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Abstract. We prove that every bounded n-derivation of a commutative factorizable Banach alge-
bra maps into its radical. Also, the nilpotency of eigenvectors of any bounded rn-derivation corre-
sponding to its eigenvalues is derived. We introduce the notion of approximate n-derivations on
a Banach algebra .o/’ and show that the separating space of an approximate n-derivation (n >2)
is not necessarily an ideal, unless the Banach algebra .o is factorizable. From this and some
results on bounded 7 -derivations, we prove that every approximate n-derivation of a semisimple
factorizable Banach algebra is automatically continuous and every approximate n-derivation of
a commutative semisimple factorizable Banach algebra is identically zero. Some applications of
our results are also provided.

1. Introduction

Let <7 be an algebra and n > 2 be a fixed integer. A linear mapping f: &/ — o/
is called an n-derivation provided

n i—1

x| =Y [ ]xf () Hx, (1)
i=1

i=li=1 1=i+1

for all x1,xs,...,x, € &/, where Hf:lﬂxl =1€C with [ € {0,n}.
Letting x; =x (i=1,...,n) in (1), we see that f satisfies the nth power property
(see [5, 18]); that is,
n
COED Yy AR
i=1
for all x in .« . For more details of the nth power property and other applications, see,
e.g.,[4,9, 13,19, 32, 33].
Note that a 2-derivation is a derivation, in the usual sense, on an algebra. It is
easy to show that if f is a derivation, then it has the nth power property and is an
n-derivation for all n > 2, but the converse is not true, in general. For instance, let
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0Oap
us consider the algebra of 3 x 3 matrices </ = 007y]|: apfB,yeC,. Thenthe
000
mapping f: &/ — </, defined by
Ooap 0a0
11007y =000
000 000

(or the identity map on /) is a 3-derivation, while is not a derivation. Also, in unital
algebras, it is easy to see that each n-derivation is a derivation. Some properties of the
n-derivations were investigated in [12, 14, 27].

Singer and Wermer [30] obtained a fundamental result which initiated investiga-
tion into the ranges of derivations on Banach algebras. The result, which is called the
Singer-Wermer theorem, states that every continuous linear derivation of a commuta-
tive Banach algebra maps into its radical. In particular, there is no nonzero continuous
derivation on a commutative semisimple Banach algebra. Thomas in [31] has shown
that the assumption of continuity is unnecessary in the Singer-Wermer theorem.

Chang et al. [15, 16, 26] and Park and Rassias [21]-[24] examined the func-
tional inequalities related to derivations and multipliers and their stability. The topic
of approximate homomorphisms and approximate derivations in the field of functional
equations and inequalities was taken up by several mathematicians, see [1]-[3], [6]-[8],
[20, 25] and references therein.

The remainder of this article is organized as follows. In Section 2, using the Ka-
plansky’s trick, we extend Singer and Wermer’s result [30] to n-derivations. Also, the
nilpotency of eigenvectors of any bounded n-derivation corresponding to its eigenval-
ues is derived.

The separating space of every approximate derivation on a Banach algebra is a
separating ideal; see [15]. In Section 3, we introduce the notion of approximate 7-
derivations and show that this result is not necessarily true for approximate n -derivations
(n > 2), unless the Banach algebra is factorizable. From this and some results on
bounded n-derivations, we prove that every approximate n-derivation of a semisim-
ple factorizable Banach algebra is automatically continuous, and also prove that, if the
Banach algebra is commutative, then the approximate n-derivation is identically zero.
Our results in this section generalize the main results of Kim, Chang and Roh [15, 26].

Finally, in Section 4, from the above results and a result of Brzdek and FoSner
[7], we present some applications of approximate n-derivations related to the stability
theory and functional inequalities.

From now on, <7 stands for a complex Banach algebra with radical rad(</) and n
is a fixed integer greater than 2, unless explicitly stated otherwise. We write Q(</) for
the set of all quasinilpotent elements in <7, thatis, Q(%/) ={a € &/ : 6(a) =0}, where
o (a) is the spectrum of a € o7. It is known that rad(«/) = {a € o/ : as/ C Q(<)}
and in the commutative case rad(</) = Q(&).
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2. Bounded 7 -derivations

In this section, we discuss and extend some important results of bounded deriva-
tions to bounded n-derivations.

LEMMA 1. Let of be an algebra, D: o/ — o/ be an n-derivation and D*(a) =
0. Then D*(a") = k!(D(a))* holds for each k > n.

Proof. Since D?*(a) =0, D*(a) = D(D?*(a)) = 0 and by the same way D*(a) =
D’(a) = --- = 0. By Leibnitz rule for n-derivations,

k!
Dk(an) = 2 7Dk1 (a)Dkz(a)~~~Dk"(a).
T ST BT

In each summand, D% (a) =0, except when k; =k, = --- =k, = 1. So D¥(a") =
k!(D(a))* for each k >n.

THEOREM 1. Let D: o/ — o/ be a bounded n-derivation and D*(a) = 0. Then
D(a) is quasinilpotent.

Proof. By Lemma 1, for each k > n we have D*(a") = k!(D(a))*. So

@@y =[[p*@)|| < D1 falr. @

Thus
| @] < Iowlar =, G)

So 1
lim H(D(a))k ¢

k—so0

1 n
< i [ r=0.

Hence r(D(a)) = 0. Therefore D(a) is quasinilpotent.
In the sequel, the bracket [a,b] stands for the commutator ab — ba forall a,b € < .
In [30], Singer and Wermer proved that for a commutative Banach algebra .o/,
the range of a bounded derivation D: &/ — & is contained in its radical. Using the
Kaplansky’s trick, we extend this result to n-derivations.

THEOREM 2. Let </ be a commutative Banach algebra and D: </ — o/ be a
bounded n-derivation. Then D(/") C rad(</), where &/" =lined - o --- o .
| S

n-times

Proof. Since </ is commutative, so forall a € & wehave [a"~!, (n—1)a""*D(a)]
=0 and then

Lanfl 7L(n71)a"72D(11):| - O



1346 A. ALINEJAD, H. KHODAEI AND M. ROSTAMI

So for each x € &7, we obtain

[Lu"’l ’ _D] (x) = [D7La"’1] (x)
= DLy 1(x)— L1 0 D(x)
=D(d" 'x)—ad" 'D(x)
= (}’l - l)an_zD(a)x = L(nfl)u"’zD(u) (X)

Hence we get

[Lan-1,=D] =L _1yan—2p(a)- “4)
Thus [L1,[Ly1,—D]] = 0 and by the Kleinecke-Shirikov Theorem [17, 28], the
commutator [L,.1,—D] is quasinilpotent and so L, _;),i2p(, is quasinilpotent (i.e.,
r(Ly—1)a2p(a)) = 0 in B(#/), where B(«/) is the space of all bounded linear maps
on 7). Thatis, r((n — 1)a"~2D(a)) = 0. By [11, Proposition 1.5.32], we get

d"'D(a) = a(d"*)D(a) € O() = rad(<). (%)

Also by [11, Corollary 2.6.32] we obtain that na"~'D(a) € rad(<7). On the other hand,
by the commutativity of <7, we have D(a") = na"~'D(a) and so D(a") € rad(</).
According to this fact that every element of .<7” could be written as a linear combination
of the nth power of elements of <7 ; that is,

n 1 n—1 n—1 il n—1 ) "
[Jai= T Do X (=DEAE lar+ Y (D) |
i=1 : i1=1 i—1=1 k=1
hence D(/") C rad ().

We remark that a Banach algebra o7 is called factorizable if for each @ in o7 there
are b and c in o/ such that a = bc. For a factorizable Banach algebra <7, we have
of = /™. As a prompt result, we obtain the following.

COROLLARY 1. Let o/ be a commutative factorizable Banach algebra and
D: o/ — o/ be a bounded n-derivation. Then D(</) C rad(</). Moreover, if < is
semisimple, then D is identically zero.

By a classical theorem due to Cohen [10], every Banach algebra with a bounded
approximate identity is factorizable. Every C*-algebra and the group algebra L' (G),
for a locally compact group G with a unique left Haar measure, are relevant examples
of this algebras. In the following, we characterize bounded n-derivations on L' (G) and
also on C* -algebras.

COROLLARY 2. Suppose that (i) G is an abelian locally compact group and
D: L'(G) — LY(G) is a bounded n-derivation or (ii) </ is a commutative C*-
algebra and D: </ — </ is a bounded n-derivation. Then D is identically zero.

THEOREM 3. Let D be a bounded n-derivation on a Banach algebra <7 and let
a € . If a commutes with D(a), then D(a") is quasinilpotent.
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Proof. Since aD(a) = D(a)a, we can conclude that
Lart: Lt =D)) = Lot Ly 20 = Lot o 2p(@) =0+ ©)
So by a similar argument as in the proof of Theorem 2 we get
r((n=1)a""2D(a)) = r(Li,_1yar-2p(a)) =O-
Moreover, for each £ € N we have
ot =t ot < o]

Hence

1
k

@ 0@y < lal | (@2D(@)*

==

holds for all positive integers k. Thus, — 0, as k — . Hence, we

(a"’lD(a))k

have D(a") is quasinilpotent.
Finally, in this section, we give a result concerning n-derivations where nilpotency
is implied.

THEOREM 4. Let D: o/ — o be a bounded n-derivation on a Banach algebra
o/ . The eigenvectors of D corresponding to nonzero eigenvalues are nilpotent.

Proof. If A € C\ {0} and D(a) = Aa, then
D(d" V) = (kn— (k—1))Ad"~* V| forall ke N.

To prove this, we proceed by induction as follows:
For k=1, D(d") = nAa". So we prove the condition for k = 2.

D(a@® ) =D(d"a" ") = D(d")a" '+ d"D(a)a"* + ...+ d"a">D(a)
=ndd® VAP AT (byk=1)

(n—1)-times

=A2n—1)a*" ",

Therefore the assertion is true for k = 2. Suppose the assertion is true for k — 1. Then
D(a*"= k=D = p(gk-Dn=D+1n-1)
= D(ak D=+ gn=1 4 fk=D)n=D)+1p(g)qn=2
L AR Py o1
= ((k—=D(n—1)+DAd"*Dp pghn==D 4 4 agknk=1)

(n—1)-times

(by hypothesis)
= A(kn— (k—1))Ad"= %=1,
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Thus we conclude that D(a*"~* 1)) = (kn — (k—1))Aa*"~ =1 forall k € N. Since
the spectrum is a compact set, we can choose k € N such that k = k'n— (k' — 1) for

some k' € N, and also k > r‘(ﬁ) in which case | A | k > r(D). Therefore Ak ¢ o(D),

so that D — (Ak)I is an invertible linear operator. Thus D(a*) = (Ak)a* = AkI(a"), 1
as identity operator. We can deduce

D(d") — AkI(d") = (D — AkI)(d") = 0.

Hence we have (D — AkI)~' (D — AkI)(a*) = 0, which yields a¥ = 0. Therefore, a is
nilpotent.

3. Automatic continuity of approximate »-derivations

In this section, we introduce the notion of approximate n-derivations that extends
the notion of approximate derivations, which was investigated in [15]. Now we deal
with automatic continuity of approximate n-derivations.

DEFINITION 1. We say thata mapping f: &/ — <7 is an approximate n-derivation
if f is linear and satisfying

n n i—1 n
() $ifoo

i=li=1 1=i+1

<€ @)

forall x1,x;,...,x, € & and for some € > 0, where Hf:l+1x, =1€C with [ € {0,n}.

Let o7, % be normed linear spaces and f: o/ — 9 be a linear mapping. The
separating space of f is defined by

S(f) ={b € B : Isequence (a,) in o7 such that a, — 0 and f(a,) — b}.

The separating space S(f) is a closed linear subspace of %; moreover, if </ and
A are F -spaces, then, by the closed graph theorem, f is continuous if and only if
S(f) =40} [11, Proposition 5.1.2].

DEFINITION 2. Let o7 be a Banach algebra and [ is a closed ideal in o/'. We say
I is a separating ideal if for every sequence {a,} in </, there exists N € N such that
(Iay---a1) = (lay---ay) forall n > N.

It is known that the separating space of every derivation on a Banach algebra is
a separating ideal; see [29]. This result has been extended in [15] for approximate
derivations. In the sequel, we show that the above result is not necessarily true for
approximate n-derivations (n > 2) unless the Banach algebra is factorizable.

THEOREM 5. Let </ be a factorizable Banach algebra and f: of — </ be an
approximate n-derivation. Then S(f) is a separating ideal.
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Proof. Let a € o/ and y € &(f). Then there exists a sequence {x,} € o/ with
X, — 0 and f(x,) — y. Since &7 is factorizable, there exist aj,ay,...,a,—1 € &/ such
that a = TT7"'a;. As ax, — 0 we have

n—1 n—1
|f (H na,-x,,) —n Ha,-y
i=1 j

i=1

1/ (nax,) — nay|| =

n—1 n—1i—1
f(Hnaixn> nEHalf az H atxn_nHalf xn
i=1

i=1i1=1 1=i+1

n—1li—1 n—1 n—1

+n ZHatf(ai) H a|| |xa +n Hai £ (xn) = ¥ll-
i=11=1 1=i+1 i=1
for all natural numbers n. Hence
€ n—1li—1
() -yl < =+ ol 1) T el ) sl

i=11= 1=i+1

n—1
T (H ai) 1/ (en) =¥l — 0

i=1

as n — oo. Therefore, f(ax,) — ay and we get ay € S(f). Similarly ya € &(f). Next
for an arbitrary sequence {b,} € &7, we define %, = .7, by %, (y) = 7, (y) =ybn. By
the factorizability of <7 we obtain that b, = [T"",' ¢! for some c},c},...,c" | € .
So, for each natural number £,

1(f 0 Tn=Teno f)(ky)l| = |If (kybn) = f (ky) bl

(o) s
“(eTie)

_ n—1i—1 n—1
f(kyHC? f (ky) Hc —ky 2 [Ielre) IT ¢
i=1 i=11=1 1=i+1

n—1li—1

S [T T <

i=11=1 1=i+1

n—1i—1
<6+||ky||< TTlle Al H C"II)
i=11=1 1=i+1

+ [l

which implies that

n—1li—1
|

1(f o Tn—Zno )| < +||y||< ANVACH) H ||C”>

i=11=1 1=i+1

Then we have fo .7, —%,o f is continuous for each n € N. Consequently &(f) is a
separating ideal by [29, Lemma 1.6].

The next example indicates that Theorem 5 is not true without the assumption that
</ ia a factorizable Banach algebra.
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Oop
EXAMPLE 1. Let &/ = 007]|: afB,yeC ) be a subalgebra of M3(C)
000
with the operator norm. Then .« is not a factorizable Banach algebra. Define the
mapping f: o/ — o by

0o p 00
fllooyl]l=]000
000 000

From the fact that, for all X € <, we have X3 = 0, it is easy to show that f is an
approximate 3-derivation. We want to show that &(f) is not an ideal in 7. To this
end, suppose that A € &7 and Y € S(f). Then

Oab Oap
A=1|00c and Y=100vy|,
000 000

for some a,b,c,o, B,y € C, and

00ay
AY=000
000

Given a sequence {X,} € & such that X;, — 0 and f(X,) — AY . The following equal-
ities

0x,0 00ay 0x, —ay
If (X,)—AY||=| {000 —]0o00 [|=|]0o0 O
000 000 00 O
[0 x, —ay] 1] 1
= sup 00 0 ) ni<l
00 0 | |5 3
_xnt2_a’yt3
— sup 0 10 P+nlP+]sP<l
0

=sup{|xa —ays |:| 0 P + |02 P+ 13 P< 1},
hold. Letting t; =, =0 and #3 = 1 in the above equality, we have
1f (Xu) = AY[| Z[ ay [> 0. )
We obtain by (8) that AY ¢ G(f). Therefore S(f) is not a separating ideal.

THEOREM 6. Let o/ be a semisimple factorizable Banach algebra. Then every
approximate n-derivation f: o/ — o/ is automatically continuous.
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Proof. By virtue of Theorem 5, &(f) is a separating ideal. Since .27 is semisim-
ple, we have &(f) is finite-dimensional [11, Corollary 5.2.28]. Also, by [1 1, Theorem
1.5.4], we deduce that

rad(S(f)) = S(f) Nrad(«/) = {0}.

Then S(f) is a semisimple finite-dimensional algebra. From the Wedderburn Structure
Theorem [11, Theorem 1.5.9], &(f) has an identity element e. Then there exists a
sequence {x,,} in & such that x,, — 0 and f (x,) — e. Hence we get

lim f(xy)e=e. ©)

n—00

Moreover, since &(f) is finite-dimensional and x,,e — 0 in &(f), we have f (x,e) —
0. On the other hand,

£ (m) - mel| = ||.f () - me"™ |

<

n—1
1 1) = f i) e 3, &1 (e) !
i=1

n—1
+ | Con-me™ ) [+ m |l 3 11 (e)ell
i=1
S e+ ||f (om-me)l[ +m(n—1) bl [Lf (e) [l le]l

which implies that

1/ (em) el < %+ 1F Geme) |+ (n = 1) [ben | (ILf (e) el]) -

By letting m — oo, it follows that f (x,,) e — 0. Thus, by equation (9), we obtain e =0;
that is, x = xe = 0 for all x € &(f). Therefore, &(f) = {0} and so f is continuous.

COROLLARY 3. Suppose that (i) </ is a semisimple Banach algebra with a
bounded left (right) approximate identity and f: o/ — </ is an approximate n-
derivation, (ii) </ isa C*-algebraand f: o/ — </ is an approximate n-derivation
or (iii) G is a locally compact group and f: L'(G) — L'(G) is an approximate
n-derivation. Then f is automatically continuous.

From Corollary 1 and Theorem 6, we prove the following theorem.

THEOREM 7. Let &/ be a commutative semisimple factorizable Banach algebra.
Then every approximate n-derivation on <7 is an n-derivation and so vanishes.

Proof. Suppose that f: o/ — o/ is an approximate n-derivation satisfying in-
equality (7). Let ¢,x,...,x, be arbitrary elements of <. Since </ is factorizable thus
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we can write ¢ = H" | ¢i forsome cy,ca,...,c,-1 € /. Forevery character ¢ € A(</)
(A(«) denotes the set of all nonzero multlplicative linear functionals on <7'), we have

|<p<c><p<f<i1f{xi> 3 Tl ﬁxl>|

i=li= 1=i+1
n—1 n n i—1 n
=|o (H lf(]'[&-) =Y [xs ) I] D |
i=1 i=1 i=1i1=1 1=i+1

’ (chf ﬁxl +n241ﬁclf (i) rﬁ clﬁxj—f(nl_[lciﬁxl)) ‘
i=1 i=11=1 1=i+1  j= i=1 i=1

n—1

+‘(p<rlzjﬁxlfxl Hxlnl_[lcj (%HQ) Hx,—f—f(Hcle,)))

i=11 1=i+1  j=1 i=1 i=1

Since ¢ is a character so we can choose a sequence ¢, € ./ such that lim,, ... ¢(c,) =
oo. Dividing the above inequality by |@(c,,)|, we conclude that

n

n—1 n— n—1li—1 — —1
+‘(p<f(xn)HCinz S [1ef(e) Hclnxj—i-f(xnnc, l:[lxl'

i=1  i=1 i=1li1=1 1=i+1  j=1 i=1 i

v

n—1

<2£+£<HHxi||).
=1

n i—1

f(f{x,-) ZHx, Fx) Hx,e ﬂ kero = rad(«?) = {0},

i=li= 1=i+1 QEA()

and so f is an n-derivation. On the other hand, from Theorem 6, f is continuous.
Therefore, by Corollary 1, the proof of this theorem is complete.

Recall that the above theorem applied to commutative C*-algebras and the group
algebras associated with abelian locally compact groups.

4. Applications in stability theory and functional inequalities

In this section, we present some applications of the results, presented in the previ-
ous sections, to the stability theory and functional inequalities.

We introduce a useful result that can be easily derived from Brzdek and FoSner [7,
Lemma 1].

LEMMA 2. Let </ be a Banach algebra and S C U:={z€C:|z|=1} be a
connected set containing at least two points. Let f: o/ — o/ be an additive mapping
such that f(ux) = uf(x) forall x € of and u € S. Then f is C-linear.

In the rest of this section, S stands for a connected subset of U such that 1 € §

and S\ {1} #0.
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LEMMA 3. Suppose <7 is a vector space and % is a Banach space. Let f: of —
B and T : /" — [0,0) be mappings such that

(o) <o (3

lim 2757 (25"x,25"x,, ..., 2"x,) =0, (11)

m-—oo

+=7 xlax2a X )? (10)

< 2X(n—1) 2%(1—
Ice{-1,1}, ¥ 2—l’<[2§< n('iz ), n(_zn)x,o,...,o>

l_l—;c
-7

Ixk+1 Kl Kl (12)
-h?(z (n—l)x’Z (l_n)x72 a _zn)x,O,...,O)} < oo

n—>2 n—2 n—

Sfor all x,x1,x3,...,x, € . Then there exists a unique additive mapping D: <o — B
with

Al 25(n—1) 2%(1—n)
Kl—1
e <3 27 (F T 0. 0)
-2

2Kl+1 -1 2Kl 1— ZKZ 1—
+7 ( (n >x, ( n)x, ( n)x,O, ... ,0) (13)
n—2 n—2 n—2
(Bn—1)(1+x)
2n—4

9‘(0707...,0)}, xed.

Proof. Letting x; =x, =--- =x, =0 in (10), we obtain
1
n—2
If Kk =—1, since 7(0,0,...,0) =0, f(0) =0. Setting x; = 2=1x, x, = :=2x and
x3=--- =x, =0 in (10), we see that

n—1 1—n
e
n—2""n-2

1FG) + f(=2) + (n— Z)f(0)||<9< x,o,...,o>+2f(0)|| (15)

for all x € 7. It follows from (14) and (15) that

n—1 1l-n n(l+x)
< r 2 "2x0,....0 0,0,...,0) (16
)+ 70l < 7 (Pt =00000) + 058 7 00,0) a0
forallxed.Puttingxl:2,1"_’22, :x3:;%gxandx4:---:xn:0in(10),we

get

2n—2 1—-n 1—n
17204270+ (n- 30 <7 (220 1200 00,010 -

+1127 )



1354 A. ALINEJAD, H. KHODAEI AND M. ROSTAMI

for all x € <7 . It follows from (16) and (17) that

2n—2 1-— 1—
e e e L)
n—2 'n—2 "n-2
(= 1)(1+5) e
n— K
W§(070770)
for all x € /. We deduce from (16) and (18) that
IF@) -2l <27 (v 2= 2x0,...,0
X x)|| < n_zx,n_zx, e
2n—2 1—n 1—n
19
+§<n_2x,n_2x,n_2x,0, ’O> (19)
Bn—1)(1+x)
— 7 (0,0,...,0)
for all x € o/ . Hence
Hz—l(‘(m-‘rl)f <2K(m+l)x> _ 2—ka <2ka> H
m
< 2 H27K(1+1)f <2K‘(Z+1)x> _Zlef <2K‘lx> H
1=k
m 2Kl(n_l) 2Kl(l_n)
< —Ki=1
< Z'ch [29( P — P x,0, ,O) (20)
l:kJrT
Ik+1(, Kl(1_ Kl(1 _
+§<2 (n l)x,2 (1 n)x72 (1 n)x,O,...,O)
n—>2 n—2 n—2
Bn—1)(1+x)
54 7 (0,0,...,0)

for all k,m € N with m > k and all x € &7 .Thus the sequence {27 f(2¥"x)} is
Cauchy and, since 4 is a Banach space, there exists a limit mapping D : &/ — % by
D(x) :=limy— 275" f (2"x) for all x € &7 such that (13) holds.

The next step is to show that D is additive. Letting (2¥"x;,2%"x,,...,2""x,) for
(x1,x2,...,X,) in (10), we obtain

n noo., DKMy
Eszmf <2K'mxi+zj—l,j7él ]) <
i=1

n—1

27Km+1 < 2Km :
! (2 ) | en

+278 T (2%, 2" xa, .., 25Xy

for all m € N and all x;,xp,...,x, € &/ . Letting m — oo and using (11), we observe

that
n zn',>-)C' n
ploSe ) e
i=1

<
i=1
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for all x1,x2,...,x, € & . Setting x; =x; =--- =x;,, =0 in (22), we have

[nD(0)[| < (12D (0)]].
Since n >3, D(0) = 0. Putting x; = 2=Jx, x, = =2x and x3 = --- =x, =0 in (22),
we obtain
1D(x) +D(=x) + (n = 2)D(0) || = [|D(x) + D(=)|
<[2D(O)]=0

for all x € /. Hence D(—x) = —D(x) for all x € o/. Letting x; = 2=} (x+y),
Xy = ;%gx, X3 = ;%gy and x4 = --- =x, =0 in (22), we get
ID(x+y) 4+ D(=x) +D(=y) 4+ (n=3)D(0) || = [ D(x +y) = D(x) = D(y)||
<[12D(0)[[ =0

for all x,y € o/. Thus we have D(x+y) = D(x)+ D(y) for all x,y € o/ ; thatis, D is
additive.

Our next goal is to show that D is unique. Suppose D': &/ — 2 is another
additive mapping satisfying the inequality (13). Then, for every m € N and all x € o7,
we get

ID(x) = D'(x)[| = 27" ||D (2""x) — f (2""x) + f (2""x) — D' (2""x) |
<27{If (25" =D @) | + || f (2) — D' (27 |}
_ 2 (n—1) 2%(1—n)
Kl
gzzl_z [23( e — x,o,...,o>
2K (n—1) 2¥(1—n) 2%(1—n)
+§< s YT, 5 YT, x707...,0>
(3n—1)(1+x)
2n—4

3(0,0,...,0)] ,

whence, letting m — oo and using (12), we have D(x) —D'(x) = 0. Since this is true
forall x € &7, we obtain D = D', as desired.

THEOREM 8. Let o/ be a Banach algebra. Suppose a mapping 7 : o™ — [0, 00)
satisfies (12) and
lim 27 (ImKn) gz (Kmy) okmyy L 2KMx,) =0 (23)

m-—oo

Sforall xi,xp,...,xy € o7 If amapping f: of — of satisfies the inequalities

Yioxi\ | o X1 i B
,uf<x1+ p— )-l—i:zéf(uxﬂ- p— )

<o (8

+<7 x17x27 9K )7 (24)
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\ xlaxzv"'7xn) (25)
i=li= 1=i+1

forall xy,xa,...,x, € &/ andall u € S, then there exists a unique n-derivation D: o/ —
o satisfying (13). Moreover, if limy, e 27T (2X"x1,x2,...,x,) = 0, then

n i—1 n
ZHXI l f(xl)) H X1 = 0 (26)
i=21= 1=i+1
forall x\,xy,...,x, € <. Moreover, if </ is semisimple factorizable, then D is contin-
uous.

Proof. Letting u =1 in (8), we observe that f satisfies (10) with

1+r<

From Lemma 3, it follows that there exists a unique additive mapping D: &/ — o7
satisfying (13), where D(x) := lim,,— 2~ %" f (2¥"x) for all x € <.
Setting x| = %x, Xy = rll%’;x and x3 = --- = x,, = 0 in (8), we obtain

n—1 1—n
I140) + F(-) + (1= 270)] < 2 O+ 7 (2302 =5w0.....0)
which by setting x = 2*"x and using (27) yields

2 (2m) 4 2757 (2|

Km _ Km _
<2ﬂm[ﬂ<2 (n—1), 2701 ”%pw“ﬁ>+"U+K%7®ﬁw~ﬁﬂ
n—2 n—2 n

forall me N, all x € &/ and all u € S. Allowing m tending to infinity and using the
fact that D is additive, it is easy to see that

uD(x) = D(px) = uD(x) +D(—px) =

forall x € o and all u € S. Hence, uD(x) = D(ux) forall x € & and all u € S. So
by Lemma 2, the mapping D: &/ — o7 is C-linear.
Also, we see from the inequality (25) that

2—Knm

f (ﬁzknm ) iﬁzl{m'xf 2Km ﬁ 2Km-xl

i=1 i=1i1= 1=i+1
<27 T (29,2 Xy, 29 xy)

whence, letting m — oo and using (23), we observe that D satisfies (1). Therefore,
D: of — & is aunique n-derivation satisfying (13).
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Now, replacing x; = 2¥"x; in (25), one finds

n i—1
27 <2Kmei> 27 (25 ) sz inx’f (xi) H X
i1

i=21=1 1=i+1

— K7 Ki
27T (2%"x,x0, . X)),
and since 27T (2%"xy,x;,...,x,) — 0 as m — oo, we have

n n i—1
D (Hxi> —D(x; Hxl ZHxlf X;) H x,=0 (28)
i=1

i=21= 1=i+1

for all xy,xz,...,x, € o/ . Since D is a n-derivation, we get (26) from (28).
Furthermore, if <7 is semisimple factorizable, then Theorem 6 guarantees that D
is continuous.

COROLLARY 4. Let o/ be a Banach algebra. If a mapping f: o/ — <f satisfies

the inequality (7) and
n
21 ( > ux;
i=1

AN X1,z B
o (e 527 B (e 254
forall xy,xa,...,x, € &/ andall u € S, then there exists a unique n-derivation D: o/ —
o/ satisfying (26) and

170 - D) < 2=

forall x € o . Moreover, if & is unital semisimple, then f is a continuous derivation.

(29)

Proof. 1t follows from Theorem 8 that there exists a unique n-derivation D: &/ —
of satisfying (26) and (29), where D(x) := limy,—.. 27" f (2"x) for all x € 7.

By letting x; =x, = --- = x, = e in (26), we get (n— 1) (D(e) — f(e)) =0, and
so f(e) = D(e). Next, by letting x; =xp = -+ = x,_; = e and x, = x in (26), we
obtain f(x) = D(x) for all x € & . Thus f is an n-derivation. Since < is unital, we
can conclude that f is an derivation, and since <7 is semisimple, f is a continuous.

THEOREM 9. Let &7 be a semisimple factorizable Banach algebra. Suppose a
mapping 7 : /" — [0,00) satisfies the relations

-1 1- 2n—2 1— 1-—
9(11—)6 ) ...,0) =§< ey "y nx707...,0) =0

n—2"n=2"" n—2""n-2"n-2
and

1 - -
Irce {~1,1}, 11m2'<m9<—2'fm(x+y) . .

v,0,...,0) =0

(30)
forall x,y € o . If a mapping f: of — < satisfies (7) and (8), then f is continuous.

2 n—2" Yu=2
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Proof. Setting x; =x; =---=x, =0 in (8) gives f(0) = 0. Putting 4 =1 in (8)
yields that f satisfies (10). Letting x; = Z%éx, Xy = i%’;x and x3=--- =x, =0 in
(10), we see that f(x) = —f(x) for all x € o/. Putting x; = %x, Xy =x3 =y
and x4 = --- =x, =0 in (10), we have f(2x) =2f(x) for all x € &/. Thus f(x) =
27KfF(2%x) = -+ =279 f(2%My) for all m € N and all x € o/ . Therefore, we can

define f(x) := lim, 27" f (2¥"x) for all x € o/ . It follows from (10) and (30) that

1f (e +y) = () = fO)
= lim 27" || f (2" (x +y)) + f (=2""x)) + f (=2""y)|

n—1 1—n 1—n
< lim 2797 [ —=2"" , 28y, 28My.0,...,0
e (n—2 (x+) n—2" Yn—2" 7 )
:0’

andso f(x+y) = f(x)+ f(y) forall x,y € & .

Setting x| = %x, Xy = ;%gx and x3 = --- = x, = 0 in (8), we obtain pf(x)+
S(—ux) = pf(x)— f(ux) =0, and so pf(x) = f(ux) forall x € o/ and all u € S.
Thus by Lemma 2, the mapping f: o7 — o/ is C-linear.

‘We now consider the cases according to whether k¥ =1 or k¥ = —1. First suppose

k = 1. Using (7), we can state

lim 27"

m-—oo

< lim 27"e =0.

m-—oo

n n i—1 n
f (HZ”’”x,) = [12"xr@") ] 2™
i=1 i=li=1 1=i+1

Hence, f satisfies (1). Therefore, f: .« — &7 is an n-derivation, and thus f is contin-
uous. Now assume k¥ = —1. Here, we deduce that f is an approximate n-derivation.
Since 7 is semisimple factorizable, Theorem 6 guarantees that f is continuous.

As a consequence, we have the following result.

COROLLARY 5. Let o/ be a semisimple factorizable Banach algebra. If a map-
ping [: of — of satisfies the inequality (7) and
i=1

TioXi\ | & it M
wf (Xl + ﬁ) +l=25f ([.lxi—i— T)

<

forall xy,xp,...,x, € &7 and all u € S, then f is continuous.

From Theorem 7, we can deduce the following result.

COROLLARY 6. If, under the conditions of Theorem 9 (or Corollary 5), we as-
sume in addition <7 is commutative, then f is identically zero.



[1]
[2]
[3]
[4]
[5]
[6]

[7

—

[8]

[9

—

[10]
[11]
[12]
[13]

[14]

[15]
[16]

[17]
[18]

[19]
[20]

[21]
[22]

[23]
[24]

[25]
[26]

[27]
[28]

[29]

[30]

1-DERIVATIONS AND FUNCTIONAL INEQUALITIES 1359

REFERENCES

R. BADORA, On approximate derivations, Math. Inequal. Appl., 9, (2006), 167-1731.

R. BADORA, On approximate ring homomorphisms, J. Math. Anal. Appl., 276, (2002), 589-597.

R. BADORA AND B. PRZEBIERACZ, On approximate group homomorphisms, J. Math. Anal. Appl.,
462, (2018), 505-520.

K. I. BEIDAR, M. BREgAR, M. A. CHEBOTAR AND W. S. MARTINDALE 3RD, On Herstein’s Lie
map conjectures II, J. Algebra, 238, (2001), 239-264.

D. BRIDGES AND J. BERGEN, On the derivation of X" in a ring, Proc. Amer. Math. Soc., 90, (1984),
25-29.

J. BRZDEK AND K. CIEPLINSKI, Hyperstability and superstability, Abstr. Appl. Anal., (2013), Article
1D 401756.

J. BRZDEK AND A. FOSNER, Remarks on the stability of Lie homomorphisms, J. Math. Anal. Appl.,
400, (2013), 585-596.

J. BRZDEK, D. POPA, I. RASA AND B. XU, Ulam Stability of Operators, Academic Press, Elsevier,
Oxford, 2018.

Q. CHEN, X. FANG AND C. L1, Jordan (¢, ) -derivations on operator algebras, J. Function Spaces,
(2017), Article ID 4757039.

P. J. COHEN, Factorization in group algebras, Duke Math. J., 26, (1959), 199-205.

H. G. DALES, Banach Algebra and Automatic Continuity, Oxford University Press, Oxford, 2000.
M. ESHAGHI GORDJI, J. M. RASSIAS AND N. GHOBADIPOUR, Generalized Hyers-Ulam stability
of generalized (n,k)-derivations, Abst. Appl. Anal., (2009), Article ID 437931.

A.FOSNER AND J. VUKMAN, On some functional equations in rings, Commun. Algebra, 39, (2011),
2647-2658.

R. GHOLAMI, GH. ASKARI AND M. ESHAGHI GORDIJI, Stability and hyperstability of orthogonally
ring *-n-derivations and orthogonally ring *-n-homomorphisms on C* -algebras, J. Linear Topol.
Algebra, 7, (2018), 109-119.

H. M. KiM AND I. S. CHANG, Approximate linear derivations and functional inequalities with ap-
plications, Appl. Math. Lett., 25, (2012), 830-836.

H. M. KIM AND 1. S. CHANG, Asymptotic behavior of generalized x*-derivations on C* -algebras
with applications, J. Math. Phys., 56, (2015), 041708.

D. C. KLEINECKE, On operator commutators, Proc. Amer. Math. Soc., 8, (1957), 535-536.

C. LANSKI, Generalized derivations and nth power maps in rings, Commun. Algebra, 35, (2007),
3660-3672.

K. S. L1U, A theorem on derivations on prime rings, J. Aust. Math. Soc., 91, (2011), 219-229.

T. MIURA, G. HIRASAWA AND S. E. TAKAHASI, A perturbation of ring derivations on Banach
algebras, J. Math. Anal. Appl., 319, (2006), 522-530.

C. PARK, Bi-additive s-functional inequalities and quasi-*-multipliers on Banach algebras, Bull.
Braz. Math. Soc., 50, (2019), 561-574.

C. PARK, Symmetric biderivations on Banach algebras, Indian J. Pure Appl. Math., 50, (2019), 413—
426.

C. PARK, Additive p -functional inequalities and equations, J. Math. Inequal., 9, (2015), 17-26.

C. PARK AND M. TH. RASSIAS, Additive functional equations and partial multipliers in C* -algebras,
RACSAM, 113, (2019), 2175-2188.

C. PARK AND TH. M. RASSIAS, Homomorphisms and derivations in proper JCQ* -triples, J. Math.
Anal. Appl., 337, (2008), 1404-1414.

J.RoH AND L. S. CHANG, Asymptotic aspect of derivations in Banach algebras, J. Ineq. Appl., (2017),
2017 (1): 36.

M. H. SATTARI, On n-derivations, Sahand Commun. Math. Anal., 3, (2016), 107-115.

F. V. SHIROKOV, Proof of a conjecture of Kaplansky, Uspekhi. Mat. Nauk., 11, (1956), 167-168 (in
Russian).

A. M. SINCLAIR, Automatic Continuity of Linear Operators, London Math. Soc., Lecture Notes
Series 21, Cambridge University Press, Cambridge, 1976.

1. M. SINGER AND J. WERMER, Derivations on commutative normed algebras, Math. Ann., 129,
(1955), 260-264.



1360 A. ALINEJAD, H. KHODAEI AND M. ROSTAMI

[31] M. P. THOMAS, The image of a derivation is contained in the radical, Ann. Math., 128, (1988),

435-460.

[32] J. VUKMAN AND I. KOSI-ULBL, A note on derivations in semiprime rings, Int. J. Math. Math. Sci.,

20, (2005), 3347-3350.

[33] D. YANG, Jordan x-derivation pairs on standard operator algebra and related results, Colloq. Math.,

102, (2005), 137-145.

(Received November 15, 2019)

Mathematical Inequalities & Applications
w ele-math.com

mia@ele-math.com

Ahmad Alinejad

College of Farabi

University of Tehran

P. O. Box: 37181-17469, Tehran, Iran
e-mail: alinejad.ahmad@ut.ac.ir

Hamid Khodaei

Faculty of Mathematical Sciences and Statistics
Malayer University

P. O. Box 65719-95863, Malayer, Iran

e-mail: hkhodaei@malayeru.ac.ir,
hkhodaei.math@gmail.com

Mehdi Rostami

Faculty of Mathematical and Computer Science
Amirkabir University of Technology

424 Hafez Avenue, 15914 Tehran, Iran

e-mail: mross@aut.ac.ir



