(121 fpvatoreas) e (161, vatoora ) "

Recalling that ¢ = q¢, we may have

(EQJ')% (Ié/Q(wl(X)ab(x))quy/q (é/@wl(x)pﬁlrrdx)l/rl/m
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P2s 1/s=1/pa
()
‘Q| a 1/ag (L _’)Ijlljr 1/r=1/p
()" (o) ™ (i e 5

1 P2s I/S—l/pz
(Q’ @) d)

l/aq _nr l/'A_l/pl
<|Q/|/ (Dl aqu) <|Q/ / (Dl 1rd)C)
s 1/s—1/
W ax)
\Q’\ o
1 l/uq 1 _rir l/rfl/pl
< [ (01 (x) o (x))“dx T | or(x) PTdx
0| Jo 0| Jor
s 1/'\'71/172
X L (x)_”izf“ dx
0] Jo
1 1/q 1 _nr 1/r=1/p
(@ fpterwenras) (g [ #e)

1 _p2s I/S—l/pz
X | — [ mp(x P2°’dx> < oo,
(i1 Jy

where the second to last inequality follows from the reversed Holder inequality for
v = (@1 ,)7 and we obtain (7).

REMARK 2. For the case 0 < g < 1 in Theorem 1, our result is also different from
[17, Theorem 4.6].

2. Preliminaries

In this section, we will give some lemmas and definitions that will be useful
throughout this paper.

LEMMA 1. (The reversed Holder inequality, [16]) Let 1 < p < e and ® € A,(R").
Then, there exist positive constants C and €, depending only on p and the A, condi-
tion of w, such that for any cube Q, there is

(é/Qw(x)”gdx)ng gC(é/Qw(x)dx). (8)

LEMMA 2. ([6, 19]) Let 1 < p1,p2,---,pm < oo, 1/p= 2 1/pi and 0 < q < oo.

i=1

A vector @ of weights satisfies @ € A zfand only if
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(i)viecA 1\
o 1+q(m—-
» (n=3) 1
(), " €Ay (i=1,---,m) where si=1/q+m— l/p—p—ﬁ.
Moreover, Moen [33] gave another characterization of A( Ba):

LEMMA 3. ([33]) Suppose 1 < p1,-++,pm < o and @ GA(ﬁq). Then

q —pl
Ve €EAmg and o Pi EAmp;

From Lemmas 2 or 3, we know that if [@] o1y \ < oo, then
aqo q’(sf/ll ’ rf/%z )

Pl

VAL 1-1/p) (P> 1), 0 ) eAlJrr(p1 ),(LL#‘),%‘

or

1 () (%)
q r s
Vg €Az (q > 5) , , €A2r(p71)/’ W, EAz.y("Tz)"

Vd !
Thus, we conclude that the functions v?, o, %) and @,
reversed Holder inequality throughout the proof of Theorem 1.

Next, we introduce some maximal functions (see [32] or [37]).
The maximal function M and the fractional maximal function M, are defined by

s(%) -
* /7 all satisfy the

M) = g N

and
1
Mo f(x) = Z‘;{’CW /Q fW)ldy, (0 <o <n)

with Q runs over all cubes containing x respectively.
Furthermore, for any p > 1, we denote

) 1 o\
M f(x)—sggg(@ [ 10) dy) .

Before giving the next two lemmas which are the most important throughout this
paper, we introduce some notations. First, we define the set of all dyadic grids. For
more details about dyadic grids, one may see [31] et al. to find more details.

A dyadic grid Z is a countable collection of cubes that satisfies the following
properties:

() Q€ 2 =1(Q) =27* for some k € Z.

(ii) For each k € Z, the set {Q € Z:1(Q) =2*} forms a partition of R".

(i) Q,P € 2 = QNP {P,Q,0}.
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One very clear example (see [18, 31]) for this concept is the dyadic grid that is
formed by translating and then dilating the unit cube [0,1)" all over R”. More pre-
cisely, it can be formulated as

9= {Z_k([O,l)"+m) :keZ,meZ"}.

In practice, we also make extensive use of the family of dyadic grids as follows.

7' = {2*" ([0, )" +m+ (—1)":) keZme Z"} 1€{0,1/3}".
In [31], Lerner proved the following theorem.

LEMMA 4. ([31]) Given any cube in R", there exists a t € {0,1/3}" and a cube
0, € 7', such that Q C Q; and 1(Q;) < 61(Q).

Next, let us give a decomposition result related to cubes. Suppose that Qg is a
cube and let f be a locally integrable function. Then, we set

2(00)={0€ Z:0C Qo}-

Moreover, suppose that 30y is the unique cube concentric to Oy and have the
volume 3"|Qp|. Then, we denote

r ) 1 r l/r 1 s l/x
moy 11116l = (g [, 1r0ax) (g [, elax)

where r,s > 1 and 1/r+1/s=1.
Next, we introduce the sparse family of Calderén-Zygmund cubes. That is, for
each ke Z7,

e ={J{0: 0 € 2(00)migy (11", I8l") > ¢}

where a will be chosen later.
Considering the maximal cubes with respect to inclusion, we write

Dy =0k,
J

where the cubes {Qx ;} C Z(Qo) are nonoverlapping. That is, {Q ;} is a family of
cubes satisfying

Zka.j < X0 )
J
for almost everywhere. By the maximality of QO ;, there is

d <mag (11", |gl) < 22a". (10)
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For the properties of Oy ;, there is
(iv) For any fixed k, Qy ; are nonoverlapping for different ;.
(V) If ky < ky, then there exists 7, such that Oy, ; C Oy, ; forany j € Z.
Next, we will use the following decomposition of Qq from a clever idea proposed
by Tanaka in [42].

Let Eg = Qo \ D1,Ey j = Ok,j \ Di+1- Then, we have the following lemma.

LEMMA 5. The set {Eo} U{Ex ;} forms a disjoint family of sets, which decom-
poses Qq, and satisfies

|Qo| <2|Eo|, |O;| <

(11)

Proof. We adopt some basic techniques from [18] to prove this lemma. By the
definitions of Oy ; and Dy, there is

’Qk,ijk-H‘: > 1Okl
QOk41,iC0Ok,j

| 1/r
<L _ x)|"dx

e th ’ <|3Qk+1 il /Qk+lz >)

l/s
» i x)|*dx
<|Qk+1’ ‘ <3Qk+1 il /Qk+lz )>
1/r

< x)|"dx

k+1 ( <|3Qk+1 1| /QHU >>

l/s
x)|°d
( <|3Qk+l z| /Qk+lz X))
1 . 1/r ) l/s
7 (121 (g Lo, veren) ) (126 (g L o))

where the last inequality follows from the fact Q. 1,; C Ok ; and Oy ; are nonoverlap-
ping.
Then, using (10), we get

’Qk,j ﬂDk-H‘

1/r 1/s
<z (1 <|3Qk,|/gk, oras)) (10l (g Lo, 0] )
2n

2 k
<W|Qk,j|a = 7|Qk,j|~
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Thus, if we choose a = 22"*1 we have

1
100 NPen | < 5101 (12)
Similarly, we can also get
1
|D1|<§\Qo\- (13)
Thus, we obtain (11) from (12) and (13).

LEMMA 6. ([1]) Let 0 < x <n, 1 <g<p<ooand 1 <t <s <o, Assume

1/s=1/p—2, L= 9 Then, there exists a positive constant C such that
n’ s )4

IMofl.a < Mok g < CIAN -

LEMMA 7. Suppose that there exists real numbers t,q,p satisfying 1 <t < g <

p < oo. Then, we have ’|fe’|jp/[ = ||fH'%qp with 1 <l <gq.

q/t

Proof. Lemma 7 follows directly from the definition of the Morrey space and we
omit the details here.

LEMMA 8. ([25]) Let 0 < oo <mn, P=(py1,---,pm), R=(r1,--,rm), 0< r; <
pi<o, 0<g<qgop<e, 0<p<py<oco, 1/qo=1/po—at/n, %:L and 1/p=

Po
m
>, 1/pi. Then, we have
=1

1o D0 < Cllbe/,go,

where

. m 1/’i
A P i= 1) T (é / fi(y,-)dy,-> |

3. Proof of Theorem 1
For the proof of (5), we decompose the proof into two cases: g > 1 and g < 1.

3.1. The case g > 1

Fix a cube Qp = Q(xp, ) with & > 0. Then, for any x € Qj, we may decompose
B.7, as

_ [ fl—nglx+r)

BIu(f,8)(x) = - Wt—fadt
_ [ Saoostern) / fe—t)glr+1)
i<2s frre i>25 [t
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=:1+1I.

First, we decompose 11 as

- i/ fle—ngtx+1)
=0 /2248 <r|<2.2k+18 |t|n—o
- 1
<3 oy /‘t g g

ad 1 1/r 1/s
S 2 okigya x—1)|"dt / 1) dr .
kgf) (2.2k+15)n—a (/t<2.2k+15 If( )l ) ( <2261 l&( ) )
Then, by a change of variables and the fact x € Qp = Q(xo, ), we obtain

L 2 q 1/q
it e (fos) o)
0 i=1

R a—n 2 1/q
<C|Qo|®0 1Y (2258 ;(x)4dx
ool 3, (2:249) (/QH ® )

07=1

([, L0 ) " (g le0a) "

1/
For < f2k+3Q0 | f(u)|’du> r, by the Holder inequality, there is

(fony If(u)l’du)l/r

n .\ Ur—1/p

Similarly, we have

</2k+3QO |g(v)|sdu) 1/s

1/pa (2 1/s=1/p2
P2 —s( 5
< ( Ly Ja0)020) dv) ( L, 2 dv) .

Thus, using the condition [@®]

=

spL rpy <ooand a>1 , WE get
aqo.q, Sty T

- 2 q 1/q
it e (foe) o)
0 i=1
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k=1

) </MQ° ol )Pldu)l/m (/2k+3Q0 oy ()]~ ),du>l/”/m
(L. lsomora) ™ ([ ooy 2a) "

o—n
<C||(fw17ga>z)H/,,§o Z <2k5) Q|01 a+1/a|9k+3 g | 1/p=1 /o1 r=1/pr+1/s=1/p2
k=1

0] \" [ |0 \o [ 1 ) /g
: R GELUTE B ()4
X <2k+3Q0> <|2k+3Q0) <|QO| Qogwt(x) )

e Ly 1/r=1/pi

1/p2 , 1/s—1/pa
2 (%) q
‘2k+3Q| /k+3Q0 (V)" dv) (/2k+3Q | (v)] )

sp1 P )H(fwhng)H///f’O»

aq0,9; (r+pl 'rt+po

Ci <2k+25> Qo‘l/qo 1/q (/ Hw qu> .

o

X

X

<Cla]

which implies

- vall ggo < €18l 4 () IT 0180 g10- (14)

A+p1 r+p2

Thus, it remains to give the estimates of ||7-vg|| ,a . First, we prove the following
“Cq
lemma.

LEMMA 9. Denote =[5 TG4 di and Qo = Q(xo, 8) with 8 > 0. There
exists a positive constant independent of f and g, such that

1<C Y 1) mo(lf|gl)xo(x). (15)
0€2(Qo)

Proof. By the definition /, we may get

_ [ St
[t|<26

|t|n706

fr—ngletn)

~+oo
k0/2.2k15<|t|<2.2k5 |e|—o

oo 1
<Y - d
= R
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¥ 1 1/r l/s
< N Ak S \n—o — rd .\'d )
IZZ) (2-27k5)m—e </It|<2~2ka =1l t) </|z|<2.2k5 lglx+1)] t)

Then, by a change of variables and the fact x € Qy, it is easy to see

g 1 1/r 1/s
ISC > 5rgyna / rd / s )
,Z‘O(z.z—ka)n—a ( <2255 |f(u)] u) ( e ts lg(v)|*dv

<y ¥ Z(Q)a_n</|u—x<zz<g> f(u)lrdu)l/rx</|v—x<zz<g> |g(v)|sdv>l/sm(x)

k=0 0€7(0y
1Q)=2*
+oo 1/r l/s
gc l oa—n rd Sd
5.2, (f, lrra) ([ lewrar) " zow
I(Q):2 ‘s
(@) msoll11 8ol
QGQ(QO)

which implies

I<C Y, 1Q)* mao(lf", lel") xo(x).
0€2(Qo)

Thus, the proof of Lemma 9 has been finished.
Next, we recall some notations from Section 2. For ;s > 1 with 1/r+1/s=1,
we set

20(Qo0) ={0 € Z2(Qo) : mag(|fI",|g]") < a}

and

D/ (Qo) = {Q € 2(Q0): Q0 C Orj,d <mao(|f]",gl*) < ak+l}7

where «a is the same as in Section 2. Thus, we have

2(Q0) = Z0(Q0) (U%,, Qo )

k.j

As g > 1, by duality, there is

1/q
([, @owyax) = s ool
0

1714 (o)<t

Then, we denote
him 3 1@ mo(lfl"Igl") | @rx)er(n(dx,
0€%(Q0) ¢

and

=% l(Q)O‘M3Q(|f|’7Igl“')/le(X)ab(X)h(X)dm

0<% j(Qo)
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From 2(Q0) = %0(Q0) U (kU'@k’j(Qo)> and (15), we get
J

1/q
(/Q T (x)a)g(x)|‘1dx) <Io+1;. (16)
0

For I ;, recall that ¢ > 1, a > 1 and o > 0. Then, using (10), the Holder inequality,
Lemmas 5 and the property of &, we obtain

Ik,j <Qk+l / (1)1 )d
QGJ%

k+ll / wl ( )d
Okj

<Camsg, (111", 1g1)(Qx) /Q 1 (x) 02 () (x)lx
k,j

SCamsg, (| /1", 181°)1(Qk,1)*| Q.|
b q 1/aq 1 (aq) 1/(aq)’
a d - h a d
(i (@) 0 ( () a )

,_ |Ok,jl Jow s
<CalEy jlmsg, ; (If", 1)1 (Qx ;)*

1 1/aq 1 , 1/(aq)’
(g [, @anrax) (G [ i)
\J k.

|th| Ok j
<Ca [ g, (11 lgP (k)" (—
Ej Ok N 1Okl Jou,

| ;N\ aa)
(g o o ar) T ax
|th O, j

1
7

<Ca [ [M) )| A f.5.6) )
E

W

1/aq
(@ (y)wz(y))“qdy>

where

- 1/aq
1500 = sop1(@) gl 111 Iel) 5 [ (@ n)ar)
05x

(9

Similarly, there is

< a [ (5) 0] gL (7.0

Thus, using the boundedness of the Hardy-Littlewood maximal function, the Holder
inequality and the fact ¢’ > (aq)’, we obtain

) 1/a N g\
I+ 3l <€ ( |, 1 7g,c6><x>|qu) ( v () @] )
5]
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. 1/q 1/q
<o [ 1azrs@miax) ([ neora)
Qo

< C||- A58 (£,8:8)|] o g,

which implies

09

Io+ Y 1kj < C|| Mgls(f,8:8)|| (g, - a7
k7j
1 . T g . —r(E —s(2)'
From the Holder inequality and the reversed Holder inequality for 0, "’ and @, ** ,
there is
1/r 1 ‘ l/s
mollf e = (g7 [ Ut ) (g7 [, Jerex)
1_a
<pol ([ (rerewn® dx) (/ o) )
30
Las 1_a
s K R -\'f Fon
([ GePan) Ear) " ([ o)
1 ar

- a a r—a s—a 1 r ry 2Ly Py
<30 1|3Q| /p1ta/pat1/r—a/pi+1/s—a/py (3—Q|/3Q(|f(x)| w(x)") @ dx)

X <|3—1Q| LQ(Ig(X)M(X)S)%d’C);E <3LQ|/3Q0)2(x)_S%dx);;2
(i frmr2a)” (s amia)
X<|3—1Q|/3le(x);{qrdx>%_ <3Q|/ or(x I%Z’%dx> _

Thus, recalling the definition of ., 5(f)(x) in Section 2, we obtain

ol

€L
P2

-

8 B0 ST, () A ([01,802) ().

aqu‘Iv(ﬁ,pl g

Using Lemma 8 and (16)-(18), we have

’/// fwl,ng)H

”I' VcYJH//;qu < C[G)}aqm ( sPL TP

4 s+p1 ’r+p2 '/”qq()

< Clo]

oy )| 701,802 o

aqo’q7<5+p1 VTP

(18)
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which implies

11-Va ] g < Cl@)

o ) |(Feor, g@a)ll_m0- (19)

Combining (14) and (19), we finish the proof of Theorem 1 for the case ¢ > 1.

3.2. The case g < 1

First, we denote

q
L::< > l(Q)am3Q(|f|r78|S)XQ(X)>~
Qe

7(Q0)

Since g < 1, we have

L S 10 mollfl e o
0€2(Qo)

<( PR DYDY )l(Q)q“msg(lfl’,lgS)qu(X)-

0€20(Q)  k.j 0Py ;(Qo)

Recall that vg(x) = @ (x)wy(x). Then, we obtain

/Q BIal )01 (0 (1)) s

0€%)(Qo)  k.j QeZy ;(Qo)

=C(ly+ 211 ;)-
k.j

<C( DI )l(Q)“‘fmaQafr,gr")‘f /Q (@1 (x) s (x))7dx

For I} I there is

= 3 10 (T ) [ (on(v)n()ids
0<% j(Qo) 2

<1 ()" [ (@1 (@@r()

k.J

1
|Qk,j| Ok,j

(o (x)wz(x))qu)

< CalQi 110k (1) "magy (111 lgl*) ( (o (X)wz(x))qu)

< Caly 101 “ma, (11 1e)
J o Ok.j |Qk,j| Ok,j

! 94 v qd
o] Jy, (@ 0)00) y) ] .

< Ca/E . [Z(Qk7j)am3Qk.j(|f|r7 ‘g|5) (
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<Ca /E M (f 8 @1, ) (x)dx,
k.j

where

74 o r s 1 q e
.00, 00)(0) = s0p1(0) 1. >(5| [ (@00 dy) .

Similarly, there is
Iy < Ca [ M4 f.8.5)(x)1dx.
E

0

Thus, we obtain
I+ Xl <C [ A ns(f.5.®) )
k,j ) QO

Then, by a similar argument as in the proof of (18), there is

Mers(f,8,0)(x) < [@]

P )*///ag(fwhgah)(x)' (20)

aqo,q.,(ﬁ,,1 T

Now, using Lemma 8 and the definition of the Morrey space, we finish the proof of
Theorem 1 with ¢ < 1.

4. Two-weight norm inequalities for B.7,

In this section, we are going to give the two-weight norm inequalities for B.#
on the Morrey type spaces. Suppose that v and @ = (o), ®,) satisfy the following
condition:

_ QI)I/%( 1 \ )”q 2 ( 1 . >1/p;
3. — — d — i \ Vi P,d i .
v, @], .5 ngg/ (Q’ ‘Q|/Qv(x) x E 0l /Qlw(y) y

0,0’ :cubes

Obviously, if [v, @] 1 ) < oo, we cannot get the reversed Holder inequality

qo7q7(x+p1 T

CONC

and w,

for v, a)l_r
By checking the proof of Theorem 1, we obtain

THEOREM 2. Suppose 0 <o <n, py>r>1, pp>s>1,1/r+1/s=1,1/p=
I/pi+1/pa, 1 <p1,p2<eo, 0< p<po<oo, 0<q< qo<oo. Assume that

1/qo=1/po—a/n, q/q0= p/po.

Case 1. If q > 1, suppose that there exists a satisfying 1 < a < min{Z+ 2},
such that
[v, @]

spy po < oo,
adqo,aq, (M vartp, )



912 X. YU, X. TAO, H. ZHANG AND J. RUAN

Then, there exists a positive constant C independent of f and g, such that

1B (f:8)VIl_y0 < Cv, @] 1) )H(fwl,gab)ll/,,lgo- 2n

aqo,aq, <a3+p1 vartpy

Case 2. If 0 < g < 1, suppose that there exists a satisfying 1 < a < min { p—,‘, p—? ,

such that
[v, @]

Then, there exists a positive constant C independent of f and g, such that

spy rpo < oo,
aq0.,9, (as+p1 ’ar+p2>

1BLa(f,8)V]l 400 < Clv, @] i) )H(fwl,gab)ll,%lgm (22)

aq()’q’(a.r+[)l rar+py
In order to prove Theorem 2, recalling the definition of My’ (f.g,®)(x) and
Mg ,5(f,8.0)(x) in Section 3, we need the following lemma.

LEMMA 10. Under the same conditions as in Theorem 2, we have the following
estimates for My’ and Mg, .
Case 1. For the case q > 1, suppose that there exists a satisfying 1 < a <
min {2, 22} such that
v, @]

)
L ) <o
aqo»aq, (as+p1 ’ar+p2>

Then

Mess(f+8,0)(x) < C[v, 6]

spL P ) aﬁ;;(fwlang)(x)'

aq0-49, ( as+py > ar+py

Case 2. For the case q < 1, suppose that there exists a satisfying 1 < a <
min{ &, 22} such that
[v, @]

spy rpo < oo,
aq0.9, (as+p1 ’ar+p2>

Then

%g,r,s(fag7 J))(x) < C[V, (7)] ) ) a’g(fwlvga)z)(x)'

aq0-9 ( as+py ’art+py

If we check the proof of (18) and (20) carefully, we can easily get Lemma 10 and
we omit the details here.

Moreover, we can generalize Theorem 2 to a more general case.

Suppose that another quantity of two-weight type multiple weights [v, @]

70.9.P
is defined as follows. 00
v, w]qo,rmqf’
Ie] 1/q0 y 1/q 2 1/p;
sup | 10| ’“( / (X)“dx> ( / @;(vi) 'dy,) <o,
oco (Q'> 0| 10|
0,0 :cubes

By checking the proof of Theorem | again, we have
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THEOREM 3. Suppose 0 <o <n, py>r>1, pp>s>1,1/r+1/s=1,1/p=
I/pi+1/pa, 1 <p1,p2<eo, 0< p<po<oo, 0<q< qo<oo. Assume that
n

p/po, 1/qo=1/po+1/ro—ot/n, ro>

Pl )

q/q0 =
Case 1. If g > 1, suppose that there exists a satisfying 1 < a < min { A },
such that
v, @ 5 Y\ < 0.
[ ]llqo ro,aq, ( ari})l ari%’z )
Then, there exists a positive constant C independent of f and g, such that
)”(fwl»ng)”,///gf)' (23)

< 0 s
”Bja (f7g)VH/”qu = C[V7 (D}aqo 10, aq’(arﬂ)l rartpy

Case 2. If 0 < g < 1, suppose that there exists a satisfying 1 < a < min { q—°7 &, %}

1B.Saf e ago < CW By 1y (1 .

such that
1% (?) sp 7, < oo,
it }aquo,%(mi},lm,ﬁf,z)
Then, there exists a positive constant C independent of f and g, such that
| (far,gm)l| ,ro- 24)
)

Similarly, to prove Theorem 2, we need the following lemma

LEMMA 11. Under the same conditions as in Theorem 3, we have the following
estimates for //a rs and //13,7_3..
Case 1. For the case q > 1, suppose that there exists a satisfying 1 < a <

sl opLop2
mm{qo, 5,5 } such that
[v, @] Pl P
aqo:705 aq’(aﬁ»pl Tar+py

><t>°.

Then
M n g(fwhgab)('x)

My d)(x) <Cv,d ;
ars(faga )( ) = [ ’ }aq07r07aq7<a;i;1 mr’fg]z) a,r07
1, suppose that there exists a satisfying 1 < a <

Case 2. For the case 0 < g <

min{;",p},’?},suchthat
[v, @] Lo ) <o
a‘107'"07‘17(m+p1 7,1,+,,2>
Then
74 ®)(x) <Clv,® M 5(fo )
ars(fuga )(x)\ [V7 }aqoﬂroﬂq.’(a;l:;)lmr’ﬁ)z) 0‘_%=§(f 17g0)2)(x)

REMARK 3. For the case 0 < g < 1, the results of (22) and (24) are still different
from [17, Theorem 4.2].
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5. An Olsen type inequality for B.7,

In this section, we will give an Olsen type inequality for B.#,. Recall the frac-
tional integral

L= [ LY

o W(l’y, O0<oa<n.

For the study of I, on the Morrey space, one may see [1, 23, 24] et al. to find
more details.
Particularly, Sawano, Sugano and Tanaka obtained the following result.

THEOREM C. ([40]) Suppose that the indices o, pg,qo,70,P,q,71 Satisfy
I<p<pog<oo, 1 <g<qo<oo,l<r<rg<oo
and
r>q, 1/po>a/n>1/r.
Also assume
4/q0=p/po, 1/po+1/ro—a/n=1/qo.
Then, forall f € . #}°(R") and he 4 (R"), there is

1 TalP)N gtogamy < AL g gam I g0 25)

where C is a positive constant independet of f and g.

The above inequality was first proposed by Olsen in [38] and Olsen found that
(25) plays an important role in the study of Schrédinger equation. Conlon and Redondo
proved (25) for the case n =3 in [9] essentially. In fact, some analogous inequalities
on a generalized case were obtained in [40, 41, 44] et al. Moreover, we would like to
mention that readers may see [12, 13] et al. to find more applications about Olsen type
inequalities in the study of PDEs.

For the Olsen type inequality of B.#,, we would like to mention that if we take
v=nhand @=(1,1,---,1) in Theorem 3, we may obtain

THEOREM 4. Under the same conditions as in Theorem 3, there is
Case 1. For the g > 1, we have

I BIa(F.8)] g0 < ClAlLgall£-8) gm0 < CUBILnllf1 g1 gl gz (26

forall he 4, 1/q1+1/q2=1/pg and r = aq.
Case 2. For the case 0 < g < 1, we have

I BIa(F.8)] g0 < Ul a1 Fl g < ClLgn 1L gl @D

forall he #;" and 1/q1+1/q2=1/po.
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According to the conditions of Theorem 3, we find that the exponent r| = aq in
(26) should satisfy the condition r; € <q,q-min{;—‘(’)7 a, %}) C (g,70). Then, com-
paring (25) with (26), it is natural to ask whether we can get the following Olsen type

inequality for B.%,
- BIa(f.8)]| o < ClIA g0 71| g 1] o9

with any r; € (q,r9] and g > 1. In this section, we will give a positive answer to this
question. The main result of this section is

THEOREM 5. Suppose that there exist real numbers o, q;, p; (i=1,2),r0, r1,5,90
and q satisfying 0 < o <n,1 < g < pi<oo, 1 <qg<qgog<oo,l<ry <rg,p1>r>
1,pp>s>1 and

rn>ql/ro<a/n<l/q+1/qg<1,1/s+1/r=1.
Furthermore, we assume that
1/go=1/ro+1/q1+1/q2—a/n

and

i:&:Q. (29)

90 491 92
Then, there exists a positive constant C independent of f and g, such that

1h-BIa(f,8)l| o < ClIRI g0 1 £1] 1 gl 2
forany h € 4 (R").

The method for the proof of Theorem 5 is also adapted to the case ¢ = o and
h=1. Thus, we may obtain the following Spanne type estimates for B, and it is also
a new result with its independent interest as far as we know.

COROLLARY 2. (The Spanne type estimate for B-%,, ) Suppose that there exist real
numbers o, qi,p; (i=1,2),r,s,q0 and q satisfying 0 < o < n,1 < p; < g; < o,1 <
q<qo<oco,py>r>1,prp>s>1and

o/n<l/gi+1/qa<1, 1/s+1/r=1.
Furthermore, we assume that
1/q0=1/q1+1/q—a/n
and w_n_ @

a D2
Then, there exists a positive constant C independent of f and g, such that

1BLa (@)l g0 < CIAI g llgl -
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REMARK 4. Here we would like to mention that we cannot get Theorems 5 di-
rectly from Corollary 2 and the Holder inequality for functions on the Morrey spaces
([26, p.1377]). Readers may see [39, 40, 44] for details. In fact, from Corollary 2 and
the Holder inequality for functions on the Morrey spaces, there is

I BIaF,8)_ o < CIIL 1L g g (30)

where
n_d0_q_ 4 31

r q P1 P2
and the other conditions are the same as in Theorem 5.

REMARK 5. Comparing (29) with (31), we find that the restriction of (31) is much
more stronger than (29).

REMARK 6. In[l1], Fan and Gao [11, Corollary 2.5] got an Olsen type inequality
for B.#, which is similar to (30). If we check [1 1, Corollary 2.5] carefully, we find that
the exponents ¢q,qo,71,70,91,P1,92, P2 in [11, Corollary 2.5] also satisfy (31). How-
ever, our result shows that the condition (31) is unnecessary as the method used in this
paper is quite different and more difficult from [11].

5.1. Proof of Theorem 5

Without loss of generality, we may assume that both f and g are non-negative
functions. From Lemma 4 and the fact g < qq, then for any cube Q C R”, there is

1/q
|Q\1/‘10‘1/‘1 </Q h(x)Bfa(f7g)(x)|qu> (32)

3n

1/q
<6" Y |01/~ 1/a ( / Ih(X)Bfa(f,g)(X)qu) ,

t=1

where O, € 2", 0 C O; and [(Q;) < 61(0).
1/
Thus, we only need to estimate |Qp|'/90~1/4 <fQ0 |h(x)B.Zg, (f7g)(x)|‘1dx> * with

Qo € 9.

From (ii) in Section 2, we know that the set {Q € 2' : [(Q) =27V} forms a
partition of R” with a fixed # and each v € Z. Moreover, we denote Q € Z!, with
1(Q) =27V and let 3Q be made up of 3" dyadic grids of equal size and have the same
center of Q. Then, using the notations as in Section 2, we can decompose B.%, as
follows.

[ flx=y)elx+y) flx—y)g(x+y)
BIa(f8)(x) = " |y[r— dy_vexz/ﬂ'quv |y[r—e “

<Y 3 20 el flx=)glx+y)dy

VEZ Qe !, PN
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Then, by a geometric observation, we have B(x,27") C 3Q if x € Q € Z!,. Thus, using
the Holder inequality with 1/r+1/s=1 (r,s > 1) and a change of variables, there is

/7 B flx—y)glx+y)dy
27v-lgyl2y

([ treora) ([ )
<(f prwra) ([ scora)

Then, for any cube fixed cube Qp € 7', as Q € Z!,, we denote

=Y 3 et ([ ra) ([ s

VEZQEQ\%QDQO
and
1/r 1/s
H=h0 %3 o2 ([ 1rwran) ([ )
VELQET},.0CQy 30 30

Thus, it is easy to see
h(x) - BI(f,)(x) <I+1I.

For I, let Oy be the unique cube containing Qq and satisfy |Qx| = 2¥"|Qy|. Set v =
—log, | Ol i . Then, we denote

- it ([ roran)

0 k
1/s]4 1/q
X (/ g(z)ISdz) dx} )
30k

Next, we will give the estimates of E;. By the definition of the Morrey space and the
condition 1/r+1/s=1 with ;s > 1, we see that

</3Qk 1/ (“)I’du) v ( /3 s (Z)|Sdz> s

Ve 1/p2
< (/ |f(u)|1’1du> |3Qk‘1/r—l/p1 (/ g(Z)|p2dz> ‘3Qk|l/.v—1/p2
30k 30
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<”fH////711 30|/ V=Vt ||g||'//[’?22|3Qk|1/s—1/p2+1/p2—1/q2
1-1 -1
<IAIL g1 18119213 fa=1/az,

Thus, we obtain
1-1 1 1 1 /e
B < 171 g el gl /o eigop - ern-ad ([ o)
0

1/r|
<x>|’1dx)

< Hf”///",’ll ”g”///;)]22 |3Qk|1—1/111—1/112|Q0|1/‘10—1/11‘*'1/‘1—1/r12V(n—0£) (

|h
Qo
<ALl 11z HgH,///gzz|Q0|1/q°_1/r°|Qk|1_1/ql_l/q22v("_a)~
N "
By the facts 2V("~%) = (2‘l°g2|Qk"> = Qx| 1) = |Qy|# " and Qx| =2""|Q0].
we get
E < ”h”///r'lo ||fH////?11 HgH'//lﬁzz|Q0|1/110—1/r0+0€/n—1/111—1/1122kn(0€/"—1/111—1/112)

<L 171 g 15 20~ =),

Recall that Qy is the unique cube containing Qp. By the condition that 1/g; +1/¢> —
o/n >0, and the definitions of I and Ej, we obtain

1/q
ool e ([ par) <l gl gyl g G
0o Ay P1 P2
Next, we recall some notations from Section 3. For r,s > 1 with 1/r41/s=1, we set

Z5(Q0) ={0 € Z'(Qo) : mao(|f]", lg|*) < a}

and

,(0) = {0 € 7'(00) : 0 € O joa* < maglIfT,Igl) <1},

where a is the same as in Section 2 and 2'(Qg) ={0 € 2" : Q0 C Qo }-
Thus, we have

2'(Qo) = Z5(Q0) U J % ;(Q0).-

k,j

By the duality theory, we may choose a function ® € L4, such that

1/q
( / |11|qu) <2 / 1| (x)dx. (34)
Qo Qo

Thus, we get

1/q
( / |II|‘1dx)
Qo
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— (n—a /h (x)dx (/3Qf(u)’du>l/r (/3Q|g(z)|‘dz>l/x

QEJ’ Qo
1/r l/s
+3 v [ oo ( [ reran) ([ lsra:)
kaG_ﬂ' 30 30
=1l +11.

To estimate /1>, using (10), Lemma 5, the definition of Z ;(Qo), the geometric prop-
erty of 2 and the fact 0 < £ < 1, there is

hL<y (1o / h(x)o (x)dx|30]m3o (| £]" g]*)

k,j QeW

<cy 2 101 mag(1/1" 1) / x

k.j Qe /(Qo)

=CY Y 10 mo(lf1 s oy

kj 0 (00)

<cS Y10 maollfI" Il /Q M(ho) (x)dx

kJ Qe (00)

<C10x o, (IfI7Ig) [ M) (x)ax
k.j O, j

4

01 /o h(x)(x)dx

<CY |0l msg, (11", 18 mg, ,[M(he)]| O]

k,j

<CY |0kl %m3Qk#,(|f|r, 8" )mg, ;M (ho)]

k,j

Thus, for any 6 satisfying 1 < g < 0 < ry, we have

1L <CY |0
k.j

< 1] (m o ((MW) ) 4) ) 1 (moy, ((219)")) Un
=00t U1 8P (o, ((0)"))

1000 o, (98)"))"

o] 1/7
2 _1/r r s ! 1
= 10u1# - om (11 le B (moy, ((10)"))

k.j

9/}’1 1/6
[*] r1/9
(00 (s fy () ornae)™

4 .
n m3Qk>_,' (|f|ra ‘g|\)

l/r’1
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& _1/n r s g
= Yromsg, (111 8| | (mgk.,- ((M“”w) ))

1/r
« |Qk7j‘l/r0_1/rl (/Qk ‘ |h(x)|’1dx)
5J
l/r’1

@ _ T r A ! r,l
<]y 3|0k~ 0msg (1] ,g|>|Ek,,,»|(mgkﬁ,((M<">w) )) ,
k7j

1/r

<CY |0k,
k.j

where the definition of M(®")@ can be found in Section 2.
Similarly, for the estimates of 1/}, there is

l/r’1

% _1/r r s ! ut
11 <l gy 100lF o, (11 el (o, ((10) ) )

Combing the estimates of /I and /I, and recalling the fact that {Eo} U{E ;}
forms a disjoint family of decomposition for Oy, the definition of Qy ; and the fact
o/n>1/ry, we get

|Qo|!/0-V/a / | o(x)dx
Qo
<C1Qol"'® [l 0 /Q M (M ) (1)Mp, (1£17)(x)" Mg, (Igl*) () dx
0

! ! 1/ql
<C|Qo‘1/!1071/f1HhH/[r,10 (/Q M) (M(G )a)> (x)? dx)
0

1/q

(], (v, 0120000, ) ) )

where Mp, denotes the fractional maximal function and f; = oqr — % >0, =
OCQS—%>OWith OC1=OC2=%.

! ! ’ ’ 1/‘1,
As & >1 and Z—,l > 1, we can easily get (fQo M (M(9 )a)> (x)4 dx) < C and it

remains to give the estimate of

1/q
- r r s N q

ool ([ (v, (1160 b )01 )

0
By the Holder inequality on Morrey spaces and Lemmas 6-7, there is
1/go—1/ 1/ oy 175\ 9 Va
oul e ([ (vt (11760 b ) 1)

0

<[IMp, (117" Mg, (81*)' 1|0

<HM;31(\f\’)1/’H/,511 \\Mpz(lg\s)l/sll,,,yzz
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=7, (11" )Hl/r 1Mp, (lg|* )III//[s

1/r 1/s
< =
<Cl|IfI" ||//1 8P s, = ClIA g1 I8l 422

SN
|Sof5

Pl “%/PTZ
where fL=f2 =@ =t =B, Lo m o= fand 5o =t o5 =
Thus, we have
\Qol”"“’l/"/ o (x)dx < CllR|| ol Fll g ll8ll g (35)
Then, combing (32)-(35), we conclude that
12~ BIa(f &)l g0 < ClIR g0 AN 181 gz (36)

Consequently, the proof of Theorem 5 has been finished.
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