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EULER-LAGRANGE EQUATIONS ASSOCIATED WITH EXTREMAL
FUNCTIONS OF SEVERAL NONLOCAL INEQUALITIES

YAYUN L1

(Communicated by I. Peri¢)

Abstract. This paper is concerned with the extremal functions of several kinds of non-local in-
equalities, including the Hardy-Littlewood-Sobolev inequality, fractional Gagliardo-Nirenberg
inequality, nonlocal Gagliardo-Nirenberg inequality and Coulomb-Sobolev inequality. First, we
derive the Euler-Lagrange equations which they satisfy. Second, we investigate the existence of
some integrable classical solutions for these equations, where the Pohozaev identity plays a key
role.

1. Introduction

This paper is concerned with nonlocal Gagliardo-Nirenberg inequalities. We study
the Euler-Lagrange equations which the extremal functions satisfy.
Recall the Hardy-Littlewood-Sobolev (HLS) inequality (cf. [16])

fo o P vy <l v € g 2 m

where 0 < ot < n, s,t > 1, and 1 s+ 7 L 4 n-¢ _ 5 Such an inequality comes into play
in the study of estimating the Coulomb energy (cf. [3], [4], [12D)

WD) 4 ay,
o

In order to obtain the upper bound of the Coulomb energy, investigating the best
constant of (1) is necessary. In 1983, Lieb [11] employed Schwarz symmetrization to
figure successfully out the Euler-Lagrange equation as

_ vi(y)

u() = /R x—p{")‘“dy’
_ uwv

V(X) _/R" |x_y|n_ady7
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and the explicit representation of the extremal functions when u =v and p =g as

n—o

uzvzc<#>_2_. 3)

62 + |x — xo|?

Afterwards, Chen-Li-Ou [5] and Li [10] proved that all the regular solutions of (2)
with u =v and p = g are the form of (3).
By the Holder inequality and the definition of norm of operator, the classical HLS
inequality (1) in R" with n > 2 is equivalent to the following inequality
ITgll- <Cllgll 2, )

n+or

where Tg = / %dy and r > ;2. Moreover, if u is a rapidly decreasing
R x—y
function, then (4) is equivalent to the inequality below
lulls < ell(~8) S ] sz 5)
where r > % and
« u(x) —u(y) , u(x) —u(y)
—A)2u:=CyqPV. | ————=dy=0C, 4 lim ——d
( ) ,0 I |x—y|”+°‘ Yy /a£—>0+ ‘x7y|>£ ‘x_y‘n_;'_a y

Here C, ¢ is a positive constant. So it is natural that (1) and (5) are equivalent.

In the following special cases: (i) f =g, and s =17 in (1); (il)) r = nana in (4) (or
r= n%"a in (5)); (iii)) # = v, and p = ¢q in (2), they have the same optimal function (3)
(cf. [111, [5D.

Except for these special cases, what the extremal functions are is still an open
problem.

Recall the fractional Gagliardo-Nirenberg (GN) inequality (cf. [7] and the refer-
ences therein)

lull < ClI(=A) Fal§ ], ¥ € 2%2 L7, (©)
where n>2, 1<g<p< nfga and 6:%. When oo =2 and 1 < g <

2n”:22, p = 2qg — 2, Del Pino and Dolbeault [6] obtained the best constant. When o =

g=2,p= 2"n—+4 and 0 = ﬁ, Weinstein [17] proved the extremal functions of (6)
satisfy a static Schrodinger equation

—AR+R=|R|'R,

where y=2

ne

For more general exponents, the Euler-Lagrange equation is
q9=2,, — |, |P2
—Au+ u|" " u = |ulP"u. (7

This type of problems can be seen as a prototype of the pattern formation in biol-
ogy, which is related to the steady-state problem for a chemotactic aggregation model
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introduced by Keller and Segel. This equation also plays an important role in the study
of biological patterning of the activator-inhibitor system, which was proposed by Gierer
and Meinhardt. This type of problems, as well as the associated evolutionary equations,
describes the phenomenon of super-diffusion. De Gennes presented the models to de-
scribe the long van der Waals interaction on the solid surface.

Inserting the HLS inequality into the GN inequality yields

1Tl < Il (=) T ull8lully°, (8)

where 1 < ¢ < - and 6 = %. This is also a fractional GN inequality.

Another fractional GN inequality is the following Coulomb-Sobolev inequality (cf. [1],
[14])

T
c|lv // WEWE) 1y Vue xte. 9
el <ciwag ([ [, T Basay) v ©
where
2gn
1 1 1 n+o—=r 2n—(n—2
-+ (1-0) Y g P n=2p
p 2 n 2ng (n+a)—qgn—2) p(n+2+2a)
and

{ue@”// )dxdy< }
R R ‘)C y‘" o

Such an inequality plays a key role in estimating the lower bound of the Coulomb
energy (cf. [2]). In addition, this inequality is equivalent partly to the Lieb-Thirring
type inequality (cf. [13]). The extremal functions belong to the Coulomb-Sobolev
space. In 2010, Ruiz used this space to study a Schrodinger-Poisson-Slater equation
(cf. [8], [15]).

We will prove the following results.

THEOREM 1. The extremal functions in (6) satisfy the elliptic equation in the
weak sense .
(A Tu4udt =urt, (10)

THEOREM 2. The extremal functions in (8) satisfy the semilinear equation in the
weak sense

a wP~1(x)
0(—A)2v+ 1_9‘/1*1:017/7 11
(~A)%v+(1-0) [ (an
where o is a positive constant associated with the best constant C, 6 = %,

v(y)

and W()C) = - W

THEOREM 3. The extremal functions in (9) satisfy the elliptic equation in the
weak sense

2
—Au+ ng-u‘HV(x) — oPul !, (12)



1168 YAYUN LI

2gn

where G is a positive constant associated with the best constant C, 6 = %,
q
and V(x) := _u)
R Jx =y
Next, we consider the simplified forms of (10), (11) and (12), i.e.
—Au4udt =yl (13)
WP (x)
—Av+yil= [ 2L 14
R x =y 1
with w(x) ::/ Ldy; and
R Jx—y[r=
—Au+ w7V (x) = ul! (15)

with V(x) := / u10)

Re e =yl
And we will prove the following results.

THEOREM 4. Ifthe elliptic equation (13) has positive classical solutionsin 2N
L4, then one of the following holds:

. 2n
(i)g<p<—=;
n—2

2
(ii) g>p> ——;
n—?2
2n
th—p—n_Z

THEOREM 5. Ifthe elliptic equation (14) has positive classical solutionsin 2N
L9, then one of the following holds:
np 2(n+ o)
d
n+ao aap= n—2
np 2(n+ o)
d —_—
n+o aap> n—2
2(n+ o)
n—-2 '

(i) g <

(ii) g >

(iii) q = and p =
n—2

THEOREM 6. Ifthe elliptic equation (15) has positive classical solutions in X%,
then one of the following holds:

o 2
i) q<POtD gy 2
2n n—2
o 2
(ii)q>wandp> " ;
2n -2
n+ao 2n
(m)q—n_2 and p = —-
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We use variational calculations to derive the Euler-Lagrange equations satisfied
by the extremal functions of the inequalities. This method comes from [17]. And the
Pohozaev identities play a key role in proving the non-existence of solutions. We use
the method in [9] to derive the Pohozaev identities.

2. Euler-Lagrange equations

In this section, we derive the Euler-Lagrange equations satisfied by the extremal
functions of three non-local inequalities.

Proof of Theorem 1.

We set "
1(—A) % ul|9|ully~®

[ull

J(u) = ) (16)

and
o= inf J(u). 17)
ue P%2NLA u#0
Now we consider a minimizing sequence (uy),>0. By the GN inequality, we know that
o > 0. We consider v, defined by v, (x) = tpu,(A,x) with

7} [°]
21— Huanl and 1, = ”“an3
n a [2) n o 0,
[(=A) % un | y? [[(=A) % ua[5*
where,
2q (n—oa)q 2n
0=0b=— " — GB3=——""_andg=—"—.
e 2n—(n—oa)q ’ 2n—(n—o)gq ane o 2n—(n—o)gq
Thus, }
[vallg = [[(=A) Fvall2 =1,
and

[vally = J(va) = J(un) — & >0, as n — co.

By symmetrization, we may assume that v, is spherically symmetric, and hence there
exists a subsequence, which we still denote by (v,),>0, and v € 22N LI(R") such
that v, — v in 22N LY(R") weakly and in L”(R") strongly. Since

vallp = Y}EI(}OHVHHP =0 '> 0,
it follows that v # 0. This implies that
J)=0 and [[v]g=(-8)%v]2 = 1. (18)

The corresponding functional is

Bt = ( [, |<—A>%v<x>|2dx)% (f poea) T (fpearas- ).
19)
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For all ¢ € H'(R"), we get

SRS

GEOW 4100y = 5 | ([ -0 00) +rot)Par)

dt
. (/R Iv(x) +t(p(x)|qu>
S ([ v rowra-22) |

Taking into account (18), we obtain

1-0
q

|
e

0(—A)Tv+(1—0ni~ ! =Pyl
. 1-0 5 1-60 (1-0\42 1
Let now u be defined by v(x) = au(bx) with a = (7)7~7 and b =[5> (5 )7 4]
so u is a solution of
(—A) Zu+utt =ul !,

and
J(u)=J(v)=o0.

Thus we complete the proof of the Theorem 1.

Proof of Theorem 2.
We set Y
1(=2)F ull3 [Jullg~°

1Tl

J(u) = ; (20)
and
o= inf J(u). (21)
ue P%2NLA u#0
Now we consider a minimizing sequence (uy),>0. By the GN inequality, we know that
o > 0. We consider v, defined by v, (x) = tpu,(A,x) with

0 03
zfn: Hunﬂq _6 and ‘LLn: — ||Man o
[(—A) T unl|y? [(—A) T unlly'
where,
2q (n—a)gq 2n
0 =0,=— 1 g =_— T ando=-—""
L T =) T 2n—(n—a)g ane b 2n—(n—a)gq
Thus,
[vallg = [[(=A)3vnll2 =1
and

||TV,,||;1 =J(vn) =J(up) — 0 >0, asn — oo.
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By symmetrization, we may assume that v, is spherically symmetric, and so there
exists a subsequence, which we still denote by (v,),>0, and v € 212N LI(R") such
that v, — v in 22N LY(R") weakly and in L”(R") strongly. Since

|Tv||, = lim ||Tv,|, =0 >0,
it follows that v # 0. This implies that
J(v) =0 and |vllg = [[(=A)*v]2=1. (22)

The corresponding functional is

o 2 g_ % o? 1
E(v(x)=| [ [(=A)Tv(x)["dx v)ldx ) —— [ [Tv(x)|Pdx——
Rn R? p R? oP
(23)
For all ¢ € H'(R"), by letting

%E(v(x) +1Q(x))|i=0 = % { ( " I(=A) % (v(x) +t(p(x))|2dx) g

([ b+ rptoivas) N

- ( [ 170G) +1p00)Pdr— Gi)}o ~o,

we have

6< Y (_A)%V(x)de)gl </"(_A)%v(x)(_A)%Qo(x)dx) < R,1|V(x)qu>lqe
+(1_6)< K (ot 2dx) (/ [v(x) |qu) lqel/Rn v(x) |9 2vedx
(L) (L)

Taking into account (22), we obtain

o p—1
O(—A) Sy (1—opi— —gr [ W
R [x—y[n=P

v(y)

here w(x) := /R ) mdy. Thus we complete the proof of the Theorem 2.

dx, (24)

Proof of Theorem 3.
Similar to the proof of the Theorem 2, we consider v, defined by v, (x) = tun(A,x)

with
0,
d d
(//ann |x — yI” o )

b
||V”nH
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L )

Vit ]|
Where
2 4q n—2 2g(n—2)+n+2+20
2120 P nt2+20 P T ny2y20 ™ nt242a
Thus,
)
————Zdxdy = ||Vv,||» =1,
Tt
and

[vall 5t = I (va) = (1) — 6 >0, asn — .

Using the similar argument in the proof of the Theorem 2, we get the Euler-Lagrange
equation is

20
—Au+ 7q~u‘171V(x) =oPuP™ 1, (25)
here )
ul(y
Vix ::/ —_—
® R [x =y

Thus we complete the proof of the Theorem 3.

3. Necessary conditions

In this section, we will prove Theorems 4-6.

Proof of Theorem 4.
Assume u € 212N L7 is a positive classical solution of (13). Then we can find
R; — oo such that

R,»/ (2 4 |Vul?)ds — 0.
" JoB;

By means of the Holder inequality and u € 2!, we get

n2 (26)
2n_ n du Jon22 ,;2,1
< (Rj/ unst> (/ |=— ds) |0B; |2 wR, M 20,
9B; oB; dV R

when R = R; — oo. Multiplying (13) by u and integrating on B, we have

/u”dx—/|Vu|2dx—|—/u‘1dx / u—ds (27)
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Letting R — oo and using the result above, we have

/ \Vu\zdx—i-/ uqu:/ uPdx. (28)
Rn R)'l Rn

Hence u € LP(R"). The functional corresponding to the equation (13) is
1

P
p /Rnu (x)dx. (29)

1 1
E(u(x)) = —/ \vu(x)|2dx+—/ W (x)dox —
2 R q JrR?
Obviously, the definition of E(u(x)) makes sense. Clearly,

E(u(Ax)) = %/R |Vu(7tx)\2dx+$/Rn uq(xx)dx—ll)/nuﬂ(ax)dx

x27n A A
== /Rn|Vu|2dx—|—T/nuqu— » /nupdx.

Since the solution of (13) is a critical point of E(u), ﬁE (u(Ax))|p=1 = 0. Therefore,
we obtain the Pohozaev identity

2—n n

/ Vul2dx+ 2 / wdx=" / Wdx. (30)
2 R p R" q R

Combining (28) and (30), it follows that

-2
(ﬁ—n )/ |Vu|?dx = (E—ﬁ)/ uldx,
p 2 )/r qa p)Jr

-2
(E_n )/ \Vul*dx = (E—E)/ uPdx.
q 2 R" q p "

Then one of the following consequences holds

(1) 5
n—
- — >0,
2
n_on o
qg P
-2
n_n=2_,
q 2
which implies q<p<n27"2.
(ii)
ﬁ_n—Z 0,
P 2
n_n_g
q P
-2
A )
q 2
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which implies g > p > nzTnz
(iii)

-2
n_n=2_,
P 2
n_n_,

q p

-2
n_n=2_,
q 2

which implies g = p = n% Theorem 4 is proved.

Proof of Theorem 5.

Assume u € 2'2 N L4 is a positive classical solution of (14). Similar to the ar-
gument in the proof of Theorem 4, we have the same conclusion with (26). Then
multiplying (14) by v and integrating on B and letting R — oo, we have

/ |Vv\2dx+/ qux:/ (Tv)Pdx. (31)
R R R

The functional corresponding to the equation (14) is

E(v(x)) = %/Rn\vv(x)ﬁdmé/m vq(x)dx—%/n< . %dy)pdx. 32)

The definition of E(v(x)) makes sense, too. Clearly,

E(v(Ax)) / |Vv( kx)\zdx—f— v (Ax)dx — l/n (/R Mdy)pdx

R p n |x—y|n o
12 n
== /Rn |Vv(x)

)rn A*(l’l“r(%)

/ v (x)dx — / (Tv(x))Pdx.
q JR p "

Since the solution of (14) is a critical point of E(v), %E (v(Ax))|a=1 = 0. Therefore,

we obtain the Pohozaev identity

2
”/ \Vv|2dx—f/ qux:_”+°‘/ (Tv)Pdx. (33)
2 R" q R p n

Inserting this into (34) we get

< )/ Vv|2dx = (n n—i—a) /n(Tv)pdx,
(n—i—a n— )/ IV2dx = (n ”+O‘>/n(Tv)”dx.

Then one of the following consequences holds
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@ 5
L
q 2
n+o n—2 >0,
p 2
o
n_n+ 0,
q p
which implies ¢ < ;5% and p < %
(1)
-2
n_n 0,
q 2
-2
nt+o n 0,
p 2
o
n_ n—+ <0,
q 4
which implies g > - +a and p > %
(iii)
n n—2
g 2 7
n+o  n— 2 0,
p 2
o
n_ n—+ 0,
q p
which implies g = T” and p = Q. Theorem 5 is proved.
Proof of Theorem 6.

Assume u € X is a positive classical solution of (15). By the same argument
in Theorem 5, we have

|Vu|2dx+/ qudxz/ uldx. (34)
R)'l R)'l n

Then the functional corresponding to the equation (15) is

/ \Vu(x)2dx + — / ul(x dx—%/nup(x)dx. (35)

The definition of E(u(x)) makes sense, too. Clearly,

E(u(Ax)) = - / |vu(xx)\2dx+i /R () Mdydx—% / P (Ax)dx

R pe—y[n=e
7L2 n A*(ﬂ“ra) A"

/ |Vu(x)[dx + 2 /Rnuq(x)V(x)dx— » /nup(x)dx.
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Since the solution of (15) is a critical point of E(u), %E (u(Ax))|p—1 = 0. Therefore,
we obtain the Pohozaev identity

2
Tn/Rn |Vu|2dx—n;_—qa/Rnqudx: —%/n uPdx. (36)

Combining this result with (34) yields

-2
b /|Vu|2dx= nro n /qudx,
p 2 Rn 2q p) g
n+o n—2 2 n+o n

- Vuldx = ~2) [ wra
<2q 2 )/R"| ul"dx <2q p) W

Then one of the following consequences holds

@ 5
non- 0,
)4 2
o
nre oy,
2g p
n+a n—2 -0
2q 2 ’
which implies ¢ < 2%t and p < 22
(i1)
-2
n_n=2_g
)4 2
o
nt+o n <0,
29 p
n+a n—2
— <0,
2q 2
which implies g > W and p > n2Tn2
(iii)
n n—2
p 2 7
n+o n_
2 p
n+a_n—2 —0,
2q 2
which implies g = 2t and p = -25. Theorem 6 is proved.
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