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PROOFS OF CONJECTURES OF ELEZOVIC AND VUKSIC
CONCERNING THE INEQUALITIES FOR MEANS

XUE-FENG HAN* AND CHAO-PING CHEN

(Communicated by N. Elezovic)

Abstract. By using the asymptotic expansion method, Elezovi¢ and Vuksi¢ conjectured certain
inequalities related to Neuman-Sdndor mean. The aim of this paper is to offer a proof of these
inequalities.

1. Introduction

For x,y > 0 with x # y, the Neuman-Sdndor mean M(x,y) was introduced in
[12, 13] by

X—=y
M(x,y) = ————+.
2arcsinh(17y)
Let

2xy xX—y x+y
x+y’ v, Inx—1Iny’ 2
C:g'xz—i-xy—i—yz’ 0= x2—|—y2, N:x2+y2
3 x+y 2 x+y

be the harmonic, geometric, logarithmic, arithmetic, centroidal, root-square, and con-
traharmonic means of two unequal and positive numbers x and y, respectively. It is
known that

H<G<KL<KA<M<C<Q<N.

There is a large number of papers studying inequalities between Neuman-Sandor
mean and convex combinations of other means. For example, Neuman [1 1] proved that
the double inequalities

10+ (1=E)A<M <O+ (1-m)A (1.1)
and
ézN—F(l—ég)A<M<T12N—|—(1—T]2)A (1.2)
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hold if and only if
1-In(1++v2 1 1—In(1+v2 1
&1 < ( ) ;o M 23, 52<¥ m=<.
(vV2—1)In(1++2) 3 In(1++/2) 6
Zhao et al. [21] proved that the double inequalities
utH A+ (1 —p1)Q <M < viH + (1 —v1)Q, (1.3)
G+ (1= )0 <M < v,G+(1-w)0Q, (1.4)
WH+ (1 —u3)N <M < v3H+ (1 —v3)N (1.5)
hold if and only if
N U
“1/97 1 X \/fln(1+\/§)7
1 1
>z wSlo—o———,
o=z 0 V2In(1+/2)
>1 ! vz < >
M3 2 21+ v2) 3S 17
Xia and Chu [18] proved that the double inequality
ouC+(1—oy)H <M< BiC+(1—-B1)H (1.6)
holds if and only if
3 7
o < — X and > —.
'S dn(1+5) >3
Qian and Chu [15] proved that the double inequality
0CH+ (1—0)A <M< BC+(1-B)A (1.7)
holds if and only if
3—3In(1 2 1
[07) < M and ﬁz 2 —.
In(1++/2) 2

For other similar results see [4, 5, 10, 14, 16, 19, 20, 22].
Recently, Elezovi¢ and Vuksi¢ [7], by using the asymptotic expansion method,
gave a systematic study of inequalities of the form

(1 — )M+ uMs <M, < (1 —Vv)M; + vM;

which apart from Neuman-Sandor mean also contains two classical means from the list
given at the beginnig of this section. For example, Elezovi¢ and Vuksi¢ [7] proved the
double inequality

(I—uM+uN<C<(l—=v)M+vVN (1.8)



INEQUALITIES FOR MEANS

holds if and only if

where

o = arcsinh(1) = In(1 +v2).

(1.9)

In what follows, o denotes the constant given in (1.9). See [2, 6, 8, 9, 17] for more

details about comparison of means using asymptotic methods.

The following inequalities related to Neuman-Séndor mean M (x,y), with the best

possible constants, have been conjectured by Elezovi¢ and Vuksic [7]:
4 3
H<G<-H+:-M,
7 + 7

3.4
H<L<Z>H+-M,

7 7
%G+%M<A<(1—G)G+GM7
%L+§M<A<(1—G)L+GM7
§L+%Q<M< ff/GE;ILJr \/lng,
%L+%N<M< 22;1L+%N,
o QR R e

(1.10)
(1.11)
(1.12)

(1.13)

(1.14)

(1.15)

(1.16)

In fact, (1.14) and (1.15) have been proved in [3]. The aim of this paper is to offer

a proof of inequalities (1.10)—(1.13), and (1.16).

REMARK 1.1. Let (x—y)/(x+y) =z, and suppose x >y. Then z € (0,1), and

the following identities hold true:

Hxy) o Gy _ s L) 21Z+z’ My _ 2
A(x,y) A(x,y) A(x,y) IngE’ A(xy)  arcsinhz
C(x,y) 1, Oy N(x,y) 2

=1+ =V1+2 =1+
Ay) 3 Ay VT Ay T

The following inequalities are required in our present investigation.

14z g2l
In—=<>2
T lej—1

(1.17)
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and
2m2—1(_1)j (2j -1 % arcsinhz - 2§(_ )J-(Zj— Nz (L18)
) Hn 2j+1 z far eHn 2j+1 '

for 0 <z< 1 and me N:={1,2,...}. Here, we employ the special double factorial
notation as follows:

)1 =2-4.6--- (2n) =2"n! =2"T(n+ 1),
1
(2n—1)!!:1-3~5~~~(2n—1):71:1/22"F<n—|—§>,

=1, (=DN=1

(see [1, p. 258]).
The numerical values given in this paper have been calculated via the computer
program MAPLE 13.

2. Proofs of inequalities (1.10)—(1.13), and (1.16)

First of all, we give a proof of (1.18). It is known (see [, p. 88]) that

arcsinhz -
Z u,(z), 0<z<l,

where
n-1It 2 Tlnts)
2n)!! 2n+1  /Al(n+1)2n+1
Elementary calculations reveal that for 0 <z <1 and n > 1
Un41(2) _ (2n+1)%? - (2n+1)2
un(z) (2n+2)(2n+3) ~ (2n+2)(2n+3)

Hence, for every z € (0,1), the sequence (u,(z))n>1 is strictly decreasing. We then
obtain

un(z) =

<1

2m—1 . 2m

. arcsinh ;
Y (e < T < X (D)
— j=0

for0<z<1and meN:={1,2,...}. This proves (1.18).
We now prove inequalities (1.10)—(1.13), and (1.16).

THEOREM 2.1. The inequalities
(I-AMH+MM<G< (1—0w)H+ oM (2.1)
hold if and only if

(O8]

M<L0 and o > > (2.2)
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Proof. Clearly, the left-hand inequality of (2.1) holds for A; = 0. We now prove

the right-hand inequality of (2.1) with @ = 2,

4 3
G<-H+=M 23
<ZH+ oM, (2.3)

which may be rewritten by Remark 1.1 as

4 3 4
Vi-2<-(1-2)+ < 0<z<1.

7 7 arcsinhz’

Using the right-hand inequality of (1.18) with m = 1 and

1 1
\/1—z2<1—§zz——z4, 0<z<I,

8

we find that for 0 <z < 1,

3z
arcsinhz

3 1 1
41— 2 V12 4l-A)—2 712
(1-2%)+ 22> 4( Z)+1—é22+%z4 ( 57— 37

24704 — 17622+ 63z%)

> 0.
8(120 — 2022+ 9z%)
Hence, (2.3) holds.
Conversely, if (2.1) is valid for some A; and @, then
VI—2Z2—(1-2%)
M < Z > < 1.
arcsinhz (1 —< )
The limit relations
. NV1I=2Z2-(1-7% 3 . NV1I=22—(1-72%)
lim - =5 and lim - 5 =0
z—0F arcsinhz (1 -z ) 7 =17 Fcsinhz (1 -z )
yield
3
A,] <0 and 60125.
The proof is complete.
THEOREM 2.2. The inequalities
(1—2)H+ MM <L<(1—aw)H+ oM 2.4)

hold if and only if

M<0 and wr > =. (2.5)

= &~
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Proof. Clearly, the left-hand inequality of (2.4) holds for A, = 0. We now prove
the right-hand inequality of (2.4) with @, = 2,

3 4
L<-H+:=-M, 2.6
ZH+ - (2.6)
which may be rewritten by Remark 1.1 as
2z 3 n 4z
< =(1- -, O0<z< 1.
In i—fi 7( ) 7 arcsinhz ¢

Using the right-hand inequality of (1.18) with m = 1 and inequality (1.17) with n =4,
we find that for 0 <z < 1,

4z 14z
3(1—7° -
(1-z )+arcsinhz ln(i—fi)
4 14
>3(1-2)+ :

12,3 4 23,2527
1 52-+ 0% 22+3z +520+ 52

3z ((1820 — 18062%) + 133022 +x0(246 — 135z2))

> 0.
(120 — 2022+ 924) (105 + 3522 4 212* + 15z9)
Hence, (2.6) holds.
Conversely, if (2.4) is valid for some A, and ;, then
z/ lnz%zif o (1 a Z2)
e )}
arcszinhz - (1 - Zz)
The limit relations
o U g
im - =— an im - =
z=0F arcsinhz (l - Zz) 7 =17 Frcsinhz (l Zz)
yield
4
<0 and > 7
The proof is complete.
THEOREM 2.3. The inequalities
(1-=23)G+ M <A< (1 —w3)G+ osM 2.7)
hold if and only if
3
Az < 1 and @3 > 0. (2.8)
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Proof. By Remark 1.1, (2.7) may be rewritten for 0 < z < 1 as

A3 < Ji(2) < ws,

where
1—vV1-272
Jiz) = ———mm——.
arcszinhz — V1= ZZ

Elementary calculations reveal that

3
lim J,(z) = 1 and Ji(1)=o0.

z—0F

In order to prove Theorem 2.3, it suffices to show that J;(z) is strictly increasing for
0<z<I.
Differentiation yields

(z— V1 —2arcsinhz)?V/1 - 24} (z) = Uy (2), 2.9)
where
U, (z) = arcsinhz- m(l - m) — (arcsinhz)?zy/ 1 + 22
—i—z(ﬂ— (1 —zz)).

We now prove Uj(z) >0 for 0 < z < 1. By an elementary change of variable
z=sinhx (0 < x < 0), it suffices to show that

Us(x) >0, 0<x<o,
where
U, (x) = xcoshx(1 — m) — x?sinhxcoshx
+ sinhx(m— (1— sinhzx)>.
We find, for 0 <x < o,
U>(x) = xcoshx — (xcoshx — sinhx)V/ 1 — sinh?x — %xz sinh(2x) — sinhx + sinh® x

1 1
> xcoshx — (xcoshx — sinhx) < 1— 3 sinh? x) - Exz sinh(2x) — sinhx + sinh? x

1
=3 sinhx (sinhzx — 2x?coshx + %C sinh(Zx)>

1. & (n+1)4"—8n(2n—1) ,
— —ginh 2 "> 0.
2sm xn:3 2 2! X7 >

‘We then obtain that for 0 <z < 1,
Ui(z) >0 and Jj(z) >0.

Hence, Ji(z) is strictly increasing for 0 < z < 1. The proof is complete.
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THEOREM 2.4. The inequalities
(1 —A4)L+2A4M <A < (1 — w4)L+ w4M. (2.10)
hold if and only if

g < and w4 > 0. (2.11)

W

Proof. We first prove (2.10) with A4 = % and 0y = O,

1 2
§L+§M<A<(1—G)L+GM. (2.12)
Clearly, the right-hand side of (2.7) (with @3 = ©') is sharper than the right-hand side
of (2.12).
By Remark 1.1, the left-hand inequality of (2.12) may be rewritten as

2z 2 z

= " <
In 1—5 3 arcsinhz ’

O0<z< 1 (2.13)

W | =
—

Using inequality (1.17) with n = 3 and the left-hand inequality of (1.18) with m = 2,
we find that for 0 < z< 1,
2z 2z <3 2z 2
In i—jﬁ arcsinhz 2043234220 1-i2+ 52— 5520
374(1540 — 96072 — 22575 + 3z%)

= > O.
(15 + 522+ 32%) (1680 — 28022 + 126* — 7525)

3

Thus, the inequality (2.13) is true for 0 <z < 1.
We then obtain (2.10) with 24 = % and @4 = 0.
Conversely, if (2.10) is valid for some A4 and @y, then

M < . ’222 < (g, 0<z<l.

arcsinhz m%ﬁ

The limit relations

1— 2 1 22
. In 1 2 . In £
hm+ — = 3 and lim - ‘2Z
<0 iz T 1z =l iz Tz

=0

yield

Ay < and w4 > 0.

W1 N

The proof is complete.
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THEOREM 2.5. The inequalities

(I—=2A5) M+ 250 < C < (1 — ws5)M + wsQ (2.14)
hold if and only if
1 40 -3
A<= and 5> ————. 2.15
5< 5 52 3 o —3 (2.15)

Proof. By Remark 1.1, (2.14) may be rewritten as

L4l
Ay < ——=——— UG s, 0<z<l1. (2.16)
V1+22— arcszinhz

By an elementary change of variable z = sinhx (0 < x < &), (2.16) becomes
As < G(x) < ws, 0<x<o,
where

1 inh2 sinhx
_ 1+§Slnh X—T

sinhx

G(x
() coshx —

Differentiation yields
3(xcoshx — sinhx) G (x)

1
sinh(2x) + 5 (x* — 1) sinh(2x) coshx — (2x* +2) sinhx + 4xcoshx — 3x — xcosh® x

A= DN W

3 1 13
(x* — 1)sinh(3x) + 3 sinh(2x) — 2 (7x* +9) sinhx — ; cosh(3x) + Tx coshx — 3x

> 0.

_ i (n2—n—3)9"—|—9-4"—2ln2+9n+3x2n+1
= 3-(2n+1)!

Hence, G(x) is strictly increasing for 0 < x < ¢, and we have

1 40-3
E:IimG(t)<G(x)< lim G(r) = o 0<x<o.

t—0t t—0~ 3v20 -3’

Hence, (2.14) holds if and only if As < % and ws > 3?/%—;33. The proof is complete.

REMARK 2.1. Finally, we provide an alternative proof of (1.8). By Remark 1.1,
(1.8) may be rewritten as

42— i

arcsinhz

1+Z2_#

arcsinhz

o< <v, O<z<l. 2.17)
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By an elementary change of variable z = sinhx (0 < x < 7), (2.17) becomes

1 + Lsinh? x — sinhx
u<F(x)<v, where F(x)= 3 5 — < O<x<o.
cosh? x — siohx
X

Differentiation yields, for 0 <x < o,

3(xcoshx — sinhx) 2

1
F'(x) = sinh? x — 2x? coshx + 3 sinh(2x)

2sinhx
i 1)4" —8n(2n—1

-3 (n+ n2n=1) an g,

Pl (2n)!

So, F(x) is strictly increasing for 0 < x < o, and we have

40 —-3
=1lm F(t) < F(x) < lim F(t) = —— O0<x<o.
Jim F(r) <F(x) < lim F(t) = 22— =0

Hence, (1.8) holds if and only if 4 < & and v > 32=3

N5 60—-3
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