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BILINEAR WEIGHTED HARDY-TYPE INEQUALITIES
IN DISCRETE AND ¢-CALCULUS FRAMEWORKS

PANKATJ JAIN, SAIKAT KANJILAL, GULDARYA E. SHAMBILOVA AND
VLADIMIR D. STEPANOV *

(Communicated by L.-E. Persson)

Abstract. We characterize Hardy inequality in weighted Lebesgue sequence spaces involving
n

n
discrete bilinear Hardy operator Z a; Z b; | and then we apply this information to
j=—oc0 j=—o00

characterize the inequality with g-bilinear Hardy operator

700 = ([ zos0r0an ) ([ zosean)

for all possible indices of summation.

1. Introduction

The weighted Hardy inequality

(/Om(Hf(x))Su(x) dx) " <C (/Omfp(x)v(x) dx) l/p, f>0, (1)

X

where Hf(x) = / f(t)dr is the Hardy operator has been well settled now for all
0

choices of indices p and s. A complete and comprehensive description of the de-
velopment of such Hardy inequalities can be found in the books [12], [16], [17] and
references therein.

The discrete version of the inequality (1) has the form

3 1 1
oo n S s ?

2 Za,- Uy lSC ia{;vn , )
n=1

n=1 \i=1

where u = {u, },v={v,},a={a,},n € N are sequences of non-negative numbers and
the constant C is the best possible. The characterization of the inequality (2) for various
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combinations of the indices p and s can be found in [2], [3], [4], [5], [11], [20, §1.4]
with classical results in [12] and historical review in [16]. For our purpose, we mention
these results in Section 2.
Recently, Cafiestro et. al. [6] and Krepela [15] considered the bilinear Hardy
operator
H(f.8)(x) = Hf (x) - Hg(x)

and characterized the corresponding inequality
oo ) l/S oo 1/171
([ untromruma)  <c( ["mwmema)

oo 1/p2
<([Cemwmmar) L rezo @
0

for different combinations of indices pi,p»,s. Let us mention that in very recent pa-
pers [10], [14] several scales of equivalent conditions for the inequality (3) have been
obtained as well as [22] and a short survey [23] devoted to the subject.

One of the aims of this paper is to make a systematic study of the discrete version
of (3). To this end we study first the inequality

1 1 1
0o n N n s N o ﬂ oo E
Z (Z a,-) (Z bi> U, <C< Z aﬁlvn> ( Z b§2wn> 4

for all possible cases of parameters py,py,s € (0,0).

During the last decade, a lot of interest has been developed by many authors to in-
vestigate g-calculus. Tremendous amount of papers have been published, many books
have been written and the heat is still on. The notion of g-calculus, sometimes also
regarded as calculus without limits, was initiated by FH. Jackson [13] (see also [7])
who defined derivative and integral in the framework of g-calculus. This notion has
variety of applications, not only in mathematical sciences, but also in other sciences
and engineering. Here, we refer to the books [7], [8], [9], [21] for development and
applications in g-calculus. In recent papers [1], [18], those authors characterized the
Hardy inequality (1) in the framework of g-calculus. Our next aim, in this paper, is to
study the g-analogue of the bilinear Hardy inequality (3).

The paper is organized as follows: Section 2 contains preliminary information re-
quired for rest of the paper. Here, we collect various characterizations of the inequality
(2) in all possible available cases. In Section 3, we provide results concerning the dis-
crete bilinear inequality (4) for all the possible cases. In Section 4, we provide brief
description about basics of g-calculus and prove a couple of lemmas that will be used
in Section 5 where we prove results for the g-analogue of the inequality (3).

Throughout the article, products of the form 0 - e are assumed to be equal to 0.
The sign A < B means A < ¢B with an insignificant constant ¢; A ~ B means that
A <B<A and A 2 B stands for A = ¢B. Also Z denotes the set of all integers, and xg
denotes the characteristic function (indicator) of a set E C (0,e0). We use the symbols
:= and =: for definition of new quantities. If 1 < p < oo, then p’:= # for 1 < p <o,

p'i=ocofor p=1 and p’ := 1 for p = o and we use iff as if and only if.
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2. Preliminaries

Let u = {u,},v={vs},a={an},n € N be sequences of non-negative numbers.

THEOREM A. Let 0 < p,s < eo. Then the inequality (2) holds if and only if
WD If1<p<s<eoo, A| < oo, where

1 1
oo s n , 4
Ap:=sup | X u; D T (5)
neN \i=n i=1

M) IFO<p<1,p<s<oo, Ay < oo, where
1

Ay 1= sup (i u,-) v;% (6)

neN \ j=p

(i) IfO<s<p,p>1, Li=1—-1 A3 <o where

1
p
v ¥

; n L s Ly
Svi P vty (7)
i=1

i . 1
S oo P n AW 4
Az ~As = Z (Zu,) (Z vl-lp> ’ Uy, (8)
i=n i=1

with suitable modification for s = 1.
W Ifo<s<p<l, %::l—ll—?,A4<oo, where

A32

I
M s
™o

N
r
oo oo P o
Ay = u u; max v; ” . 9
4 }Z‘l n th i 1<i<n i ( )

Moreover, C =~ A;,i=1,2,3,4.

For the dual discrete Hardy inequality of the form

58 -

THEOREM B. Let 0 < p,s < co. Then the inequality (10) holds iff
D If 1 <p<s<eo, By <oo, where

1 L
n s oo , 4
Bii=sup| Yu| [ Xvi7] . (11)
neN \ j=1 i=n

1

<c (i aﬁw) (10)
n=1

we have the following.



1282 P. JAIN, S. KANJILAL, G. E. SHAMBILOVA AND V. D. STEPANOV

M) IFO<p<1,p<s<oo, By <oo, where

~l—=

e [ \Nife NP
. 1—p 1-p
B= {3 (Tu) [So7)
n=1 \i=1 i=n

. 1
I P I , ra "
By~By:={Y (iu,> (zv}l’>’ Up b . (12)

W Ifo<s<p<l, l::l—ll—),thenB4<c>o, where

Moreover, C ~ B;,i =1,2,3,4.

Theorem A(i) is proved in ([2], Theorem 2) and ([4], Theorem 1(v)(b)). Theorem
A(ii) is proved in ([4], Theorem 1(iv)). Theorem A(iii) is proved in ([4], Theorem
1(viii)) and [5]. And Theorem A(iv) is proved in ([4], Theorem 1(vii)) for p =1, ([11],
Theorem 9.2) and ([20], Theorem 1.9). The proof of Theorem B is analogous.

We also need the reverse Holder inequalities for the weighted sequence £, -spaces,
1< p<eoo:

€1

o p hd > / / o
(2 df;zn> = sup (Zd,,h,,) (2 hgz},—l’> , (13)
n=1 h n=1 n=1

€1

l —
oo P oo oo 7
(Z dﬁ’@) = sup (Zdnhnzn> (Zhﬁ zn> : (14)
n=1 h n=1 n=1

We also make use of the following (see [3], Lemma 2 and Lemma 3):

LEMMA C. Let r >0, 1 <n<N < oo. Then

Bo(fe) =(8e) En(20)

REMARK 1 Without any loss of generahty, in Theorems A and B, the summa-

=

]

tions 2 and 2 can be replaced by 2 and 2 respectively. The same is true for
=1 i=1 nN=—o0 [=—o0

(13) and (14).
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3. Discrete bilinear Hardy inequality

Let 0 < p1,pa,s <o, u={up},v="{vn},w={wy}, n € Z be sequences of non-
negative numbers. We study the inequality

[ 5 (z ) (z b,.) w| ( 5 ) g ( 5 bgzw) " s

n=-—oco n=—co
with arbitrary non-negative sequences a = {a,} and b = {b,},n € Z and the best
possible constant C.
The problem is divided for the next zones of parameters p,p> and s.

I1. 1 <min(py,pr) <max(py,pz) <5< oo,
L.0<min(py,py) <1< maX(pl,pz) § <o,
L. 0 < max(py, p2) < min(l,s) <
II. 1 <min(py,p2) <s < max(pl,l?z) <
<min(1,s) < 1 < max(py,p2) <
I5. 0 < min(py, p2) < s <max(py,p2) <1,
I11,.0 < s < min(py,p2), min(py,p2) > 1,
1IL. 0 < s < min(py, p2) < 1 < max(py, p2) <

IV.0 < s <min(p;,p2) < max(p1,p2) < L.

11,. 0 < min(py, p2)

Each of the following theorems characterizes the related case of the inequality (15).

THEOREM 1. (Case I;.) Let 1 < p1,ps <s. Then C = <, where

1 1
had 5 1 1-p! Z n 1-p) P
. P )
=swp(Tu) (2 R
n€Z \i=n j=—oo j=—o0

Proof. Denote Uy := (X1 _..bi) un, ||allp, = (g _oahvy) 71 o

N=—o0

I\)‘l'—

)

1
16/, := (Zpr_ . bh?wy) 72 . We have, according to Theorem A(i),

1
s s 5
_supsup[ D (Z ) (Z bi> un‘| HaH;ll||b||;21
=—o00 \[=—o00 [—=—o0

o
=Sl;p||b||;2l sup[ > (2 ai) Uy

s
Nn=—o00 \ [=—o0

1

) B oo s n L

~ sup |||, sup (ZUl) ( S v pl)
b neZ \i=n i=—o0

lall,

-
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1

1
n 1y ,l oo s -
:sup( > v p') sup [Z( Y, b ) uil Hprzl
NEZ \ j=—oo b |i=n \ j=—c
; 1 4
5 n - Py ©° § m o 123
(z)sup<z vl-1 pl) sup (2%) (2 w} p2>
NEZL \ j=—oo mzn \ j=m j=—o0
1 1

S

THEOREM 2. (Case I.) Let 0 < min(py,p2) < 1 < max(p;,pz) < s <co. Then
C ~ at, where
(@ If0<py <1< py<s,then

T
/ Py _ 1
o P2 r1
g = sup Z w supv, "'
neZ j=—co k<n

(b) If0<py<1<p<s, then

1
N s n l_p/ I”l _ 1
oy =sup [ Y u; > oy M supw, .
i=n =

nez

Proof. (a) Using the similar arguments as in the previous Theorem 1, we have

N o
=3 n
—1 —1
C=sup|b|,, Sup[ > ( > a,-) Un| llallp,
b a | p=—oo \j=—oo
. N l
© - <[ el
~ supv, ! sup Z Z bj| u ||b||p2
nez b |i=n Jj=—oo
1 1
5 L o s m o\ A
(N)supvn sup | D u; > Wil P2 — oh.
nez mzn \ j=m j=—o0

Similar for the case (b).
Analogously, we obtain the following.

THEOREM 3. (Case I3.) Let 0 < max(py,p2) < min(l,s) < oo. Then C = 4,
where

1 1
1 I s 1 1 I s 1
5 =supvy "' [ Y uj| supw, 72 4 supw, 72 N uj| supy, .

nez j=n i<n nez j=n i<n
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THEOREM 4. (Case II;.) Let 1 <min(p;,ps) < s <max(pi,pz) < oo, rl, = % —
%,z =1,2. Then C =~ <4, where
(@) If1<p; <s<p, then
1 n N\
n - 17 oo 12 i ! ,/2
msup( )" (B () (3w
nez n k=i Jj=—o0
(b) If 1 <pr<s<pi, then
1 n N
1 1-p! Py had Pl i 1-p) Py
= 3w (Su(Tuw) (0
n€Z \ |=—co n k=i j=—oo
Proof. (a) We have
= n s 5
-1 -1
C =sup||b]],,, Sup[ > ( > ai) Un| lall,,
b a N=—o00 \ j=—o0
A . s 714
®) Lo\ N gy R
2 sup( o ) " [z( s b) ] ol
nEZ \ j=—oo b i=n \ j=—oo
a1 no N
(3 1-pt " - - r2 ! 1-ph 7
~ sup 2 v, ! Eui Zuk 2 w; 2 = o).
NEZL \ |=—oo i=n k=i j=—oo

Similar for the case (b).
Analogously, we prove the following.

THEOREM 5. (Case II,.) Let 0 < min(py,p>) <
,1'—1 pl—lZThenC s, where
(a) If0< p; <s< 1< py, then

oo

n

_L oo oo
s =supvy " | D i | Y ug
nez i=n

k=i

(b) If0<py<s<1<py,then

a5 = Supwy

1 o0 o0
| 2
nez i=n k

J (2

min(1,s) <

)

1 <max(py,p2) <

<
N

3,
o

1—ph
J

=

S
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THEOREM 6. (Case II5.) Let 0 < min(py,pz) < s < max(p1,p2) <1, +:= ¢ —

%,z =1,2. Then C = <, where
(@ IfO<p; <s<py<l,then

r2 6
1 [ e o 2 _n
A =supv, " | Youi | Y | maxw; ™
nez i=n k=i Jsi
(b) If0<py<s<pi <1, then
1
1 o A\
L i 0 Pl _l
Ao =supw, > | Yui | D ug| maxv,
h A i<i J
nez i=n k=i IS

Proof. (a) We have

s

-1
llall,

C:sup||b||1j21 sup[ D ( D a,-) U,
b a n

=00 \ j——oo

Lot
© & gy N
supvn Usup 2 2 bj| u ||b||p2

nez b |i=n \j=—o

nez i=n

2 r
) _1 i P2 _n
Q) 71 , o
A2 sup vy N u; Zuk maxw; = .

Similar for the case (b).
Let

Yy i=maxv, "', V=0, Wy i=maxw, >, W =0,
j<n j<n J

then

n

= 3 0h-H) = S = B )= 3,

Jj=—00 J=—o Jj=—00 J=—o

Also, let
é, Al oo
1-p 1=p 1-p 1-p N
V=, '( E vy 1) , Woi=wy, 2( E Wy 2) ,un::Euk.
k=—o0 k=n

THEOREM 7. (Case I1I;.) Let 0 < s < min(py,p>), min(py,p2) > 1, L :=1—

)

%,i: 1,2. Then C ~ o5 | + 95 in case (a) and C =~ P71 + B, in case (b), where
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(a) IfO<s<p1<p2<<x>7p1>l7thenf0r%<pil+pl27

1 1

oo n\ "2 n gy n % oy %
gy =sup | Y Wiy > Vi| Ldhai=sup| Y Wi D SVl
n€Z \ k=n Jj=—oo NEZL \ k=—oo j=n

I3
BE

r1 - p2’
1
n P12 T
oo rn oo n\ P12 n ri(p1—ra2) 2
=Y, Waily | X, Wit >V :
n=-—o0 k=n j=—00
1 1
) P12 ™
oo n P1—" o I ri(pr—r2) 2 N
ha={ 2 Wl D Wi Yl ,
n=—oo k=—o0 j:n ’
(b) IfO<s<py<pi<e, pr>1, thenfor + <+,

1

T T T
e o\l n n n !
P71 = sup (Z Vit ) ( Z Wj> , $B75 = sup ( Z Vk> (
nez \ k=n j=—co NEZ \ f=—oo J

ri - p2’
1
3| pary TR
oo rf e o\ P27 n rpy=r1)
ao= | 3 vl (Tvia 3w ,
n=-—oo k=n Jj=—0
L1
r pary T
oo n P21 oo I ra(pa—r1) o
- ~ P2
go= S X u] (Tapw
n—=—oo k=—oco j=n

Proof. (a) We have

lall,,!

s
C = supllo;! supl 5 (z ) U
b a N=—o0 \ j=—o0

n N
¢ S R RO A -1
~ sup Z Z Uk Vn Z vj Hb‘ P2
b n=—c \ k=n Jj=—o0

1

5]

—swp [ Y (i@b(k))suk)TV" 115,

b Nn=-—o0 k=n
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n

where Hb(n):= Y by. By duality, for 2L > 1,
k=—o0

s—rq

oo 1 "
Nsup Sup 2 2 <Hb ) Mkthn< z h,r'lsvj> ”b”;zl

n=—ocok=n Jj=—o0

—sup supE (Hb )) (Z(hV)(Eh” )
k=—o0 n=-—oo j=—o0

_ L
—1 o 2 " < 5o ) -1
Hprﬁsgp 3o vi) sl B (Hb0)) whhn) | )

J=—o0

where H h(n

Nsup<2h V) . 2 (Zuth )QWn ,lz.

j=—oo0 n=—oco

Since Y, ugHh(k) ~ i, Hh(n) + X7_, h;Vjii;, then C = Jy +Jp, where

Since % > 1, in case (i) we apply (5) and (11), then

b n é n %
Ji=sup | Y Wi} Y Vi| =1,
neZ \ k=n j=—o0

1

n B
Jo = sup Z Wi
NEZ \ k=—co J

Mx

rn ﬁ
IZ; V; = a7 5.

n
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In the case (ii) we apply (8) and (12):

1
P12 7> Py
oo n P11 oo I P AN
L= Y W.| X W Y v, = ).

Similar for the case (b).

THEOREM 8. (Case IIL.) Let 0 < s < min(py,py) <1< max(pl,pg), .= % —

p7l—1 2. Then C =~ a3 1 + 9% » in case (a) and C ~ PBg.1 + B, in case (b), where

@ IfO<s<pr<1l<py<oo, thenfor— +—
1 1 1 1
oo n mn n r n ) - " l
o731 = sup 2 Wity 2 v , 93 p 1= sup 2 Wi 2 i, V; .
n€Z \ k=n j=—o0 NEZ \ k=—oo j=n
11,1
For <> o +p2’
L1
2 P12 ™ P
N r o rn P1—" n -2 2 Pl
=Y, Wity | Wi 3 ,
n=—oco k=n jm—eo
L1
mn 25 o TS
oo n p1—nr | ri(p1—r2) 2 on
— ~ Pl ~
o = 2 W 2 Wi Zuj v
n=—oco k=—oo j=n
(b) IfO<s<py<1<pp<eo, thenfor%< pi+$,
1 1 1 1
rl rl n r2 n rl [<5) ,_2 7'2
By = Sup Z Vit 2 w; , Bgo = sup Z Vi Z IZ; W .
€Z \ k=n j=—o NEZL \ k=—oo j=n
1 1
For <> m —|— -
L1
1
'%8.1 .

Il
=
N
EB(E
T N
M
=
<2
ol
~
N
|
N
M=
=
~
~
D
8]
N
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Proof. (a) We have
1

lall,

o n N
Czsol;pllbll,;1 sup[ > (2 ai) Uy

=—o0 \ j=—oo

’1

1
Q " “h ! 1
~ sup 2 U, EUk maxy; 5], -

N=—oo

Using the above notations, we obtain

emma C
1
LN\
C =~ sup Z 7; (Z%) ||b||p2
1 S*rl
) I "1
zsupsup< Z <2Un> ) ( Z hrl s~.> HbH 1
b h j:*ec n:j j=—c
l S*rl
& L e Akl -1
=st}l)pszp< 2 U X ‘7th> ( 2 h | liel,
N je—eo j=—e
l S*rl
oo n s oo 1 "
:supsup( 2 U, 2 \7th> ( 2 h;lﬂ\j, HbHEZI
b h Nn=—oo Jj=—o0 J=—00
no_ P g

_ L
r1 oo
Nsup< 2 h ) sup( 2 Unth(n)> HbH;zl,

b n=-—oo

where Hih(n) := Y, ¥;h;. Then

Jj=—c0

Nsup< Y hy vj> : i (iuﬂ-ﬂh(k)) W,

j—_°<’
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Since i, = 2 uy, then

k=n

Zukth 2 ( 2 hi Vj) ~ i, H) h(n)+ ihjﬁjﬁj.

k=n k=n

Thus, C =~ J3 +J4, where

ind 2 n n e p 7ﬁ
J‘3"—sup<2<H1h ) ,;W) <Zhjs\7j> ,

=
Il
w2
=
e}
DM
Ve
DM
=
2
I
~.
~
w3
S
I~
VRS
DM
= ;
~
|
S

We have 2 cases

Since £ > 1, in (i) we apply (5) and (11), then
1

1 1 1 1
[l n n n 1 n ) o 1
J3=sup (ZWkﬁks> > ‘71') =K1, J4=SUP< D Wk) (/Zﬁf Vj) =9R2.
n I=n

n = ——o0

In the (ii) we apply (8) and (12), then

r P12 5P
P1—"2 n ri(p1—r2)

J3 = Z W, u,, Z Wkuk Z Vj =k,

n=—oo j=—oo

n
P1—r2 oo Il 1(p1—12) 2 on

Jy = Z W, Z Wi 211;1 Vj =.aR.

n=-—oo k=—o0 j:n

Similar for the case (b).
1

THEOREM 9. (Case IV.) Let 0 <s <min(py,p>) < max(py,p2) <1, 7 = 1
%, i=1,2. Then C = @y + 24, in case (a) and C =~ By 1+ PBg» in case (b), where

@ If0<s<pi<py<l,thenfor <+,

1 1 1 1
> n n n n ” > !
Ay 1 = sup Z i, Wi Z 7; , o 1= sup Z Wi Z @ v .
i NEZ \ k=—oo j=n

n€Z \ k=n Jj=—oo
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1 1 1
For s 7 r1 + P2’
) P 7 *ﬁ
© o P1=n2 n r(p1=r2)
| 1= 2 iy Wy Zﬁkr Wik 2 Vj )
n=-—co k=n Jj=—o0
1 1
r P ——
oo n pP1="2 oo I ne \ 2
“.—— ~ ~Pl ~
o= Z Wn Z Wik 2”1 v
n—=—oo k=—o0 Jj=n
(b) IfO<s<py<pi <L, thenfor i< %+plz,
1 1 1 1
oo r r n ) n ry oo rn )
HBy.1 = sup Zukka Z w; , Bo o :=sup Z Vk Zﬁ;ﬂ}j
n€Z \ k=n j=—o NEZL \ k=—oo j=n
1 1 1
For 5 > r1 + p2’
1 1
Al Pory Py
> s >N P27l n CICEDA N
a=| 3 aln(Tatn) (3w ,
n=—oo k=n j=—o0
1 1
1 P2ry oy
oo n P21l oo I CEDA N
._ ~ ~ TR
HBo» = 2 Vn z Vi Euj W;j
n=—oo k=—c0 Jj=n
Proof. (a) Asin Theorem 8, we have
_1 1
L P1 Pl = B s |
Cmsup( >, b}V sup | > UnHih(n) | |bll,,
h j:_°<’ Nn=—oo
_L n %
© oo PL Pl oo B oo . P2
~sup | D, hV; N, wuaHih(n) | Y, wHih(k) | A |,
h Jj=—oo n=—oo k=n
where
n n n
o . P2 ~
Hh(n) =Y Vjhj, #p=maxw; "™ = 3 W,
Jj=—oo Jj=—o0
Then
1 n 5
oo r1 Pl oo oo N s
Crsup( D, h}' ¥ 3o Y wHih(k) |
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Since, i, = 2 uy, then

k=n

oo oo k
Eukﬁlh(k) = Euk ( 2 hj\?,’) ~ ii,H1h(n) + Zthlej.

k=n k=n

Thus, C =~ I} + I, where

- /- PN e o\
Br=sup( 2, (Z’%’%’%’) Wi (,2 h:_lﬁf> :

‘We have 2 cases

Since £L > 1, in (i) we apply (5) and (11), then

1 1
o ) n 2
nes(San)" (£ 0) oo

n€Z \ k=n Jj=—o0
1 1
n rn oo n n
L = sup 2 Wy 2 i vj = 5.
nEZL \ k=—oo j=n
In (i1) we apply (8) and (12), then
i) pir e
oy o ) n ne \ 20
I = 2 iy Wy Zuk'Wk 2 Vj =,
n=-—oo k=n Jj=—00
L1
o) pir o
= n Piry [ e L e\ 20
L= Y w| Y >alv; = o,
n=—oo k=—oco j=n

Similar for the case (b).
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4. Auxiliary lemmas

In this section, we give some basics about g-calculus and prove some lemmas
which will be used in the next section.

Let f be a function defined on (0,5),0 < b < oo and 0 < g < 1. The g-differential
of f is defined by

dgf (x) == f(x) — f(gx)
and the g-derivative of f is defined by

ot =S =R

Note thatif f is differentiable, thenas g — 1, D, f(x) becomes the actual left derivative
of f. For a positive integer 7, the symbol [n], is called the g-analogue of n which is
defined as

1—-4"
Thus it is easy to see that
DyxX" = [n] "

The g-analogue of the integral, usually known as the Jackson integral, of f is
defined as

[} =0 S a'ria 16)

and the improper g-integral of f is defined as

| rode=t-9 ¥ @) a7

provided that the respective series on the right hand side converge. We also use

/ahf(t)dqt = /Obf(t)d,,z - /Ouf(f)dqt,

For any z > 0, we have in view of (17), that

W2 = [ a0aOFOda= 3 ¢ (18)
0 i:q'<z

B2 = [ e OF0da = T, 4. (19)
i:q'>z

Also, for ¢" <z < q" ', n€7Z, we get

B2 = [t 010 dit 2 ¢ 57
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and for ¢"' < z< g™, me 7,

B2 = [ Heq 1y OFOd = 40", 0)
It follows from (18)-(20) that for all n € Z

Ji(f,2) %%q"f(q"), q'<z<q", 1)

D(f.q") = j/%qff(qf ), (22)
Jz(f,Z)%q';lqu(qj), q'<z<q" " (23)

jén

Ji(f.q") = gnq"f(q"), (24)

Ji(f2) = i;%Iqif(qi), ¢ <z<q", (25)

(f,2) %j/%qu(qj), " <z<q". (26)

In what follows, we prove couple of lemmas which will be used in the results
proved in next section. On the way and later on we use the notation ;" X(0,7f dg instead
of o X(0.4(t)f(t)dyt and similar for other integrals.

LEMMA 1. Let f,g,h >0 and

oo o oo B o 14
1(z) == (/0 %(o,z]qu) (/O x(o,z]gdq) (/O %[z,oo)hdq)~

o,B,yeERifa,B>0o0ry>0,then

oo « s, B n Y
sup!(z) = sup (Zqif(qi)> (qug(qj)> (Z c/h(c/)> .
j=n

z>0 ne€Z \j=n |=—co

Proof. Let o, 3 > 0. Then

supl(z) =sup sup  JZ(f, 200 (g,2)71(h,2)

>0 neZ q”+1<1<q"

(26) Ip( .1 ! B
=~ sup | Y, q'h(q") sup  JP(f.2)J; (8,2)
q

nez I<n n+1<Z<qn

P B !
e <Zqif(qi)> (qug(qj)> <quh(ql)> '

i>n j=n I<n
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If y> 0, then

supl(z) =sup sup JE(f,2)0P (¢,2)72(h,2)

>0 NEL g"<z<q~!

210 . . ¢ . . ﬁ
= sup (Zq’f(q’)> (Z q’g(q’)> sup  JY(h,z)
q

n€Z \izn j=n ’1§z<q’1*1

(22),23) A\ N 4
= (Zq’f(d)) (Z q’g(q’)> (Zq’h(q’)> :
i=n j=n I<n

The assertion follows in view of both cases.

LEMMA 2. Let f,g,h >0 and

o B o 4 8
( 0.2 ) /Xz, (f)<0 X[t,oo)gdq) ><<0 X(o,t]hdq) dgt o .

o,B,7, 6 R if >0 o0r d>0, then

B . Y
S‘;E“ —SEE{ZCIf }lf_,qg {kZ d's(q }{g'qjh(qj)}]

Proof. From (18) and (19), we have

o 14
)= Y 41 ( Y qig(ff)&’(ff)) ,
1:d'<z ingi>z
Y
0= ([ 2t ) ([ tonmtay)
Since o > 0 or 6 > 0, in view of Lemma 3.5 in [1], we have
14
sup(z) = sup (Z qdr(d ) (Zq g(q ) :
>0 n€Z \I=n i<n

(18) 2 p
) i k<,qg '
Hence

B Y
Sugl(Z)%sug{qulf( } [qu {qug } {quh(q")}}
7> ne >n i<n <i j=i

3

where

Clearly

3
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5. Bilinear g-Hardy inequalities
In this section, we shall investigate g-analogue of the bilinear Hardy inequality

(3). In [1] (see also [18]), the authors obtained the g-analogue of the standard Hardy
inequality (1) involving the g-Hardy operator

)= | Zoa@s@)dy, @)

which is defined for all x > 0. A natural g-analogue of the Hardy operator H seems to

be
/0 " F)dgr, (28)

however, in view of (16), it was pointed out in [1] that (27) and (28) coincide only at
the points x = ¢",n € Z. Therefore H, can be considered as a true g-analogue of H .
In our case, we consider the bilinear g-Hardy operator

A4 1.0)0) = Hu ) Hyso) = [ z0sdy) ([ ey

and study the inequality

( | (%(f,g))xuda <c ( /wa’“vdq> g ( / wg”wdq) s

where 0 < g < 1 and f,g,u,v,w >0 on (0,c0).
First, we prove that (29) is equivalent to discrete bilinear inequality.

THEOREM 10. Let 0 < py,p2,s < oo. Then (29) holds iff the inequality

Lgm (éﬁ)s (,,» im Gj)fﬁk |

1 L 1
oo Pl oo P2
gc( D F,f’le> ( Y GfZWk> (30)

k=—o0 k=—o0

holds with Fy:=q”*f(a*), Gi i=a7"¢(a™), Vi:=(1-q)q ~Umpiky(g7h),
Wi = (1—q)q "=PDw(g ™), U= (1—q)* g u(q™); ke Z.

Proof. The proof is similar to the proof of Theorem 3.2 in [1].
Now, we prove below theorems characterizing the inequality (29) for different

combinations of the indices pi,ps,s.

THEOREM 11. Let 1 < py,p> < s < oo. Then the inequality (29) holds iff

oo % had l—p’ ;1,1— e l_p’ 51,2—
Dy :=sup / Alze0) g / Xy "dg / Xogw "dg <
z>0 \J/0 0 0
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Proof. Using Theorem 10, the inequality (29) is equivalent with the inequality
(30) which, in view of Theorem 1, holds if and only if </} < e, where

1

o \T/ n T/ .

~ ~ Nl_p,l 1 ~1—p’2 2

di=swp (0] (X > W)
n€Z \ j=n j=—o0 j=—o0

Now, by using Lemma 1, we have

o sup( i qiu(q,-)> : li {q(lm)iv(qi)}lpi] " li {q(lpz)iw(qi)}lp’zl A

nEZ \ j=—oo

1 1 1
n ) Tl < . g
= SUP( Y qu(d ) (Zq’vl Pi(q ) (Eq’wl”é(q’)> =D,
neEZ \ j=—oo i=n

and the result follows.

THEOREM 12. Let 0 < p; < 1 < pa <s. Then (29) holds iff

1
oo 5 00 , P1
D2.1::sup< x[w)udq) ( x(o7z]w1‘p2d) sup(/ Apyq-1y) @)1 P1v(1)dy t) <eo.
7>0\/0 0 y<z

Proof. Using Theorem 10, the inequality (29) is equivalent to the inequality (30)
which, in view of Theorem 2(a), holds if and only if 2% | < e, where

1

1 1
. o\ S noo l—p,z rh ~7ﬁ
@ 1 = sup EU,- 2 W, supV, .

nez j=—oo

Using (18), (19) and (20), we have

L 4 1
h | =sup (i qiu(qi)>s (iq"wl_”’z(q")> N Sup{q"<q">pIV(q")} "
B - ,
=wp ([ remoutran) ([ roatw 0 ar)”
N
(L r e os)

1
sup  sup ( / x[z,m>(t)u(t)dqt) 0.
nean+l<Z<qn 0 0

_L
xmax{ sup  sup (/ Alyg! y ()dqt> n
ken+1 ghtl <y gh

©l
N
k\§§
R
=
g»—t
|
3
S)
=
N—
Q&
~
S~
S
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L
sup (/ Xiyq1y)( plv(t)dqt> pl}
n+l<y<Z

=up s ([ x[z.,m)(z)u(t)dqz) ([ zoatomw' =14y
nGan+l<Z<qn 0 0
5
X sup (/ X1y ()dqt)
y<z
§SUP</ Afz.eo) ()ult ) (/ X0.4(1) 1”2()dt>
z>0 \/0

1
PI
xsup(/ Xygty)( ()dqt) =Dy;.
y<z

The proofs of Theorems 13—18 are similar.

S

N“'—

THEOREM 13. Let 0 < p <1 < py <. Then (29) holds iff and only if

1 1
Dazimsup ([ e Oty ) ([ om0y )"
>0 0

L
X sup (/ Xya-1y) (t)t‘mw(t)dqt) ? <o
y<z \/0

THEOREM 14. Let 0 < max(p1,p2) < min(l,s) < eo. Then (29) holds iff

1 1
D5 :=sup (/ Xizg1z) (O mv(l‘)dqt> </ Alz.eo) (t)u(t)dqt>
z>0 \/0 0
1
oo - 5
X ii;; (/0 Xpyg-1y) (1)1 P2w(t)dqt)
_L 1
o w [ e :
+ sup ( / Xea 1o (t)t_pzw(t)dqt> ( / X (t)u(t)dqt>
>0 \J/0 0

1
> _ g
X sup </o Xiygty) ()1 p'v(t)dqt) < oo,

y<z

I 1 1
Here onwards, — = - — —,i=1,2.
ri s Ppi

THEOREM 15. Let 1 < py <5 < pa. Then (29) holds iff

1
Dasi=s ([ aoa @ 0di ) { [«
z>0 \/0 0

1299
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1

n n )
oo 7 oo ) 7
X </0 x[h‘*’)ud‘{> (/0 X(04] (Y)Wl P2(y) dq)’) " dqt} < oo,

THEOREM 16. Let 1 < py <5< p1. Then (29) holds iff

D4.21=SUP</ X0, ) {/ Hizeo) (2
z>0
1
X(/o X[t,w)”dq) (/ XOt]" p'd> dl} < oo

THEOREM 17. Let 0 < p; < s< 1< py. Then (29) holds iff

1
: ) i
Dsvi=sp ([ aqrg@r v ) " { [ e 0ute)
>0 0 0
X (/(‘)NX[t.’oo)udq> (/ XOt 1 Pzd) dt} < oo,

THEOREM 18. Let 0 < py < s< 1< py. Then (29) holds iff

—sup(/ %quz ) {/ Koo
>0

oo rl
X(/O X[t,oo)udq) (/ ?COI]V1 pld) dt} < oo,

THEOREM 19. Let 0 < p; < s < py < 1. Then (29) holds iff

1
oo B _E oo
De.1 :=sup ( | e o Plv(r)dqt) { | xeeutt)
7>0 \/0 0

Xjt.) g sup Apyg-1y) (X)X P2w(x) dgx %dqt : < o,
([na) ([ )

Proof. Using Theorem 10, the inequality (29) is equivalent to the inequality (30)
which, in view of Theorem 6(a), holds if and only if 2% < e, where

n

1

_ L ) n|”

g1 =supV, " ZU ZUk maxW; .
nez

j<i
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Using (19) and (20), we have

s%%w@WWWWD”

nez

) =
n

| £ ] 5wt} s o) #

P— Jjzi

=w@%W“WD”

nez

n P2 n

X 2 qiu(qi) 2 qku(clk) max {Clj(qj)imw(qj)} "

i=—oco kigk>qi Jal<q’

[zqu s }%Xf‘q?é‘qf{qf<qf>mw<q~f>}J

j=—o0

o )
Ssup  sup (/ Xeg12) (t)t—mv(t)dqt) I
n€Z g+l <z<q" 0 ’

x [ [ 2 Ot { | im0t dqx} %fﬂ?it {q.f(q.gmw(qj)}%dqz] :

0
P1
=sup (/ Xeq lz tPv(t )dqt)
>0
o o 2 r r
X Xfz,eo) (1)u(t) {/ X .x,)(x)u(x)dqx} " max {q/(qj)—mw(qj)}fﬁdqt )
0 ' 0 ’ Jigi<t

Now, let jo :=sup{j € Z:q’/ <t}. Then

max {¢/(¢/) "w(q’)} "
Jigl <t

:max{ sup  sup (qj(qj)’mw(qf)) I?z’ sup (qj(qj)mW(qj)>'r’22}

Jiizjo git <y<ql glo<y<t

° _ Nz
%sg) (/0 Aly.g-ty) ()X mw(x)dqx> .
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Hence

1
. oo T oo
oz ([ agra@rrv0dn) " | [ e o)
>0 \/0 0
@)
{/ Xt o) ud } Slip (/ xb"] y) ( )x pzw( )dqx> dql“| =Dg|.
y<t

Analogously, we prove Theorems 20-31.

THEOREM 20. Let 0 < p < s < p; < 1. Then (29) holds iff

1
oo B _E oo
Dazi=sup ([ tegrig O Pt { [ ettt
7z>0 \/0 0

, _n G
P
X (/ x[hm)udq) sup (/ Alyg! y Ply(x )dqx) dqt} < oo,
0 y<t

THEOREM 21. Let 0< s<p;< py<eo, p; >1, 1 ﬁﬂ%. Then (29) holds iff

1
oo oo )
Sup{/ X)W P2 (1) (/ %<0J1W1”2dq> </ Kyt ) . t}
>0 0 0
o o % '1
X {/0 X0,V 71 (1) (/0 Xogv' " dq) d t} =:D7y < oo

and

1
; ; N
sup { [ rosow =0 ([ o #a,) dqr}
>0 | /0 0
. . .
X {A X[Zﬁw)(l)vl_pl (Z) <‘/0 x[tﬁm)ud) ( X Ot]v -7 d) dql} =:D77 <oo.

THEOREM 22. Let 0 <s<pi<p2<eo, p1 > 1, { > o+ - Then (29) holds iff

n n
D73 := / Wl_plz(z) (/ X(O,z]wl_plqu)b (/ x[z’w)”dq)
0 0 0
) {/0 jzoo) ()W P2 (2) </o x<07t]W1_p2dq>
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(o) o) (o

1

rir r2 P1

oo , 4 1(p1=r2)
X </0 1(07,]v1_1’1 dq) dqt} dyz < oo,
o oo Z oo
D74 = /0 wl=P2 (Z) </0 X(O,z]w17p2 dq) {/0 X0,z (I)WI*PZ (Z)
X (/0 ){(OJ]W17P,2 dq> d t} {/ X[ZN vl pl( )

1
pir TPl

il —} ri{p1-2)
x (/0 x[taw)“dq) (/ X0V p'd) dqt} dgz < oo,

THEOREM 23. Let 0 <s<py<pj<e, pp>1, 1 < E 5, -Then (29) holds iff

1
oo o i
oot 1) (Come) ]
>0 0 0
o o % ’2
X {/0 X(0,7] (Z)Wlipz(t) </O )C(O,t]wlil72 dq) dqt} =:D75 <eo

and

oo _} 1
] vt )
>0 | /0

- - s 5o
X {/0 Xz (l‘)1/1117172 (1) </0 X[,7m)udq> < A ){(OJ]Wlpqu) dqt} =:D76<oo.

THEOREM 24. Let 0<s<py<pi<ee, pp>1, 1 > -+ L .Then (29) holds iff

r
7

D77 = /0 pl=ri (z) (/0 %(O,z]"l_p/1 dq) (/ Azt d )
o0 (== %
. { [ a0 ([0 a,)

[
s
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([ x[mud) qt} [ rwatow

Pary T2

oo , 7 n(p2=r1)
X (/0 x(07,]wl_p2dq> dyt dyz < oo,

THEOREM 25. Let 0 <s<p; <1< pyr <o . —|— —. Then (29) holds iff

>

s 17

Dg 1=SUP{/ X[z,oo)(t)wlfpz (/ XOz]W pzd)
>0 | /0
a1
r1
(/ xwud) dt} sup(/ Xyg—1y) ()dqt> < oo,
<z
- - N
Dy ::sup{ [ xwatow 0 (| x(o,tux)wl—!’z(x)dqx) dqr}
>0 | /0 0
’Tl
[ e} ([ o)
s
X < su (/ Pl()dx) "
y<1? Aiyq-ty) (X)X q
1

o o
—sup(/ Xjyqty) ()x P! ()dqx> pl}dqt] < oo,
y<qt

n
s/
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1 > o + . Then (29) holds iff

THEOREM 26. Let 0 <s < p; <1< py <o,

r

o[ )’ ([ )
0 0
)
oo , o0 , PL=r
X {/0 x[aw)(t)wlfl’z(t) (/0 X(O7I]W1*P2d ) (/ A, U, ) d t}

T

oo - BT
X sup{/o xb’qu)(x)xl"v(x)dqx} e dqz] < oo,

y<z

D8.42=/ w2 (z (/ X0 (x pé(x)dqx)
o)

X[OMX[ZM)O);( 000%[1700)()6)“(@ ) {S;ilt)</ Hpy.qty) (0) X Plv(x )dqx>%

n
s/

THEOREM 27. Let 0 <s < pr <1< p; <o, 1 < + L Then (29) holds iff

1
T

—Sup{/ Ao W </ X0, (X! i )dqx)

>0

)

n
( At o) (X qx) dqt} sup( Xjy.qty) (X)X mw(x)dqx) <eo,

y<z

1
- N
_Sup{/ X020V i (/ X(o,z](X)vlpl(x)dqx) dqt}
>0 0
%2
l/ Xlz.) (/ X[too )

n

X {sup (/()waly) (x)x P2w(x) dqx) "

y<t
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_n
— sup ( / Apygty) ) x P2w(x) dqx> " }dqt
y<gqt \/0

THEOREM 28. Let 0 <5< py <1< py <eo, { > -+ - Then (29) holds iff
al

PDs7= l/ (e (/ X(0.4(x 1P (x) dqx) (/ONX[Z,N)(x)u(x) dqx) B
* {/:X[zwo) (e 71 (1) </0N%(07,}v1_”/1dq) ! (/ At.0o) U, ) d t}p;lrl

- — T
o (/ %Lv-qu)(@x_”zw(x)dqx) N lqu] < o,
X

y<z

€L
n
< oo,

U]

r

Dgg = / 1- P1 (/ x OZ] 1-p} ()C) dqx) s
< *} /’Zri’l
(o)
2
P2
[/ Xz, (/ X[too )

_n
- ) n
) {S;g) </o Xiyq-ty) () pzw(x)dqx>
P2’y

- _I% (p2=ry) !
— sup (/0 Xpyg1y) (x)x_P2w(x) dqx> dql qu < oo,

y<qt

s

n

Do ::supl/ Alz) (/ Ao (X )
7>0
— P2

’ {ii? (/0 Hingty) (02w () dqx)

1

oo _”)_22 =)

s ([t ot wtoas) L

THEOREM 29. Let 0 <s < p1 < pa <1, + < 5=+ 1. Then (29) holds iff



BILINEAR WEIGHTED HARDY-TYPE INEQUALITIES

1
- B “hr
X iig{/o Apyq-1y) (X)X mv(x)dqx} < oo,
il
_Sup[/ Xz, (/ Xtoo )
>0

n

S B —r
X {sylg) (/0 Apyg-ty) (X)x P1v(x) dqx>
n 0
-n "
—sup </ Apyg-ty) ()X Plv(x )dqx) }dqt]
y<qt

_ 1

X sup{/ quly)(x)x_pzw(x)dqx} ? <o,
o A

y<z

1307

THEOREM 30. Let 0<s<p  <pr <1, 1>

1,1 '
-+ o5+ Then (29) holds iff

Dy [ [Tt a0 ’ {sup ([ 2oty :

y<z

_n
—sup (/ Aiygty) (X)x" 2 w(x) dqx) " }
y<qz \/0 :
| 2
AL 0} ([t )

n

X (sup ( / xmqu)(x)xl’zw(x)dqx) "
y<r \J/0
n

o -2 P1—r2
— sup </ %[y,q*ly) (x)x_pzw(x) dqx) " ) dqt}
y<gr \J0

1 1

- __n n P
_ PI—"2
X iilz) (/0 Aiyg-1y) ()X P1v(x) dqx> dqz] < %0
_n
P . P2 d "2
D9.4 = ‘/0 Z {y<z (/ x[yq y) ( )X W( ) qx>
_n
oo =
— sup ( / Xly.qty) ()X P2w(x) dqx> }
y<qz \/0 '

2

2
o T papr—ry)
X sup (/0 Apy.g-ty) (X)X P2w(x) dqx> e

y<z

8
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AL 0k (o)

o
o B o
X (sylg (/0 Xjy.qty) (X)X mv(x)dqx)
11
nor

. _prir
—' ri(p1—r2)
— sup (/ Xpyqty) ()X Ply(x )dqx) )dqt} dyz < co,
y<qt

THEOREM 31. Let 0 <5< py < p1 < 1, { < 5-+ o~ Then (29) holds iff

N

n
Dy 5 :=sup [/ Hieoo) (/ Xjr.eo) (X )
>0
_n
- -p1 n
x{syg) (/0 Aly.g-ty) ()X v(x)dqx)
1

o0 _n q
—sup (/ Xpyqty) @)x P1v(x) dqx) " }dqt]
y<qt \/0

1
o ~ “n
X sup{/O Aiy.g-ty) (X)X pzw(x)dqx} < oo,

y<z

D9,6::supl/ X[z,0) (/ ){;N
>0

X {syg) (/0 Xpygty) (0)x~P2w(x) dgx

oo -2 ”
—sup (/ Hpy.qty) ()X 2w (x) dqx> " }dqt]
y<gqt \/O

L
xsup{/o xwly)(x)x_plv(x)dqx} " <o,

y<z

N—— \_/
|
|N

THEOREM 32. Let 0 <5< py <p1 <1, { > -+ - Then (29) holds iff

s

1

o l/:% </OmX[Z7M) e ) {ilirz) </ Apyg1y) ()X Pv(x) dqx)m
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n
, L/ e ! o
{ [temo ([T iy, ) (Sy‘i‘?( Ly (P00,
oo — T
- ySgg (/0 x[wly)(x)x_plv(x)dqx) )dqt}

oo - nor
X sup (/0 Xjy.g-ty) (0)xP2w(x) dqx> e dqz] < oo,

y<z

= o
Doy g := /0 Z{yq(/ Aiygty) (X)X Pv(x )dx)
. _n
Pl
— sup ( / Xjy.q-ty) ()X PLv(x) dqx) }
y<qz \/0 '

p1(p2—ry)
X sup (/ X[yq’lv x —P1 ( )dqx) r1{r2—r]

y<z

oo —;—2 '2(11)’2211’1)
B 2
—sup (/ Xly.g-ty) ()X P2w(x) dqx> ) dqt} dyz < oo,
y<qt \/0
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