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(Communicated by S. Varošanec)

Abstract. In this paper, we give some equivalent condition for a weighted Orlicz space LΦ
w (G)

on a locally compact group G to be a convolution Banach algebra, and by Jensen’s inequality
we study a hereditary property for weighted Orlicz algebras on quotient spaces. In addition, we
characterize compact convolution operators from L1

w(G) into LΦ
w (G) .

1. Introduction

If 1 < p < ∞ and G be a locally compact group, it is well-known that the Lebesgue
space Lp(G) is a convolution Banach algebra if and only if G is compact. The first
results related to this fact is due to [19, 18]. This problem has been studied for Orlicz
spaces, as a generalization of Lebesgue spaces. For any Young function Φ satisfying
Δ2 -condition, H. Hudzik, A. Kamiska and J. Musielak in [9] prove that the Orlicz space
LΦ(G) is a Banach algebra under convolution if and only if LΦ(G) ⊆ L1(G) . In [17],
it is proved that if Φ satisfies a given sequence condition, then LΦ(G) is a Banach
algebra if and only if f ∗ g exists for all f ,g ∈ LΦ(G) . Similar prorblems about the
weighted Lebesgue spaces have been studied in several papers. For instance, Yu. N.
Kuznetsova in [10, 11] gives some conditions under which the weighted Lebesgue space
Lp

w(G) is a Banach algebra under the convolution. Recently, A. Osançlıol and S. Öztop
in [12] studied the weighted Orlicz algebras under the convolution and proved that if
the inclusion LΦ

w (G) ⊆ L1
w(G) holds, then LΦ

w (G) is a convolution Banach algebra. In
this paper, we study a hereditary property for weighted Orlicz algebras, and prove that
if H is a compact normal subgroup of a locally compact group G and LΦ

w (G) is a
convolution Banach algebra, then LΦ

w̃ (G/H) is a Banach algebra under a product �
given by the formula (11) induced by the usual convolution product, where w̃(xH) :=
infy∈H w(xy) for all x ∈ G . In section 4, we look at LΦ

w (G) as an L1
w(G)-module,

and prove that a convolution operator from the weighted group algebra L1
w(G) into

a weighted Orlicz space LΦ
w (G) is compact if and only if a related function (given

by the formula (14)) vanishes at infinity. The main motivation for this study is the
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characterization of compact elements of L1
w(G) by F. Ghahramani [5, Theorem 1].

One can find similar results about weakly compact elements of L1
w(G) in [6], and an

extension of them on locally compact hypergroups in [7, 8]. The obtained results in
section 4 can be considered as improvements of well-known results about compact
elements from S. Sakai, C. Akemann and F. Ghahramani in [16, 2, 5]. In particular,
some results for compact convolution operators into a weighted Lebesgue space Lp

w(G)
are provided.

In next section, we recall some basic definitions and notations about Orlicz spaces
as an important extension of Lebesgue spaces; see the monograph [13].

2. Preliminaries

Let G be a locally compact group. The set of all bounded Radon measures on
G is denoted by M(G) . Throughout, G is a locally compact group, and the integrals
without any specified measure are considered with a given left Haar measure. Also, all
(weighted) Lebesgue spaces on G are given by a left Haar measure. For any μ ∈M(G)
and measurable functions f and g on G denote

( f ∗ g)(x) :=
∫

G
f (y)g(y−1x)dy, (μ ∗ g)(x) :=

∫
G

g(y−1x)dμ(y),

for all x ∈ G , while these integrals exist.
Now, we recall some basic definitions and notations about Orlicz spaces. A convex

even mapping Φ : R → [0,∞] satisfying Φ(0) = limx→0 Φ(x) = 0 and limx→∞ Φ(x) =
∞ , is called a Young function. The complementary of a Young function Φ is given by

Ψ(x) := sup{y|x|−Φ(y) : y � 0}, (x ∈ R).

In this case, (Φ,Ψ) is called a Young pair.
We say that a Young function Φ satisfies Δ2 -condition (and write Φ ∈ Δ2 ) if for

some constants c > 0 and x0 � 0,

Φ(2x) � cΦ(x), (x � x0).

In sequel, (Φ,Ψ) is a Young pair and Φ ∈ Δ2 . A Borel measurable function f
belongs to LΦ(G) if there exists a number α > 0 such that

∫
G

Φ(α| f (x)|)dx < ∞.

Two elements f ,g ∈ LΦ(G) are considered the same if f = g a.e. For every
f ∈ LΦ(G) we put

‖ f‖Φ := sup

{∫
G
| f (x)g(x)|dx :

∫
G

Ψ(|g(x)|)dx � 1

}
.

The complete normed space (LΦ(G),‖ · ‖Φ) is called an Orlicz space. In particu-
lar, if p � 1 and the Young function Φ is defined by Φ(x) := |x|p for all x ∈ R , then
LΦ(G) is same as the Lebesgue space Lp(G) .
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Set

‖ f‖◦Φ := inf

{
λ > 0 :

∫
G

Φ(
1
λ
| f (x)|)dx � 1

}
, ( f ∈ LΦ(G)).

Then, ‖ · ‖◦Φ is also a norm on LΦ(G) and for each f ∈ LΦ(G) ,

‖ f‖◦Φ � ‖ f‖Φ � 2‖ f‖◦Φ.

If f ∈ LΦ(G) and g ∈ LΨ(G) , then by [13, Page 58] we have
∫

G
| f (x)g(x)|dx � 2‖ f‖Φ‖g‖Ψ, (1)

which is the Hölder’s inequality for Orlicz spaces. If H is a compact group with a
normalized Haar measure, and f is a real-valued measurable function on H such that∫
H f (x)dx and

∫
H Φ( f (x))dx exist, then by the Jensen’s inequality [13, Proposition 5,

Chapter III] we have

Φ
(∫

H
f (x)dx

)
�

∫
H

Φ( f (x))dx. (2)

In this paper, w is a continuous positive function on G (called a weight). We write
w−1 := 1

w . The weighted Orlicz space LΦ
w (G) consists all measurable functions f on

G such that wf ∈ LΦ(G) . It is known that (LΦ
w (G),‖ · ‖Φ,w) is a Banach space, where

‖ f‖Φ,w := ‖wf‖Φ for all f ∈ LΦ
w (G) . The set of all elements μ ∈ M(G) such that

wμ ∈ M(G) is denoted by Mw(G) , and for each μ ∈ Mw(G) we put ‖μ‖w := ‖wμ‖ .
Easily one can see that for each f ∈ LΦ

w (G) and μ ∈ Mw(G) ,

‖μ ∗ f‖Φ,w � ‖μ‖w‖ f‖Φ,w.

The set of all functions f : G → C such that f
w ∈ C0(G) is denoted by Cw

0 (G) ,
where C0(G) is the space of all complex-valued continuous functions on G vanishing
at infinity. For each f ∈Cw

0 (G) we put ‖ f‖∞,w := ‖ f
w‖∞ . In general, we have Cw

0 (G)∗ ∼=
Mw(G) . The weighted Orlicz space LΦ

w (G) is called a convolution Banach algebra if
there exists a constant c > 0 such that f ∗ g ∈ LΦ

w (G) and

‖ f ∗ g‖Φ,w � c‖ f‖Φ,w ‖g‖Φ,w,

for all f ,g ∈ LΦ
w (G) . In sequel, we assume that for each x,y ∈ G , w(xy) � w(x)w(y) .

3. Weighted Orlicz convolution algebras

In this section, we give some sufficient and necessary condition for a weighted
Orlicz space on a locally compact group to be a convolution Banach algebra.

Since Φ ∈ Δ2 , same as non-weighted case [13, Page 111] (see also [12]) we have(
LΦ

w (G)
)∗ ∼= LΨ

w−1(G) with the duality formula

〈 f ,g〉 =
∫

G
f (x)g(x)dx. (3)
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Let y ∈ G . The right translation of a function g : G → C is defined by

Ryg : G → C, Ryg(x) := g(xy)

for all x ∈ G . Also, for each x,y ∈ G we define

Ω(x,y) :=
w(xy)

w(x)w(y)
.

The following result is an extension of Proposition 2.1 in [1].

PROPOSITION 1. Let (Φ,Ψ) be an Orlicz pair with Φ ∈ Δ2 . Then, LΦ
w (G) is a

convolution Banach algebra if and only if there is a constant k > 0 such that for each
f ∈ LΦ(G) and g ∈ LΨ(G) ,

∥∥∥∥
∫

G
f (y)RygΩ(·,y)dy

∥∥∥∥
Ψ

� k‖ f‖Φ ‖g‖Ψ. (4)

Proof. Note that the mapping

LΦ
w (G) → LΦ(G), f �→ f w

is an isometric isomorphism. The statement can be concluded from the well known
fact that if there is an associative multiplication on a Banach space A , then it makes A
a Banach algebra if and only if the dual space A∗ is a Banach module over A by the
natural module action.
Now, we intend to study a hereditary property for weighted Orlicz algebras. For this,
let H be a compact normal subgroup of a locally compact group G with a normalized
Haar measure dy , and let LΦ

w (G) be a Banach algebra under the convolution product.
For each x ∈ G we denote ẋ := xH . By [14, Theorem 3.4.6], there is a left-invariant
Radon measure dẋ on the quotient space G/H satisfying

∫
G

f (x)dx =
∫

G/H

∫
H

f (xy)dydẋ, (5)

for all f ∈ L1(G) . This relation is called Weil’s formula which plays a key role in the
sequel.

For each f ∈Cc(G) we define

Pf (xH) :=
∫

H
f (xy)dy, (x ∈ G).

By [14, Theorem 3.5.4], for each f ,g ∈Cc(G) we have

Pf ∗Pg = Pf∗g.

Also, P : f �→Pf is a surjective function from Cc(G) to Cc(G/H) [4, Proposition 2.48].
If w̃ is defined by

w̃(xH) := inf
y∈H

w(xy), (x ∈ G),
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then, w̃ is a weight on G/H and w̃(ẋẏ) � w̃(ẋ)w̃(ẏ) for all x,y ∈ G .
Now, since Φ is a convex (and so an increasing) function, for each α > 0 we have

∫
G/H

Φ
(
αPf (xH)w̃(xH)

)
dẋ =

∫
G/H

Φ
(∫

H
α f (xy) inf

t∈H
w(xt)dy

)
dẋ

�
∫

G/H
Φ

(∫
H

α f (xy)w(xy)dy

)
dẋ

�
∫

G/H

∫
H

Φ(α f (xy)w(xy)) dydẋ

=
∫

G
Φ(α f (x)w(x)) dx,

thanks to the Jensen’s inequality (2) and the Weil’s formula (5). This implies that

‖Pf‖Φ,w̃ � 2‖P f‖◦Φ,w̃ � 2‖ f‖◦Φ,w � 2‖ f‖Φ,w. (6)

This inequality shows that I := ker(P) is closed in Cc(G) . Also,

Cc(G/H) ∼= Cc(G)
I

,

where ∼= is a linear isomorphism. By [14, Lemma 3.4.4] we have

cl‖·‖′ (Cc(G/H)) ∼= LΦ
w (G)
J

, (7)

where J is the closure of I in LΦ
w (G) and

‖Pf‖′ := inf{‖ f −g‖Φ,w : g ∈ I }
for all f ∈Cc(G) . The relation ∼= in (7) is an isometrically isomorphism.

Easily, one can see that
‖Pf‖Φ,w̃ � 2‖Pf‖′ (8)

for all f ∈Cc(G) . For each f ∈ J , the equality in (8) holds. If f /∈ J , then by [3,
corollary 6.8, Chapter III], there is an element g∈ LΨ

w−1(G) orthogonal to J such that

〈 f ,g〉 = 1, ‖g‖Ψ,w−1 =
1

‖Pf ‖′ . (9)

Since g is orthogonal to J , for each x ∈ H we have g(xy) = g(y) for locally
almost every y ∈ G . So, by [14, Proposition 3.6.13], there is a measurable function
h : G/H → C such that g(x) = h(ẋ) , for all x ∈ G . For each α > 0 we have

∫
G/H

Ψ
(

α
Mw̃(ẋ)

|h(ẋ)|
)

dẋ =
∫

G/H

∫
H

Ψ
(

α
Mw̃(ẋ)

|h(ẋ)|
)

dydẋ

�
∫

G/H

∫
H

Ψ
(

αM
Mw(xy)

|g(xy)|
)

dydẋ

=
∫

G
Ψ

(
α|g(x)|
w(x)

)
dx,
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where M := supy∈H w(y) . This shows that

M
2
‖h‖Ψ,w̃−1 � M‖h‖◦Ψ,w̃−1 � ‖g‖Ψ,w−1.

Hence,

1 = |〈 f ,g〉| = |〈Pf ,h〉| � ‖Pf‖Φ,w̃ ‖h‖Ψ,w̃−1 � 2
M
‖Pf ‖Φ,w̃‖g‖Ψ,w−1 =

2‖Pf‖Φ,w̃

M‖Pf‖′ ,

and so
M
2
‖Pf‖′ � ‖Pf ‖Φ,w̃, (10)

for all f ∈Cc(G) . Then, by inequalities (8) and (10), the norms ‖ · ‖Φ,w̃ and ‖ · ‖′ are
equivalent on Cc(G/H) , and so by (7) we have

LΦ
w̃ (G/H) ∼= LΦ

w (G)
J

,

via the mapping

P̃ :
LΦ

w (G)
J

→ LΦ
w̃ (G), P̃( f +J ) := lim

n→∞
Pfn ,

where f ∈ LΦ
w (G) and { fn} is a sequence in Cc(G) that converges to f in LΦ

w (G) .
Now, if we define a product � on LΦ

w̃ (G/H) by

P̃( f +J )� P̃(g+J ) := P̃(( f ∗ g)+J ), ( f ,g ∈ LΦ
w (G)), (11)

then (LΦ
w̃ (G/H),�) is a Banach algebra. In general, the product � on LΦ

w̃ (G/H) is
different from the usual convolution product on this space. Although, for each f ,g ∈
Cc(G) we have

P̃( f +J )� P̃(g+J ) = Pf ∗Pg.

Now, we can write the following result:

THEOREM 1. Let H be a compact normal subgroup of a locally compact group
G. If LΦ

w (G) is a convolution Banach algebra, then LΦ
w̃ (G/H) is a Banach algebra

under the product � induced by the usual convolution given via the formula (11).

Compared the conclusion in [1, Proposition 3.1], we have the following corollary.

COROLLARY 1. Let 1 < p < ∞ and H be a compact normal subgroup of a locally
compact group G. If Lp

w(G) is a convolution Banach algebra, then Lp
w̃(G/H) is a

Banach algebra under the product � given by the formula (11), setting Φ(x) := |x|p .



REMARKS ON WEIGHTED ORLICZ SPACES 1021

4. Compact convolution operators

In this section, we give an equivalent condition for compactness of a convolution
operator from the weighted group algebra L1

w(G) into a weighted Orlicz space LΦ
w (G) .

Here, LΦ
w (G) is not necessarily an algebra, rather it is considered as an L1

w(G)-module.
The main idea of the proof comes from [5, Theorem 1], but the details are different. For
this, we need the following theorem which is a new version of [5, Lemma 2].

THEOREM 2. Let g ∈ LΦ
w (G) , and suppose that the bounded linear operator Tg :

L1
w(G) → LΦ

w (G) is defined by

Tg( f ) := f ∗ g, ( f ∈ L1
w(G)).

Then, Tg is compact if and only if the mapping T̃g : Mw(G) → LΦ
w (G) defined by

T̃g(μ) := μ ∗ g, (μ ∈ Mw(G)), (12)

is a compact operator.

Proof. Let Tg be compact. There is a net {eα}α∈I which is the bounded (left)
approximate identity of L1

w(G) and the (left) approximate identity of LΦ
w (G) (see [12,

Theorem 4.2] and its proof). Then,
{
T̃g(μ) : ‖μ‖w � 1

} ⊆ clΦ,w
({

Tg(μ ∗ eα) : α ∈ I,μ ∈ Mw(G),‖μ‖w � 1
})

, (13)

where clΦ,w(E) means the ‖ · ‖Φ,w -closure of a set E ⊆ LΦ
w (G) . Indeed, for each

μ ∈ Mw(G) we have
∥∥T̃g(μ)−Tg(μ ∗ eα)

∥∥
Φ,w = ‖μ ∗ g− μ ∗ (eα ∗ g)‖Φ,w � ‖μ‖w‖g− (eα ∗ g)‖Φ,w,

and this implies that
T̃g(μ) = lim

α
Tg(μ ∗ eα),

in LΦ
w (G) . So, the inclusion (13) holds. The right side of (13) is a compact subset of

LΦ
w (G) because Tg is a compact operator and the set

{μ ∗ eα : α ∈ I,μ ∈ Mw(G),‖μ‖w � 1}
is bounded in L1

w(G) . So, T̃g is a compact operator. Conversely, let the operator T̃g be
compact. Then, easily its restriction T̃g|L1

w(G) = Tg is also compact.
The following result is a generalization of a similar one from F. Ghahramani [5, Theo-
rem 1].

For each x,y ∈ G and g : G → C we denote Lxg(y) := (δx ∗ g)(y) = g(x−1y) .

THEOREM 3. Let (Φ,Ψ) be a Young pair with Φ,Ψ∈Δ2 , and g∈LΦ
w (G) . Define

the operator Tg : L1
w(G) → LΦ

w (G) by

Tg( f ) := f ∗ g, ( f ∈ L1
w(G)).
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Then, Tg is compact if and only if the function Fg defined by

Fg : G → R, Fg(x) :=
1

w(x)
‖Lxg‖Φ,w (14)

for all x ∈ G, belongs to C0(G) .

Proof. Let Tg be a compact operator. By [12, Lemma 2.3(ii)], the function Fg is
continuous. In contrast, suppose that Fg /∈ C0(G) . So, there is a number ε > 0 such
that for each compact set F ⊆ G , there exists an element xF ∈ G\F such that

∥∥∥∥T̃g

(
1

w(xF)
δxF

)∥∥∥∥
Φ,w

=
1

w(xF)
‖LxF g‖Φ,w > ε, (15)

where T̃g is the operator defined by (12). By Theorem 2, the operator T̃g is also com-
pact. Then, by boundedness of the set

{
1

w(xF )
δxF : F ⊆ G is compact

}

in Mw(G) , there exists a subnet {xFi} of {xF} and a function h ∈ LΦ
w (G) such that

lim
i

T̃g

(
1

w(xFi)
δxFi

)
= h (16)

in LΦ
w (G) . By (15), we have ‖h‖Φ,w � ε . So, since

‖h‖Φ,w = sup
{
|〈h, f 〉| : f ∈ LΨ

w−1(G),‖ f‖Ψ,w−1 = 1
}

,

there is a function η ∈ LΨ
w−1(G) with ‖η‖Ψ,w−1 = 1 such that |〈h,η〉| > ε

2 .

Since Cc(G) is dense in LΨ
w−1(G) (note that Ψ∈Δ2 ), there is a function ψ ∈Cc(G)

such that ‖ψ‖Ψ,w−1 < 3
2 and

|〈h,ψ〉| > ε
2
.

So, thanks to (16), there exists an index i0 such that for each index i , if Fi0 ⊆ Fi ,
then ∣∣∣∣

〈
T̃g

(
1

w(xFi)
δxFi

)
,ψ

〉∣∣∣∣ >
ε
2
. (17)
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But, since Φ ∈ Δ2 , there is a function γ ∈ Cc(G) such that ‖g− γ‖Φ,w < ε
8 . Because

of [12, Lemma 2.3(i)] and the Hölder’s inequality (1) we have
∣∣∣∣
〈

T̃g

(
1

w(xFi)
δxFi

)
,ψ

〉
−

〈
T̃γ

(
1

w(xFi)
δxFi

)
,ψ

〉∣∣∣∣
�2

∥∥∥∥T̃g

(
1

w(xFi)
δxFi

)
− T̃γ

(
1

w(xFi)
δxFi

)∥∥∥∥
Φ,w

‖ψ‖Ψ,w−1

=2

∥∥∥∥T̃g−γ

(
1

w(xFi)
δxFi

)∥∥∥∥
Φ,w

‖ψ‖Ψ,w−1

=
2

w(xFi)

∥∥∥LxFi
(g− γ)

∥∥∥
Φ,w

‖ψ‖Ψ,w−1

� 2
w(xFi)

w(xFi)‖g− γ‖Φ,w ‖ψ‖Ψ,w−1

<
ε
4
‖ψ‖Ψ,w−1.

So, ∣∣∣∣
〈

T̃γ

(
1

w(xFi)
δxFi

)
,ψ

〉∣∣∣∣ >

∣∣∣∣
〈

T̃g

(
1

w(xFi)
δxFi

)
,ψ

〉∣∣∣∣− ε
4
‖ψ‖Ψ,w−1

� ε
2
− ε

4
‖ψ‖Ψ,w−1 >

ε
8
.

Put A0 := supp(ψ) and A1 := supp(γ) . For some index i we have

Fi0 ∪ (A0A
−1
1 ) ⊆ Fi,

and so, 〈
T̃γ

(
1

w(xFi)
δxFi

)
,ψ

〉
=

1
w(xFi)

∫
A1

γ(x)ψ(xFix)dx = 0,

a contradiction.
Conversely, let 0 �= g ∈ LΦ

w (G) and Fg ∈C0(G) . The mappings

S1 : LΨ(G) → LΨ
w−1(G), S1( f ) := f w, ( f ∈ LΨ(G)), (18)

and

S2 : Cw
0 (G) →C0(G), S2( f ) :=

f
w

, ( f ∈Cw
0 (G)), (19)

are isometrically isomorphisms. Also, T̃g is the adjoint of the operator

S3 : LΨ
w−1(G) →Cw

0 (G), S3( f ) := 〈g,L(·)−1 f 〉, ( f ∈ LΨ
w−1(G)). (20)

Then, because of Theorem 2 and the Schauder’s Theorem [3, Chapter VI], it would
be sufficient to prove that the operator

Sg : LΨ(G) →C0(G), Sg := S2S3S1
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is compact. For this, let { fn} be a bounded sequence in LΨ(G) . For each n ∈ N we
put

Kn := cl

({
x ∈ G : |Fg(x)| � 1

n

})
.

Then, for each n we have Kn ⊆ Kn+1 , and since Fg vanishes at infinity, Kn ’s are com-
pact subsets of G . Also, for each n ∈ N and x ∈ G\Kn ,

∣∣Sg( fn)(x)
∣∣ =

1
w(x)

|〈g,Lx−1(wfn)〉|

=
1

w(x)
|〈wLxg, fn〉|

� 2
w(x)

‖wLxg‖Φ ‖ fn‖Ψ

= 2
∣∣Fg(x)

∣∣ ‖ fn‖Ψ � 2
n

sup
m

‖ fm‖Ψ.

So, similar to the proof of second part of [5, Theorem 1] (see also [15, Theorem
7.23]), by the diagonal method, there is a subsequence of {Sg( fn)} which converges in
C0(G) , and this completes the proof.

REMARK 1. In [13, Chapter II], one can find several sufficient conditions for that
the hypothesis Φ,Ψ ∈ Δ2 in the above theorem holds.

Now, as a direct conclusion one can see an extension of both [2, Theorem 4] and [5,
Corollary 1].

COROLLARY 2. If G is a compact group, then for each g ∈ LΦ(G) , the operator
Tg : L1(G) → LΦ

w (G) given by

Tg( f ) := f ∗ g, ( f ∈ L1(G))

is compact.

Setting w≡ 1, we conclude the following result which is an extension of a well-known
one from S. Sakai [16, Theorem 1] (see also [5, Corollary 3]).

COROLLARY 3. Let G be a locally compact non-compact group and g ∈ LΦ(G) .
If the bounded linear operator Tg : L1(G) → LΦ(G) defined by

Tg( f ) := f ∗ g, ( f ∈ L1(G))

is compact, then g = 0 .

Proof. If g �= 0, then for each compact set E ⊂G and x∈G\E we have |Fg(x)|=
‖Lxg‖Φ = ‖g‖Φ > 1

2‖g‖Φ , where Fg is defined by (14) with w ≡ 1. This implies that
Fg /∈C0(G) and so Tg is not compact, thanks to Theorem 3.
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REMARK 2. If p > 1, putting Φ(x) := |x|p in the above resluts, one can conclude
some similar facts for the weighted Lebesgue space Lp

w(G) .

Acknowledgements. The authors would like to thank the referee of this paper for
very nice remarks and suggestions to improve the proof of Proposition 1.

RE F ER EN C ES

[1] F. ABTAHI, R. NASR ISFAHANI AND A. REJALI,Weighted Lp -conjecture for locally compact groups,
Periodica Mathematica Hungarica, 60, (2010), 1–11.

[2] C. AKEMANN, Some mapping properties of the group algebras of a compact group, Pacific J. Math.,
22, (1967), 1–8.

[3] J. B. CONWAY, A Course in Functional Analysis, Springer-Verlag, New York, 1985.
[4] G. B. FOLLAND, A Course in Abstract Harmonic Analysis, CRC Press, Tokyo, 1995.
[5] F. GHAHRAMANI, Compact elements of weighted group algebras, Pacific J. Math., 1, (1984), 77–84.
[6] F. GHAHRAMANI, Weighted group algebra as an ideal in its second dual space, Proc. Amer. Math.

Soc., 90, (1984), 71–76.
[7] F. GHAHRAMANI AND A. R. MEDGHALCHI, Compact multipliers on weighted hypergroup algebras,

Math. Proc. Cambridge Philos. Soc., 98, (1985), 493–500.
[8] F. GHAHRAMANI AND A. R. MEDGHALCHI, Compact multipliers on weighted hypergroup algebras

II, Math. Proc. Cambridge Philos. Soc., 100, (1986), 145–149.
[9] H. HUDZIK, A. KAMISKA AND J. MUSIELAK, On some Banach algebras given by a modular, in:

Alfred Haar Memorial Conference, Budapest, Colloquia Mathematica Societatis Janos Bolyai (North
Holland, Amsterdam), 49, (1987), 445–463.

[10] YU. N. KUZNETSOVA, Weighted Lp -algebras on group, Funct. Anal. Appl., 40, 3 (2006), 234–236.
[11] YU. N. KUZNETSOVA, Invariant weighted algebras, Mat. Zametki, 84, 4 (2008), 567–576.
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