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BOUNDEDNESS OF BI-PARAMETER
LITTLEWOOD-PALEY g; -FUNCTION ON HARDY SPACES

FANGHUI L1AO, ZHENGYANG L1* AND CONGWEI J1

(Communicated by S. Varosanec)

Abstract. In this paper, we prove the H” — L” boundedness of bi-parameter Littlewood-Paley
g -Tunction with p less than 1, improving on the H ! — L' boundedness due to Li and Xue. The
main tools include Journé’s covering lemma, vector-valued theory and the atomic decomposition
of product Hardy spaces.

1. Introduction

M. P. Malliavia and P. Malliavia [15], Gundy and Stein [7] introduced and sys-
tematically studied the product Hardy spaces in the 1970s. The theory of atomic
decomposition of the product Hardy spaces was established by Chang and R. Fef-
ferman [2]. It is known that the atomic decomposition of HP(R" x R™) is more
complicated than classical Hardy spaces H”(R"). And the atomic decomposition of
the product Hardy spaces H?(R" x R™) is a powerful tool to verify the H?(R" x
R™) — LP(R" x R™) and H?(R" x R™) boundedness of multi-parameter singular in-
tegral operators. For example, applying the rectangle atomic decomposition of product
Hardy spaces HP(R" x R™) and Journé’s covering lemma, R. Fefferman [4] proved
HP(R" x R™) — LP(R" x R™) boundedness of Journé’s product singular integrals. More
recently, Han, Lee et al. [10] showed that the Journé’s singular integral are bounded on
HP(R" x R™) in terms of vector-valued singular integral theory, Littlewood-Paley the-
ory together with Fefferman’s rectangle atomic decomposition and Journé’s covering
lemma. For more work about properties of product Hardy spaces and boundedness of
operators on product Hardy spaces, one may refer to [5], [6] and [11].

Now, we recall the definition of the product Hardy spaces H? (R" x R™). Given
O0<p<l,let

Coo(R") = {l// € C”(R") : w has a compact support and

- y(x)x%dx =0for 0 < || < Np7n} ,
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where N, , is a large positive integer depending on p and n. Let y € C7((R") satisfy

the condition
<o dt
| 1weors =1 1)
0 t

forall § # 0. Let n; = n,ny = m, y' € Cg, supported in the unit ball of R" and '
satisfy (1) with i =1,2. For ; > 0 and (x1,x2) € R" x R™, set y; =1; "y(x;/1;) and
Vi (x1,X2) = Y} (x1) W (x2) . the product Hardy space H? (R™ x R"™) is defined by

HP (R x R™) = {f € &/(R" x R™) : g(f) € LP(R" x R"™)}

with || £l g g := 18(F)[| Lo (w1 xg) , Where

dty din ) '?
g( x17x2 {/ / ‘llltlt2*fx17x2)|2 11 2} .

HP? -atoms on R" x R™ are defined as follows.

DEFINITION 1. [2] A function a(x;,x;) defined on R" x R™ is called an H” (R" x
R™) atom if a(xj,x2) is supported in an open set Q C R” x R™ with finite measure and
satisfies the following conditions:
(@) [lall2 < |21
(ii) a(x1,x2) can futher be decomposed as a(x1,x2) = Yre z(q) @r(x1,%2), where ag
are supported on the double of R =1 x J(I is a dyadic cubes in R” and J is a dyadic
cubes in R") and .# (Q) is the collection of all maximal dyadic rectangle contained in
Q,

1/2
{ > aRiz} < Qe
)

Re(Q
(iii) for all x, € R™,0 < || < Np s
/ ag(x1,x)x{dx; = 0;
21

and for all x; € R",0 < |a| < Npm,

/ ag(x1,x2)x5dx; = 0.
27

Chang and R. Fefferman [2] obtained atomic decomposition of H”(R" x R™)
which is a key tool in this paper.

LEMMA 1. A distribution f € HP(R" x R™) if and only if f = ¥ ;A;a;, where
aj are HP(R" x R™) atoms > j |Aj|P < o, and the series converges in the distribution
sense. Moreover, AP forall f=3;Aa;}.
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As we all known, Littlewood and Paley introduced the Littlewood-Paley g3 -func-
tions in the 1930s. These functions play important roles in the analysis of L” bounds for
various linear operators. With the development of real-variable method from the 1950s,
Stein [17] studied the classical Littlewood-Paley g} -functions in the setting of higher
dimension, and which are important tools in the harmonic analysis and other fields. See
[31, [9], [13], [17] and [18], for more results about Littlewood-Paley g}‘L -functions.

Recently, Cao and Xue [1] introduced a class of bi-parameter Littlewood-Paley
g; -functions as follows:

DEFINITION 2. Suppose that A = (A1,4;) with 41,4, > 1, #;,1o >0 and (x1,x;) €
R" x R™, the bi-parameter Littlewood-Paley g3 -function is defined by

) my I3 niy
e =( [ [ (e Y™ [ (ot
A ) ( R7H N1 + 2 — 2 RN+ [ — i

1/2

dndy; dirdy,
X‘etl,tz(f)(yl7y2)‘2 tn+1 tm+1 ’
1 2

where

etl,t2 (f)(yl ,yz) = /

R xR

Ky, (1,32,21,22) f (21, 22)d21dz).

Using the random dyadic grids and martingale difference decomposition, Cao
and Xue [1] proved the L? boundedness of the above Littlewood-Paley g; -functions.
Moreover, Li and Xue [12] showed that bi-parameter Littlewood-Paley g7 -functions
are bounded from H'(R" x R™) to L' (R" x R™) by Fefferman’s rectangle atomic de-
composition and Journé’s covering lemma.

The main purpose of the paper is to present that bi-parameter Littlewood-Paley
g;, -function are bounded from H?(R" x R"™) to LP(R" x R™) with the index p less
than 1. To achieve our goal, the key tools are vector-valued theory, the atomic decom-
position of product Hardy spaces and Journé’s covering lemma.

In order to present our main result, we show assumptions for kernels K; ; of bi-
parameter Littlewood-Paley g -functions. In this paper, we always assume that indices
o, >0.

ASSUMPTION 1.1. [14] (Full standard estimates) The kernel K; ; : R" " x R" " —
C is assumed to satisfy the size estimate

o B
1 5

(11 + [x1r = y1 1) (8 4 [x — yo| )P

|I(117[2 (xlax%}’la}’z)‘ < C

‘We also assume the two mixed Holder and size estimate:

1 —z1]® P

(114 [x1 = y1 )" (8 + [xg — yo )P

‘Kll Ko (x17x27YI7)’2) - 1(11712 (.X1,X2,Zl,y2)| g C
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when [y; —zi| <11/2, and
i ly2 — 22|
(114 [x1 = y1 )" (1 + [xp — yo )8

when |y, — z2| < #2/2. Finally, we assume the Holder estimate

‘I(tl,tz (XI ;3 X2, V1 7y2) - Kt17t2 (x17X27y1712)| < C

‘Ktl Ko (xlax2aylay2) - Ktl,tz (x1,x27217)’2) _I(tl,tz (xlax2ayla12) +I(11J2 (XI,)CQ,Zl,ZZ)‘
1 —z1|* v2— 2P
(t1+ o1 =) (84 o — yo )P

when |y; —z;| <1#1/2 and |y, — 22| < 12/2.

ASSUMPTION 1.2. [12] (Strong Carleson condition x standard estimates) Let
I be a cube with side length /(1) in R”", we define the associated Carleson box I=
Ix(0,I(I)). We assume the following combinations of Carleson and size conditions:
For every cube I C R" and J C R there holds that

1/2
1 nky dyldtldxl
K, 3 V2,212 2(*) dzj————
(/‘/2:/1‘%"/1‘ tlrtz(yl y2 1 2)| t1—|—|x1—y1\ 1 [IH_I
B

5
(t2+ y2 — 22| )P

1/2
15 miy dyzdtdeQ
K ) biad ) 2<7> d 1
(f o nrm e () a2
g

and

53

(t1+|y1 —z1])" e’

We also assume the following two mixed Carleson and Holder conditions: For every
cube I C R" and J C R™ there holds that:

’
(//2\/1‘{"/1‘|Kt17t2(y17y27zlaz2)_Kt17t2(y17y27zlaz2)|2

1/2 ’
1 "M dyidndx |22 — 2,
x| ———) a2 <
t1+ | =1 i (22 + |y2 — 2| )P

when |z, —1/2| <t/2, and

(//f/m/J|Kzl,zz()’17)’2721722)—Krl,zz()’ly)’2721yz2)2

12
o) " dysdindxs / sk
X | ———— d227m+1 <C ol
12+ |x2 — ya X (1 +y1 —z1])

when |z —z,| <12/2.
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ASSUMPTION 1.3. [14] (Bi-parameter Carleson condition) Let 2 = %, X Dy,
where &, is a dyadic grid in R” and %, is a dyadic grid in R™. For I € %,
let Wy =1x(I(I)/2,I(I)) be the associated Whitney region. For J € Z,,, let W; =

x (1(J)/2,1(J)) be the associated Whitney region. Denote n; = n,np, = m and

niA;
! dxdty dx»dty
G —// // / sx (1 ||< ) dyidy :
1J w, ] I, Rn+m| hsX (V1,02 \ tz+|xz il a2 5T tnl+1 t;terl

We assume the following bi-parameter Carleson condition: for every 2 = %, X D,
there holds that

Y. 4y <Cle]

IXJED IXIJCQ

for all sets Q C R” x R™ such that |Q| < e and such that for every (x,x;) € Q there
exists I X J € Z so that (x1,x) € [ xJ C Q.

Now we can formulate our main result in this paper.

THEOREM 1. Let A = (A1,A2) with A;,A; >2, 0< a <n(A —2)/2 and 0 <
B < m(Ay—2)/2. Suppose that kernels of bi-parameter Littlewood-Paley g} -functions
satisfy Assmuptions 1.1, 1.2 and 1.3 with o, 3 > 0. Then, we have

183 (Pllzr < ClLf |z,

where max{n+a,’n+ﬁ} <p<l.

We prove the Theorem 1 by the following two steps.

Step 1. Reduce the HP(R" x R™) — LP(R" x R™) boundedness of bi-parameter
Littlewood-Paley g} -function to the H”(R" x R") — L” .(R"™) boundedness of lin-
ear operator {6;, 1, (f)}s, >0, where L” is the ¢ -valued L? spaces and 7 is the
Hilbert space defined by

niy
— . — 7t1
H = {h11712}t17t2>0 : ||{ht1,tz}ij - (‘/RTH /Rr:rl (ll + |x1 _y1>

1

A 2
1 " » dyidty dy»dt
X ( ) | htl7t2 ()’17)’2) | tn+1 lm+1 <o,
1 2

t+ |x2 — ys|

and g -function can be written by

82.(F) = {60 ()} p>ollor = 1T (F) .-

Step 2. Verify HP(R" x R™) — L” (R"*") boundedness of T by H” -atoms.
In order to carry out Step 2, we need the following criterion of the boundedness of
A -valued operators T from HP(R" x R™) and L, (R"*"™).
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LEMMA 2. [10] Let . be a bounded operator from L*(R"™) to L%, (R"*™).
Then, for 0 < p < 1, £ extends to be a bounded operator from HP(R" x R™) to
LV, (R™™) if and only if ||$(a)||sz/(Rn+m) < C forall HP(R" x R™) atom a, where
the constant C is independence of a.

Together Lemma 2 with the fact that g5 is bounded from L (R"™™) to L2, (R"™™),
it’s suffices to prove the following theorem.

THEOREM 2. For each HP (R" X R™)-atom a,

|7 (a) <C,

}’L;/(R)1+n1)

where the constant C is independence of a.

2. Proof of Theorem 2

In this section, we give the

Proof of Theorem 2. The proof of Theorem 2 follows Fefferman’s idea [4]. Sup-
pose that a is an H?(R" x R") atom which supported on an open set Q C R” x R”
with finite measure. Moreover, a can be decomposed as a = Yge_z(q)ar, Where
A (Q) is the collection of all maximal dyadic subrectangles contained in € with supp
agr C2R=2Ix2J, [, ar(x1,x2)dx; =0 forall x, € 2J, and 5, ar(x1,x2)dx, =0 for
all x; € 21, where I and J are dyadic cubes in R" and R, respectively. Furthermore,

lalz <1Q">77 and 5 axllp; < j0I' 7.
Re./(Q)

Let
Qi = {(v1,:2) ER" X R™: Ms(xa)(x1,x2) > 4" "~ im~ 2},

where My is the strong maximal function defined by

Ms(f)(x1,x2) = sup

Xl X2 ER

|f(v1,y2)|dy1dy2,
IR| /

where the supremum is taken over all rectangles R = I x J with sides parallel to the
axis and containing the point (x,x,). It follows from the LP(1 < p < o) boundedness
of the strong maximal operator M that |Q;| < C|Q)].

Denote

Q= {(x1,x2) e R" x R™: Ms(xa,)(x1,x2) > I }7
s = {(xl’xz) eR"xR": MS(%Qz)(Xl,JQ) > 47y }

Note that .Z (Q) C .#;(Q), where .#;(Q) is collection of all dyadic rectangle
R C Q that are maximal in x; direction, i = 1,2. Foreach R=1xJ € .#(Q), we
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choose 7 is the largest dyadic cube containing / such that R=1xJCQ. Similarly,

we can chooseAJA is the largest dyadic cube containing J such that R=1IxJcC Q.
Note that 4/nl x 4y/mJ C Q3.
Then, we have

L, @) dndr,
HX m

:/ ||T(a)(x1,x2)||gfdx1dx2—|—/ HT(a)(xl,xg)Hgfdxldxz.
Q3 (Q3)°

Holder’s inequality, the L2 —Lif boundednessof T and size condition of H? (R" x R™)
atom a yield that

p/2 _
@) e <( [ (7@ 000 Bdnde)” 050"
3 3

<Cllal|7,|)'
<C.

Thus, we need to deal with

/ T (@) (x1,x2)||Ppdxrdx, <C Y, / T (a)(x1,x2)||",dx1dxs,
(€3)° Re. ()’ ()

where we use the inequality (a+ )P < aP +bP for p < 1.
Then

/(93)f T (a)(x1,%2)||"pdx1dx;

< T x0) |18, dxd +/ T x0)||Pdxid
/(4\/27)fo'" |7 (a)(x1,x2)||",dxidx; (4 T (a)(x1,x2) ||, dx1dx;

:=U(R)+V(R).
We write ¥1(R) = 1 (R,Q) = ;E—I) and p(R) = p(R,Q)) = % In order to estimate
U(R), we have

=
=)

U(R)

- T )| dxid +/ T(a)(x1,x)||”, dx.d
(4\/@%4\%]\\ (a)(x1,%2) || pdx1dxz Y T (@) (x1,%2) ||y dx1dxz

.= Ui(R) + Us(R).

To estimate U, (R), we split the domain of #; and #, as follows

(t1,2) € R x RT C((0,2[y1 —x7]] % (0,1(1)]) U ([2]y1 — 1], |x1 —x]] x (0,1(J)])
U ([le1 = 2x7],00) x (0,1(1)]) U ((0,2]y1 — 1] x [1(J),0))
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U ([21y1 —xtl, ey —oxl] x [1(7),02)) U ([Pt =], ) x [1(J), )

=A|UA,UA3UA4UAs UAg,

where x; and x; are the centers of dyadic cubes / and J respectively, and denote
1(J)=2y/ml(J).

Thus, we have

Ui(Ry)

S oL Grti) ™ L Gt )

dt dt
XZ% 1,1 ‘// Ki 1, (ar)(21,22) d21d22‘ dyi nﬁldy tm—+21> dxidx;

2

o An
_Cz 1//4f Ve xcdy/ml </ /m <t2+|x2—y2> /0 /" <tl+;ﬁ)

14
dr \*
x 2 (it ’// Ky, 1, (ar)(z1,22) dZ1d12‘ dyi n+1dy2tm+21> dxidx;
2

::CZBi.
i=1

Let & satisfying that 2n+ o0 < 2n+2¢; < nAy. Since y; € 21,y, € 2J and (x1,x;) €
(4\/nl)¢ x 4\/mJ, then we have |x; — y;| & |[x; —x;| and |y; — x| < \/al(I). Now, let
us begin with the estimate of B;. By Holder’s inequality, Carleson and size condition
of K; s, then

20(J mhy 2]y x| ndy
B=| L Gres) 1 L Ge)
' Jayne i m t2+|x2—y2\ " t1+\x1 i

2 dn dn :
X) Ki 1, (Y1,}’2,21722)6113(21,Zz)dzldm‘ T S dy2 | dxidx;
2Ux2J f X

_p
<Cllaglp 112

/ /2I(J) / I my /2\}11 —xq| / f ) nq
>< —_— —_—
(4yane \ Jo " <t2+ |x2—y2> 0 L (fl + 1 = y1]

dt dt ’
2 1 2
X,/AL\/;ZJ/H 2]|Kt17t2(ylay2721722)‘ ledemtfﬁdylté"ﬁdyz) dxy
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T 2|y —x] 1 nh
<cul ety [ (S L )
(@yane \ Jo nJor \t1 + |z1 = y1]
p

20
I

f+ |z —yif)re

dn \°
><( dzldylt?—:l) dx;

P

21(1) 12 dr \°
SCJlfga p/ / / 1 a’z—1 dx
7172 ] RHLz ayae \ Jo o1 (11 + |1 — 21| )20 20 lt;’lJrl 1

1 20(1) 5
<Cl| 5 ||ag|? 1%/ S — / 2 lar
I 2 arll2 ] ity o —mlmrar @ fy 1

<ClI|" 2 |lagl?, 1| 2 1(ry 1Ty = ep

— -y
<SCH(R)" " PIR|" 2 |lag]],

where we use the fact

LEMMA 3. [19] Let A1, A, > 0,A < B, then

1
/R" (A+ [y (B+|x—y[)*

S CA" M (x| +B) ™M, )

where Az = max {A1,A\2} and Ay = min {A1,2;}.

Now, we consider the estimate of B,. Choose an 0 < o/ < o. Since #; > 2|y —
x|, then applying Holder’s inequality, cancellation condition of H?(R” x R™) atom a,
Carleson and Holder condition of K; s, we have

_p 21(") t2 mkz
B <Clanlpl5 [ ([ <7)
it \Jo  Jen \n+ =]
/\Xl—xllf ( 1 )n)u/ / K |
- o+ — | 5 (V1,y2,21,22
2| SR \ 11+ [x1 =y ayishanhy IR

dty dty
_Ktl.,tz(yl»y27xI»Z2)|2dZIdZ2dx2delW‘b@) dx,
2

1
[x1 =] t nAy
<cu ety [ (L) ()
@y \ J2ly,—x| Jre Jar \ 1 + |21 — y1]
P
2

|Z1 —X]‘za dt
X dzidyi—= | dx
(1 + |21 — y1 )22 1 ylt?ﬂ 1

P

e = | |Z —XIPOC dt 2
can-Sta [ ([ Y,
h | | H RHL2 (4yml)e \J2|y;—x;| J21 (l1+‘XI_Z1D2n+2a 1ll !

(/S|
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P
i —xq —xy|Me=a) gy 2
<c|1|1’§HaRH§2/ ) // 2= Mz dn
(4y/nl)¢ \ J21 J2|y1—x1] tlza |x; — 7|22 1
D ! l
<Cl|' % a 1’1’711‘“’/ —
S | | H RHLZ‘ | () 4\/_1\)(, ‘X1—XI|(n+a)p
.y P /
<C|"lagl|?, 1|5 1(1) PT (e er
<Oy (R P |R|TE

dx1

lagll7>-

Estimate for B3. Note that # > |x; — x;| > 2|y; — x;|. Thanks to cancellation con-
dition of H? (R" x R™) atom a, Holder’s inequality and Carleson and Holder condition
of K; s, then

P 21(J) tr may
B<Claglpl 8 [ ([ (e
(4/nl)¢ \ /0 m \ 12+ %2 — 2
- ’ iy
* e — il K 1 Y2,21,2
/‘xl,m/n <t1+|xl—)’1> A\/EJ/H 2J| 1 (V1,Y2,21,22)

dty dtr ’
—Kiy 1, (y1,52,%1,22) Pdz1dzadxs Imdyllmd)Q) dx,
1

2

)4 °° t] nll
e I N N )
(@aymn)e \ Jxy—x | Jrn Jor \ 1 + |21 — y1]
)i

‘Zl _xl‘2a

dn
x (tl + |Z1 _y1|)2n+20£ ledyl n+1> dxl

P
2a 2
P 21 —Xxq| dn
<CJ" 7 a / / / / | dzi— | dx
<CYI 2 larll} i s | Jen S 11+\Zl )22t !

1— op -
<cll'Hlarliprerint |x1_x1‘,,+a>,,

<2 laglP, 12 1(1y o 1Ty = ep
—(n _p
<CHR)" PRI E ag)

dx1

Since s > I(J) > 2|y —xs|. Cancellation condition of H”(R" x R™) atom a,
Holder’s inequality and mixed Holder and size condition of K; ; imply that

1 P °° t2 mlz
se<cll ety [ (0] (i)
(@ymie \ Jau) Jrm \ 12 + |x2 — y2|
2| ( )nh e
/ /n t1+|x1 Vil /4\/1?J/21/21 t1+|y1—Z1\)2n+2“

|22 — xy]%P dn dt

dzldzzdxz—dy —dy, dxl
2mt2 T +1

(t2+ [y2 — 22| )2 t2P t '
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_p » e 2y —x| tlzo‘
<cllaals [\ L] T
(@ymne \ Juw) Jo aymi Jar Jag (1 + [x1 —21)

14
‘22 _x]|213 dt; dt :
(12 + [x2 — 2] )2 +2P dardada gl gt i
1

_pr
<CWI Ellanlfa VP10 g

14
21— 12 dr \ 2
@y \Jo 2 (i + P —z]) 2

<2 laglZ, 12 1(1) P 1Ty ep
<Cn(R)" 0P |R|"E | ag ),

Now, we turn to estimate Bs. Since > 2|y; —x;| and s > [(J) > [y2 —x;|. Choose
an 0 < o < «, applying cancellation condition of H?P(R" x R™) atom a, Holder’s
inequality and Holder condition of K; s, then

» oo 12 m)Lz
ps<cblSaelfs [ ([0 [ ()
@yaD) \Jaw) Jrn \ 12 + |x2 — ¥2
/\Xl—XII/ ( t )"ll/ // |21 —x; %
« o h
2y —xg| JRr \ 1+ X1 — y1] 21.)27 ( t1+|y1—21|)2"+2°‘

Ll — x| dordondy A0 d
Z1azax X
(t2+ [y — 22 2B 1052 2tf+1 Tt ! V2 !

S

00 A O e
(4y/nl)e \J20(J) J2ly1 | 4\/—1 21 2y (11 + [y1 — 21 |) 2 +2e

o2 — x|
(t2 + |)C2 _ Z2‘)2m+2ﬁ

dt; dt
dzidzadx; — ! 2) dx;
h I

1

_P
<cl|! 7||aRHz2\J\PlJ/3Pl(J>(TW

P
=i — x| dn )\ 2
S L ety )
(@ymD)e \J2ly,—x| Jar (b1 + [x1 — 21 ]) 229 1
_p P / Np— /
<CW| 7 lag/b 1) 70(1) ™ Pi(D)" (rer)p
<Cn (R~ PR | ag]

Estimate for Bg. Note that 7 > 2|y, —x;| and s > [(J) > 2|y, — x;|. Using cancel-
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lation condition of H?(R" x R™) atom a and Holder condition of K; s, then

) oo 12 m)Lz
e W U O eeree)
@yane \ J21) Jrm \ 12 + [x2 — 2
Lokl bt
|x) —x1] n tl+|xl_y1‘ 4y/mJ J20 2‘, t1+|yl_zl‘)2n+2a

2B 5
|22 — x| dn dn
ledZ2dx2 dy1 —dy2 dx1
2m+-2, +1 +1
(12 + [y2 — 22| )2+ 2P 1 n'

20
<an St [, oA S fo o b i
VI llazlly @yane \ 2wy S —x| Jaymr Jor Jor (00 + [y1 — z1]) 22

|20 — x| P dt dtz) dx,

dzidzpdx, —
(ty + |x2 — zp])2m+2B : I i

_r 4
<CYI' 2 aglly,1 (1) P1()P7 |12 17|

P

X dtdt dx
I e

<ClJ|" % a 1’112"‘1%/ o —x "
H [ RHLZ() H (4\/nl)° |x1 —x1]

<C|" 2 laglZ, 1|2 1(1yP1(T)" =t p
<CN (R P |R|=E | ag]|?,

Combining the estimate for B;(i = 1,2,---,6), we obtain
U(Ry) <Cr(R)" "7 |R|' P |ag] .. 3)
Now we turn to estimate U (R;). We divided the domain of 7 and s as follows:

(1,5) € RT xR C((0,2]y1 —x1[] x (0,2[y2 = xs]]) U ((0,2[y1 —x7[] x [2|y2 —xs],0) )
U([2|yl _xl‘voo) X (0,2|y2—x1|]) U ([2|yl _x1|7°°) X [2|y2_xj|7°°))
=Ci UG UC3UCy.

Then, we obtain

7Lln 4

(/:/Amf’"/:/n(m) $ it

1

2 dy dn \?’
K s(y1,y221,22)ar(z1,22)dz1dza | dyi——5 pres] dyzth

2Ix2J 1 b
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7Lln

4 . b Mmoo f
S ([ L) "L ) e
; 0 Jrm \ 2+ |x2—ys| 0 Jre \ 11+ [x1 =1 a(t:s)

i
1

2 ;i

dt dt

dyi pras dythH )
1 2

Ki s (y1,y221,22)ar(z1,22)dz1dz

2Ix2J

4
:=C)Y.D;.
i=1

Let’s begin with estimate for D;. Using Minkowski’s inequality, size condition of
K; s, (2.1) and Holder’s inequality, then

2[y2—x]| I Mam 2]y —x|
o=( L) b L)
0 m \ ty +[x2 — ya| n \ I+ |x1 il

dh dn
)//21 K s(y1,2,21,22)ar(z1,22) ledzz‘ dyi n+1dy2tm+1>
X2,

lln

2
// /2|y2 xj‘/ < ))Lzm/zylx1|/ ( f )Mn
2%2J " t2+\x2—y2| 0 n \ 11+ |x1 —y1]
2 dy dt z
X Kr,.y(m,yz,Zl,Zz)) d)’1tn+1d}’2 =1 | lar(z1,22)|dz1dz2
1 5
7Lln

o F e Grz) 1 L Gsn)

< -

= Jaxar \ o m \ 1o+ |x2 — y2| 0 n \ 11+ |x1 — y1]
1

ﬁ 2
1y 1y dh dtr
dyi—=dy)—= | |ar(z1,22)|dz1dz2
(t1+[y1—z1]) (l2+|y2—22)m+ﬁ] g
2y2=xs p2[y1—x| t12a
<J Lo L) 7
21x27 \Jo 0 (1 + Xy — z1])2nH2

o 2’3 dt1 dty
(t2+ |2 — 22|)2m+2ﬁ non

() 201 a— 22ﬁ 1 2
dndt ar(z1,22)|dz1dz
</ /M / / - mwa e | (o, 2)ldade

Uk 1(J)P : ?
AaRr(21,2 dzydz
//21><2] <|x1 xl‘n-&-oc |X2—XJ|m+ﬁ| R( 1 2)) 1422

By the fact that s > 2|y, — x;|, and using Minkowski’s inequality, cancellation
condition of H”(R" x R™) atom a, size condition of K, ,, (2) and Holder’s inequality,

) lar(z1,22)|dz1dz2
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we have

D <// /w / ( 15 ))Lzm/lvnM/ ( )
2 2Ix2J 2|y2—x;| JR™ t2+\xz—y2| 0 n 11+|X1

2 dl‘l
' dy\—— n+1 m+1> |ar(z1,22)|dz1dz,

lln

X Kt,.\'(ylyy27zl 7Z2) - K[7_y(y1,y2,11,XJ)

I (o)™ ()
= 2Ix2J 2|y2—xy| m \ ) + ‘XQ _y2| n \ 1 + |x1

(e
2 5
i 22 —xs|*P ] gy A dn )

An

lar(z1,22)|dz1dzs

Y1 V2 —7
(t1+ly1—z1 )" (12 +|y2 — 22| )P tf“ s

2
oo 2|y —x;| 2o
S Lo oa 1
2127 \J2y2—xs| Jo (ll‘f'|)61—21|)2"+20C

|Z2 _XJ‘ 2B dll dty
(o + |2 —z|)>+2B 1 1

I(n*“ 1P
SC// 7lar(z1,22)|dz1dz
2Ux2J |x1 — xp|H e ‘xZ_xJ|m+ﬁ lar(z1,22)|dz1dz,

() 1(J)P
gC// 7lar(z1,22)|dz1dz
20x2J |x1 — xp|Te ‘X2—x]|’”+/3 |ar(z1,22)|dz1dz2

we 1w 2
¢ // k lag(z1,22)]) dzidz
< 2I><2J| |(\x1 —x1|n+06 ‘XZ—XJ‘erﬁ ‘aR(Zl 22)|) 21422

where 0 < B/ < .
By an analogues argument to D;, we get

) lar(z1,22)|dz1dz2

L
2

0”1 ) :
¢ R ; , dzid
<~//21><21| |(|X1—x1\"+a [xa — xy|m+B lar(z1,22)[)"dz1dz2

with 0 < B’ < 3.

Note that ¢ > 2|y; —xj| and s > 2|y, — x;|. Thus, Minkowski’s inequality, cancel-
lation condition of H?(R" x R™) atom a, Holder condition of K;, (2) and Holder’s
inequality imply that

o Am e
L5 t
Dy <// / / <72> / / (71)
20x27 \ J2lyy—xs| Jrm \ 12 + |32 — y2| 2yi—xi| JR2 \ 11+ [x1 — 1]

|21 — xq|* |22 —xs|P i, dt " dn
(11 =21 )™ (4 |yy — 2oyt gt

7Lln

2
) lar(z1,22)|dz1dz2
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S .=
S a2 \Vapyy—xg| J2ly =] (01 + [y1 — z1]) 202

1

|22 — x| %P dty dt> 2| (21,22) dznd
— | |ar(z1,22)|dz1dz
(tr + |y2 — 22| )2m+2B YT [ y2t£n+1 r(21,22)|dz1dz2
|21 —xr] |z — xs|F
<C// ar(z1,22)|dz1dz
) L (i =zl (12+|}’2—Zz|)m+ﬂ/‘ rla2)ldadz

11 1)
gC// ! 7lar(z1,22)|dz1dz
2Ix2J \xl—x1|"+0¢ ‘X2_xj|m+[3 ‘ R( 1 2)| 1422

/ ’ 2
1(n” ()P
<C R 7 7 ) dzd
//21sz‘ (xl—x1|”+°‘ [oea —xg P ax(z,2)| | dudz

where 0 < o/ < o,0< ' < 3.
Hence, by the Holder’s inequality, we obtain

4
D;)Pdxd
/ /(4\/ﬁ7>”X(4¢W)”§I( Jibude

1

2

!

</ PIk LPr
(4/n1)E X (4y/mJ ) |x1 — x1| n+e)p ‘XQ—)CJD("H'I}
<C|R|p/2l( )ocpl( )13 PI(TY (n+oc)Pl( )m—(m-s-ﬁ')PHaRHZz

<SCN(R)"™ PRI lag) ],

> llarllj>dxidx;

From estimates (3) and (4), then we have
U(R) < Cr(R)" " |R|"P 2 a]],
By an similarly argument to U (R), we obtain
V(R) < Cra(R)" PP RIS a1,

Therefore, summing over R gives

Z / e ||T(aR)(x17x2)|| dxldX2

Re.#(Q)” (5
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“)

<C Y n®THOPRIPR ag|P, +C Y (R BOP|IRIPag 2,

Re.#(Q) Re#(Q)
1-p/2

1-p/2 p/2
( > nR 51|R|> + Y n@® %R ( > ||aRiz> ,
R R )

€1 (Q) Re.1(Q) e (Q

where 8§ = Mza)p] >0 and & = %ﬂsl)] > 0. In order to estimate the last

2
part above, we need the following Journé’s covering lemma.
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LEMMA 4. [8] Sre (o) [RI71(R) ™% < C51Q| and Sre (0 IRI:(R) 0 < C5(Q
forany & > 0, where the constant Cs only depend on 0.

Journé’s covering lemma and size condition of ag yield that

Y [ Iran) )l dnds < cloli Rl
Re.a (@)’ ()

This is a desired result, hence we complete the proof of Theorem 1.
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