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COMPOSITION OPERATORS AND CLOSURES OF A CLASS OF
MOBIUS INVARIANT FUNCTION SPACES IN THE BLOCH SPACE

LIXU ZHANG

(Communicated by S. Stevic)

Abstract. Closures of a class of Mobius invariant function spaces in the Bloch space are investi-
gated in this paper. Moreover, the boundedness and compactness of composition operators from
the Bloch space to closures of such Mdbius invariant space in the Bloch space are characterized.

1. Introduction

Let D = {z: |z] < 1} be the open unit disk in the complex plane C and JD be
the boundary of D). Set H(ID) be the class of all functions analytic in D). Let Aut(ID)
denote the group of all Mobius maps of the disk. For any a € D, the function

a—7z
al(2) = ——, €D,
9a(2) 1—az ¢

is a Mobius map that interchanges the points a and 0. Let g(z,a) = log m be the
Green’s function of D with the pole at a.

For 0 < p < o, the Hardy space is denoted by H”, which consists of all functions
f € H(D) such that (see [7] or [10])

111 = sup o= [ ) a0 <o

0<r<1

As usual, H= denotes the space of all bounded analytic functions on D.
The Bloch space 4 is the set of all functions f € H(ID) which satisfies

1£1lp = sup(1 = |z*)If' ()] < .
zeD

It is well known that 4 is a Banach space if it is equipped with the norm

£l = 17 O) + [I£1lp-

Note that H C 4. For instance, h(z) =log(l —z) isin % butnotin H*.
Mathematics subject classification (2010): 30H30, 30H99, 47B33.
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The little Bloch space, denoted by Ay, is the subspace of % consisting of all
functions f € H(D) for which

lim (1 - |zP) ' (2)] = 0.

lz]—1

It is well known that % is the closure of polynomials in % .
Let O < o < e. Recall that the Bloch type space is the space of functions f €
H(D) satisfying

1Fll e = 1£(0)] +S§§,(1 —[2)1f @)] < oo

Obviously, the space #% turns into the Bloch space % when oo = 1. Let n be a
positive integer. It is well known that ||f||« is equivalent to || f]||gen (see [45, p.
1149]), where

1fll g = [£O)+[£/(O)] 4.+ | F" "V (0) +Sgﬂg(1 — [ @),

This norm characterization of Bloch type spaces #% served as a motivation for intro-
ducing the nth weighted-type spaces (see, for example, [32, 33, 36]).

Let 0 < p,s <o, =2 < g<o. An f € H(D) is said to belong to F(p,q,s)
(see [42]) if

11505 =500 [ 1P @I~ )8z a)aA) < o=

where dA is the normalized area measure on . F(p,q,s) is called general function
space because it can get many function spaces if it takes special parameters of p,q,s.

2
For example, F(p,q,s) = %% for s > 1, F(2,0,s) = Qs and F(2,0,1) = BMOA.
Let 0 < p <oo,—1 < &0 < oo, and n be a positive integer. Let Q(n, p, &) denote
the space of functions f € H(DD) such that

1 =s0p [ 1(£00) P @17 (1~ [2P) dAG) < .
ach/D
Obviously, we also see that

A7 pe = sup (Fow) @7 (1~ [2*)"dA(z) < o.

|
yeAut(D) /D
Thus the space Q(n, p, ) is Mobius invariant and

1Fowllnpa=Ifllnpe:  f€Qnp )y eAut(D).

It is clear that ||f]| = [f(0)|+ || f|/n,p,o defines a complete norm on Q(n,p,a) when
p > 1. Thus Q(n,p,0) is a Banach space of analytic functions when p > 1. When
0 < p < 1, the space Q(n,p,a) is not necessarily a Banach space but is always a
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complete metric space. This space was firstly introduced by K. Zhu in [46]. From [46],
we see thatif 2n < o +3, then Q(n,2,0) = Qg _»(,—1)- In particular, Q(n,2,2n—1) =
BMOA. See [3] for general properties of Mobius invariant Banach spaces. When n=1,
for simplicity we denote Q(n, p, ) by Q(p, o).

Let S(D) be the collection of all analytic self-maps of D). Every ¢ € S(ID) induces
a composition operator Cy , which is defined by

Co(N)2) = f(9(z), z€D.

Composition operators have been extensively studied in recent years. One of the main
themes for studying composition operators is to relate operator theoretical problems for
Cy with the function theoretical properties of the inducing map ¢. Readers can refer
to [6].

It is well known that the composition operator is bounded on the Bloch space
by Schwartz-Pick lemma. The compactness of the composition operator on the Bloch
space was firstly studied in [22]. They proved that Cy : 2 — 2 is compact if and only
if

: 1— |Z‘2 /
ol T Tpp 1=
See [38] and [40] for another two characterizations for the compactness of the composi-
tion operator acting on the Bloch space. The boundedness and compactness of compo-
sition and some other concrete operators is a topic of a great recent interest. For some
results on operators from or to Bloch-type or related weighted-type spaces consults, for
example, [8,13,14,19,20,29,30,32,33,36,37,26,15,16,17,18,12,27,28,31,34,35,44]
and the related references therein.

Suppose X C # is an analytic function space. We use %% (X) to denote the

closure of the space X in the Bloch norm for simplicity. Let n be a positive integer and

Que(f) = {zeD: (1= 21" ()] > e}

We denote Q,¢(f) by Q¢(f) whenn=1.

In [2], Anderson, Clunie and Pommerenke raised a question on what is the closure
of H” in the Bloch norm? The problem is still open. Andersonin [1] gave a description
of the closure of BMOA in %, but he did not publish this result. For example, he
showed that a Bloch function f is in €% (BMOA) if and only if for every € > 0,

2y dA(2)
222 oy 1D Ty <
Ghatage and Zheng in [11] provided a complete proof for it. In 2008, Zhao studied
€¢5(F(p,p—2,5)) when 1 < p <eoand 0 <s <1 in[43]. In 2010, Aulaskari and
Zhao studied composition operators from the Bloch space to € (F(p,p—2,s)) in [4].
Monreal Galan and Nicolau in [23] studied the closure in the Bloch norm of the space
HP NP for 1 < p < oo. Recently, Galanopoulos, Monreal Galdn and Pau in [9] ex-
tended the above result to 0 < p < eo. Bao and Gogiis in [5] characterized the closure
in the Bloch norm of the space _@é NA(—1 < a<l),where 9& is the Dirichlet type
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space. In 2017, Qian and Li characterized €z« (%2, N %) in [25]. Among others, they
obtained the following result.

THEOREM A. Let o > 0 and U be a positive Borel measure defined on dD. Let
n be a positive integer. Suppose f € B*. Then f € Cpu(Dy N AB*) if and only if for
any € >0,

32#(2)
T JA(Z) < oo,
Jo T A

L2
Pu)= [ au@)

ap |€ — 7

where

and
Tnoe(f) ={zeD: (1—[z)*f(2)] > €}.

See [21,24,39,41] for more papers on the closure of some function spaces in the
Bloch space.

The purpose of this paper is to study the closure of Q(n, p, &) space in the Bloch
space. We give a complete characterization for €% (Q(n, p,)). Moreover, we study
the boundedness and compactness of composition operators Cy, : (%) — €5(0(p, o))
and C(p : %%’(Q(p7 OC)) - %%’(Q(pa (X)) :

Throughout this paper, we say that f < h if there exists a constant C such that
f < Ch. The symbol f ~ h means that f S<h < f.

2. Characterization of €% (Q(n, p,))

To state and prove our main results in this paper, we need some lemmas. The
following well-known estimate can be found in [47, Lemma 3.10].

LEMMA 1. Suppose s >0 and t > —1. Then there exists a positive constant C
such that s
(1—|w|?) C
—————dA(W) < ————
/]D |1 — zw[2Hets (w) (1—|z)2)*

forall zeD.

LEMMA 2. [46] If np < a+2, then f belongs to Q(n,p, ) if and only if

(1 _ |a‘2)a+2fnp

2
e (1 kF)aAR) <=

sup [ [f" ()P
D

acD

We also need the following estimate (cf. [43, Lemma 1]).
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LEMMA 3. Let s > —1,r,t >0, and r+t—s>2. If t <s+2 <r, then there
exists a positive constant C such that

/ 0P < c
D

11— wz|"[1— az]f (1= wy——2]1 —aw|"

Now we are in a position to state and prove our main results in this paper.

THEOREM 1. Let n be a positive integer, 1 < p < oo and —1 < o < oo such that
oa<np<a+2andnp <a+l+n. Suppose that [ € B. Then f € €z(0(n,p,))
if and only if for any € > 0,

(1 _ ‘a|2)06+27n17(1 _ ‘Z|2)O(7np

s dA(z) < oo, 1
alel]IpD Que(f) |1 — az|>(e+2-np) (2) (M
or
_ap dA(2)
sup (1 _ ‘Ga(z)|2)a+2 np_ 4ON\&)
S Qn,s(f) (1 — ‘Z|2)2

Proof. Take a function f in the closure in the Bloch norm of Q(n, p, o) and € > 0.
Then there exists a function g € Q(n, p, o) such that || f — g|| 1. < §. Note that for all
zeD,

(1= 217" ()] < sup (1= [w)"|f" (w) = "™ (w)| + (1 = [2*)"[g") (2)]

weD

€ n n
S5 +- 121*)"1g™ @)

This implies that Q, (f) C Qm%(g). Then it follows that

n (1~ Ja[?)*t>»
sup [ |g' O =gz (1 k) dAG)

acDJ/D
> sup - g™ ()P (1 - |Z|2)"”|(11__6;||§+;2_:;(1 —[2*)* " dA(z)
g (§>ng§ 2, %(1 — ) TPAAG)
> (&) sup U= aP)T2 e gay).

2 aeDJ Qe (f) |l _§Z|2(a+2inp)
Since g € Q(n,p, o), by Lemma 2, we have

(1— |a|?)* 2P .
e T paroy Az "PdA(z) < oo.
ueﬂg Que(f) |1_5Z|2(a+2—np)( 1z%) (2)
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Conversely, we suppose that f is a Bloch function which satisfies (1) and take & >
0. Without loss of generality, we may assume that £(0) = f/(0) =... = f"~1(0) = 0.
For any z € D, using Proposition 4.27 in [47], we have

Jo — |w[?)"h
c/ l—zw) dA(w).

2+ By

Here

Cp = and > —1

(B+2)...(B+n)
According to [43], we decompose f(z) = f1(z) + f2(z), where

)(1— [w[*)"*P
=€ /,1E l—zw)2+/3w dA(w)
and . -
7 w) (1 —[w]*)™*
=C / dA(w).
PE=D e (1 amppwr A
Obviously,
(n) 1 — lw|2)nt+B
() () — ! / SOw) (A=Wl
A@=@4ne) [ dAy)
and

) (30)(1 — [w2)1+B
A= @anen [ LTI .

D\Que(f) (1 —zw)+2+B

(k)
© %, Then h(0) = K(0) = ... = h#=D(0) = 0, and (f —

Let h(z) = fi(z) — R

R (z) = fz(”)(z). Using Lemma 1, we obtain
1f =kl grn = sup(1 = [z[2)"|(f = ) (2)| = sup(1 — |z%)"| " ()|
zeD z€D

(n) 1_| |2)n+ﬁ
< _ 2\n |f (W)|( w
< esup(1— | | \QM " “_ZWWM dA(w)

zeD
w|
< éesu Z / | dA(w) < €.
B R f, e 40 5

This means that & € 9. Then using Fubini’s theorem, we have

(1 _ |a|2)a+2 np

sup [ 0@ C= 01— e aa @)
a20¢ 2—np
= sup [ L 1 ey ance

weD ‘ "2 o+2—np)
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(1 _ |a|2)a+2—np

2\o—np+n
_aZP(OH-Z—np)(I — |2[%)*7"PT"dA(z)

— sup \f PP (1= 22D ()]

acD ‘

1_‘a| )oc+2 " 2\a—np+n
< WAl sup [ 17 OlT = gy (1~ k) A

(1—|al )a+27np( —‘Z| )OC*V!P‘H’! / f(n)(W)(l—‘W‘2)n+ﬁ
< dA dA
- 225 D |1 — az|Ha+2-np) Que(f) |1 — W[ T2t (w) | dA(2)

1—-la 2\yo+2—np 1— 22 o—np+n
Sl [ ([ e aa) ) aatw)

a€eD [1— @z 27np) |1 —zyp|r 2P

Observe that oo +2 —np > 0. If we choose 8 > o +2 —np —n, then by Lemma 3, we
obtain

(1 _ |a\ )a+2 np

sup DW (z )I”‘ PR F(1=[2?)"dA(z)
(1 — [a2) 22 (1 — |w]2) 2
< co
S ot 1 awplerzay A0 <

Hence, h € 2(n,p, o). Thus for any € > 0, there exists a function # € 2(n, p, o) such
that || f — 1| z1» S €, which means that f € Gz(Q(n, p, o). The proof is complete.

From [46], we see Q(n,p,0) = % when np < o+ 1. According to Theorem 1,
we get another characterization of the Bloch function as follows.

COROLLARY 1. Let n be a positive integer, 1 < p < oo and —1 < o < oo such
that o« <np < o+ 1. Then f € B if and only if for any € > 0,

1— 2\o+2—np 1— 2\o—np
wp [ A laP)E ()

aeD e () |1 — az|X(o+2-np)

dA(z) < eo.
From [46], when np = a+2, then Q(n,p,a) = B, the Besov space. Since all
Besov spaces contain the polynomials and are contained in %, we have
%@(Bp) =%y, 1< p<eo.
From [46], when p=2 and o« =2n— 1, Q(n,2,2n — 1) = BMOA. We immedi-
ately get another characterization of € (BMOA) as follows.
COROLLARY 2. Let n be a positive integer. Suppose that f € B. Then f €

©»(BMOA) if and only if for any € > 0,
(1—JaP)(1— |z~

sup — dA(z) < oo,
acDJ Que(f) ‘1 _aZ|2 ( )
or JAQ)
Z
sup (1-lou(@)?)

ach Qn.E(f) (1 - ‘Z|2>2
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3. Composition operator on %% (Q(p,a))

Next, we characterize the boundedness and compactness of composition operators
from the Bloch space # and the little Bloch space % to €%(Q(p,)). Suppose that
¢ € S(D). We define

_ 1_‘Z|2 /
(Pj(Z)—WQD (Z)7 zeD.

THEOREM 2. Suppose 1 < p < oo,—1 < o0 < oo such that o0 < p < a+2 and
@ €S(D). Then Cyp : B — €5(Q(p, o)) is bounded if and only if for any € > 0,

1— 2a+27p1_ 2ya—p
wp [ Ul )

dA < oo, 2
aeDJAe(9) 11— azp@+2-p) (2) 2)

where
Ae(@) ={zeD:|¢*(z)| > €}

Proof. For the sufficiency we assume that (2) holds for any € > 0. Let f € A.
Then

[(fo@) (@|(1—12*) = I (p()]l¢"@)I(1—|z]*)
i ¢’ (2)|(1 2]
=|f(¢(2)(1—- |<P(Z)|2)W

Thus, for any fixed 8 > 0, if [(fo @)/ (z)|(1—|z|?) > &, then we have |¢F(z)| > Hfﬂg, =

€. Therefore, :

< | fll2l0* ).

(1—la)*27P (1 —|e])*"P

Do e A0
1— 2\o+2—p 1— 2\o—p
- (L) (1 —fe)cr o
a€DJQ5(fo9) |1 —az]et2=p)

According to Theorem 1, we get that

fope€z(Q(p,a)).

This means that Cy : Z — €5(Q(p, o)) is bounded.
In order to prove the necessity, we suppose that Cy : 2 — €(Q(p, o)) is bounded.
It is well known that there exists two functions f|, f>» € # such that (see [20])

1
1—|z>

@] +1f(2)] >
Due to our assumption, we get that

fioo, fropecCx(0(p,a)).
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Thus for any € > 0, we have

(1 —laP)*+27P(1 —|e])*~P

su
ach Qg (fi09) |1 — az|*@+2-p)
and
1— 2ya+2—p 1— 2ya—p
- (L=l 2P —fe)sr o

acD Q%(fzoqj) 11— ‘71‘2(%_2_17)

If z € A¢(@), then we have

(I(fro @) @) +1(f200) @D = [2*) =(fi (@) +1 /(@)D" (@)(1 ~ |2)

>t (z)| > e.

This means that, either

N M

|(fro @) (@)I(1-1z*) =

or

N M

[(fa00) (2)|(1—z*) =
Therefore,

(L) 2P0 —Ryer

su
scbrt) - @P@rr)
1— 2ya+2—p 1— 2\yoa—p

o (o) 0P

aeD Qg (frop)Ug (op) |1 —azer2p)

1— 2\o+2—p 1— 2\o—p

cupf Gl

acD Q%(flo‘l’) 11— aZ|2(a+2_p)

1— 2\o+2—p 1— 2\o—p
+ sup (1= |al) (1= ") dA(z) < oo.

ach Qg (f200) 11— §Z|2(a+27p)

The proof is complete.

THEOREM 3. Suppose 1 < p < oo,—1 < o0 < oo such that o0 < p < a+2 and
@ €S(D). Then Cy : By — €5(Q(p, ) is bounded if and only if

0 cCz(0(p,a)).

Proof. The necessity of the conditions can be proved immediately. In fact, we
suppose that Cy : By — 6z(Q(p, ) is bounded. Notice that f(z) =z € %, then we
have

0 =Cof €Cs(0(p,00)).
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To prove the sufficiency, we assume that ¢ € €»(Q(p,)). Let f € . For any
€ > 0, there is a constant r (0 < r < 1) such that

£ -1 < 5

whenever |z| > r. Let z € Q¢(f o). Then

7 (@I~ o)) > £ (@@)Ile @1~ |2I*) > e
That means |@(z)| < r. Thus,

L2
210/~ ) > 1o sl @ > 1 (0@l @I~ ) > .

Let 6 = Sﬁﬁf) Then |¢/(z)|(1 — |z|?) > 8. Hence, Q:(fo¢) C Qs(¢p). Due to

0 €6%(0(p,)), we obtain

(1 —laP)**+27P(1 —|2])*~P

oo > su dA(z
ach J0s(0) [1— az[es2mr) ©
1— 2ya+2—p 1— 2ya—p
I L
acD JQe(fop) |l - aZ‘Z(OH—Z—p)

According to Theorem 1, we get that fo ¢ € €»(Q(p,a)). Therefore, Cy : By —
¢%(0Q(p,)) is bounded. The proof is complete.

LEMMA 4. [22] Assume that ¢ € S(D). Then the following statements are equiv-
alent.

(i) Cp:PB — P is compact;
(ii) Cy: By — X is compact;
(iii)
. 1— ‘Z|2 /
lim sup ————10'(z)| =0,
=lcQ, () 1— |(P(Z)|2

where Q.(¢) ={zeD:|o(z)| >r}.

THEOREM 4. Suppose 1 < p < oo, —1 < o0 < oo such that a0 < p < o0 +2 and
0 € S(D). Then the following statements are equivalent.

(i) Cp: B — €z(Q(p,o)) is compact;
(i) Co: Ga(0p,00)) — C(Q(p, @) is compact;

(iii) Cy: %o — €5 (Q(p, o)) is compact;
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(iv) @ € C»(Q(p,a)) and

‘Z|2 /
lim sup 7\(;) (2)|=0,
r=1cq (o) 1 = 10()]?

where Q.(¢) ={zeD:|o(z)| >r}.

Proof. (i) = (ii). The implication is obvious because of €(Q(p, @))

(ii) = (iii). The implication can be obtained since the space %% Lg( (p,
tains all polynomials and % is the closure of all polynomials in Z.

(iit) = (iv). Assume that Cy : By — €5(Q(p, ) is compact. Obviously, Cy :
HBo — €#(0(p,a)) is bounded. Since z € Hy, we obtain ¢ € €% (Q(p,c)). On the
other hand, it is obvious that €% (Q(p, )) C A. This clearly implies that

‘Z|2 /
lim sup 7\(p(z)|:0
—~1ca g 1 = 0@)

CA.
o)) con-

where Q,(¢) ={z€D:|p(z)| > r} by Lemma 4.
(iv) = (i). According to the assumed condition, we see that there exists a constant
r (0 <r<1),such that

1_7|Z|2\(P/(Z)| < £ whenever |@(z)| > r.
1= o)) 2’ |

_1-gr
1—|o(z)

1—|z|?
1—r2

Let z€ D such that = |¢/(z)| > €. Then |¢(z)| < r. Therefore,

0@ > = g s
ppYET

Thus
(11219 (@) = (1-r)e.
Set § = (1 —r?)e. Then we obtain z € Qg(¢). Since ¢ € €(Q(p,x)), we get

(1—la)**27P(1 — [2?)*

o > su Az
aeﬂg Qs(0) 1 — az|2(@t2-p) (z)
(1= |a)*2-P(1—[z*)*P
>
= ZEB Ae(0) 11— az[2(et2-p) dA(z).

According to Theorem 2, we get that Cy : # — €5(Q(p,e)) is bounded. We know
that Cy : & — 2% is compact by Lemma 4. Therefore, Cy :  — €»(Q(p, o)) is
compact. The proof is complete.
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