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TRANSFERENCE METHOD FOR CONE-LIKE RESTRICTED
SUMMABILITY OF THE TWO-DIMENSIONAL WALSH-LIKE SYSTEMS

KAROLY NAGY* AND MOHAMED SALIM

(Communicated by T. Erdélyi)

Abstract. In the present paper we investigate the boundedness of the maximal operator of some
d -dimensional means, provided that the set of the indeces is inside a cone-like set L. Applying
some assumptions on the summation kernels P, ..., we state that the cone-like restricted max-
imal operator TCyLR is bounded from the Hardy space HZ to the Lebesgue space L” for p > pg.
In the end point pp assuming some natural conditions on one-dimensional kernels we show that
the maximal operator TgLR is not bounded from the Hardy space HZO to the Lebesgue space
Lro,

1. Definitions and notation

We follow the standard notions of dyadic analysis introduced by Schipp, Simon,
Wade and Pal in [20] (see also [1]). Let N denote the set of natural numbers and let
P:=N\{0}. The cyclic group of order 2 will be denoted by Z, . The topology is given
by that every subset is open. The Haar measure on Z, is given such that

n({op) = u({1}) = 1/2.
Let G be the complete direct product of countable infinite copies of the compact group
Z;. The elements of G are sequences of the form x = (xg,xj,...,Xt,...) with compo-
nents x; € {0,1} (k € N). On G the group operation is the component-wise addition,
the measure u is the product measure and the topology is the product topology. Such
compact Abelian group G is called the Walsh group.

A base for the neighbourhoods of G can be given by

I()(x) = G7
L (x) =Ly (%0, s Xp—1) == {Y €EG: Yy = (X0, s Xn—1, Vs Ynt1s---) |5

(x € G,neN), I (x) are called dyadic intervals. Let 0 = (0:i € N) € G denote the
null element of G, and for the simplicity we write I, :=1,(0) (n€N). Set ¢, :=
(0,...,0,1,0,...) € G, the nth component of which is 1 and the rest are zeros.
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The Fine’s map ||.||: G — [0,1] is defined by
x] := 3 27D, (1)
n=0
Backwards, each x € [0, 1| can be expressed in number system based 2 in the form

x= 3 x;2771 wherex; € {0,1} forall j.

This expansion is unique except for dyadic rational numbers x € {4 : p,n € P}. In this
case we choose the expansion which terminates in 0 ’s. For n € N let n; be the kth
coordinate of n with respect to number system based 2. That is, we write

n= i nk2k,
k=0

where n; € {0,1} k€ N. We use the notation |n| := max{j € N:n; # 0}, that is
2ln] <n< 2|”‘+1, where |n| is called the order of natural number 7.
Let r; denote the k-th Rademacher function, it is defined by

re(x):=(=1)% (keN, x€q).

The Walsh-Paley system (simply we say Walsh system) is defined as the product
system of Rademacher functions. Namely,

i1
W () 1= [Tk () = 1y @) (-5 (xe GneP).

k=0

oo

The Walsh-Kaczmarz functions are defined by x := 1 and for n > 1

[n|—1
K () 1= 11y (6) TT (g1 ()™ = r|n|(x)(—1)2k 0 MhXnl-1k

The Walsh-Kaczmarz system was introduced by Sneider [26] in 1948. Some basic
result with respect to Walsh-Kaczmarz system can be found in [3, 21, 23, 24, 25, 29],
for current results see also [12, 16, 27, 28, 35]. We give more details later.

It is known that the set of Walsh-Kaczmarz functions and the set of Walsh-Paley
functions are equal in dyadic blocks. Namely,

{Kn 2k n<2k+1} {W 2k<n<2k+l}

for all k € P. Moreover, Ky = wy.

The relation between the Walsh-Paley and Walsh-Kaczmarz system is not a simple
relation, it is given by a coordinate transformation (for more details see [25] written by
V.A. Skvortsov).

For both system we define the one-dimensional Dirichlet kernels and Cesaro ker-
nels (see [10, 24, 35, 36]) by

DY = quk, K% (x — ZAO‘ 'DY (x
k=l Ank 1
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(vu=w, (neN)or y, =x, (neN),and 0 < o), where
A% <j+a) _(a+D)(a+2)...(a+))
RN J!
Choosing o = 1 we get back the Fejér kernels

KV =KV!= ZD"’_Z<1—§)W,c

k=0

(JeEN; oo #—1,-2,...).

These functions has some good properties, useful in the following investigations. First,
we mention a simple result with respect to the Dirichlet kernels, which play a central
role in the Walsh-Fourier analysis (see [20]):

, 0 if x & 1,,
D‘zn<x>=D5n<x>=Dzn<x>:{’ ifxg @)

2" ifxel,.

For functions f,g € L' (G) the dyadic convolution f g is defined by
(F+9)@) = [ fOglx+nduo)

For f € L' let us denote the nth partial sum of f by Sy (f), the nth Fejér means
of f by Gn V(f) and the nth (C, o) mean of f by o,"%(f). Itis clear that S (f) =
f*DY, oY (f) = f+K! and o) (f) = fxK"* (n € N). We remark that the Fejér
kernels and (C, o) kernels (0 < o) are uniformly bounded for both systems, that is,

sup K and  sup|K;S€|; < oo
n n

hold (see [3, 20, 22, 23, 24, 25]).

Further, we assume that the summation kernels P, := Zz;é )Ln,kl//k with real co-
efficients A, x (n,k € N) (here {y; : k € N} denotes the Walsh-Paley or the Walsh-
Kaczmarz system) satisfy the inequality

sup | Pl < ee. 3)

If we consider the maximal operator
T(f):=sup|f+P| (f€L'(G)), )
then T: L*(G) — L”(G) is evidently bounded.

The o -algebra generated by the dyadic intervals [,(x) (x € G) will be denoted
by F, (n€N). Let us denote by f = ( f " ne N) a martingale with respect to

(Fy,n € N) (for details see, e. g. [31]). The maximal function of a martingale f is
defined by

£

f*=sup
neN
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In case f € L', the maximal function can also be given by

() = sup ——— u u X
f'“*‘iguUAm>.éf“>d“()’ ¢

For 0 < p < e the Hardy martingale space H, consists of all martingales for
which

11k, == 1771, <o

If f € L', then it is easily seen that the sequence (So»(f) : n € N) is a martingale.
If f is a martingale, that is, f = (f ©), f M. .) then the Fourier coefficients with re-
spect to both systems Walsh-Paley and Walsh-Kaczmarz, must be defined in a little bit
different way:
7Y (i) = Jim [ 79 (5) yi (x) dp (2).
G

The Fourier coefficients of f € L! are the same as the ones of the martingale (Sy(f) :
n € N) obtained from f. The atomic decomposition is a useful characterization of the
Hardy space H,. Let 0 < p < 1. A bounded measurable function a is a p-atom, if
either a is identically equal to 1, or there exists a dyadic interval / for which

a) suppaCl,
b) [lalle < u(r)~V7,
¢) fyadu=0.

We say that the atom « is supported on the dyadic interval /. Then a martingale f =
(fu :n € N) belongs to the Hardy space H, (0 < p < 1) if and only if there exists a
sequence (A : k € N) of real numbers such that 37 ;|A4|” < oo and

=2 ha. (%)
k=0

Moreover, the following equivalence of norms (quasi-norms) holds:

- I/p
Cpr”Hp glnf(z 2’k|p> <C‘I’H.]CHI'IP (fer)7
k=0
where the infimum is taken over all decompositions of f of the form (5). We note that
here and later ¢, and C,, denote positive constants depending only on p, although not
always the same in different occurrences.
In this paper we use the next Lemma of Weisz [31]:

LEMMA 1. (Weisz [31]) Suppose that the operator T is o -sublinear and p -quasi-
local for some 0 < p < 1. If T is bounded from L~ to L, then

1T fllp < Cp”fHHp forall f € H).
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The Kronecker product (11/,, ineN¢ ) of d Walsh-(Kaczmarz) system is said to
be the d-dimensional Walsh-(Kaczmarz) system. That is,

W (X) = ¥y, (xl) <o Wy (xd> )

where n = (ny,...,ng) and x = (x!,... x9).
If feL'(G), then the number f¥ (n):= [ fy, (n€N9) is said to be the
Gd

nth Walsh-(Kaczmarz)-Fourier coefficient of f. We can extend this definition to mar-
tingales in the usual way (see Weisz [30, 31]).

For x= (x',...,x%) € G and n= (ny,...,ng) € N’ the d-dimensional rectangles
are defined by I,(x) := I, (x!) x ... x I, (x?). For n € N’ the o -algebra generated by
the rectangles {I,(x),x € G?} is denoted by .%, . The conditional expectation operators
relative to %, are denoted by E, (with n = (ny,...,ny)).

Suppose that the functions y;: [1,4-e0) — [1,4-e0) are strictly monotone increasing
continuous functions with properties lim, 4 ¥;j(x) = 4o and y;(1) =1 for all j =
2,...,d. Moreover, suppose that for j =2,...,d there exist {,cj,cj2 > 1 such that
the inequality

cja¥;() <¥(8x) <e¢jayi(x) (6)

holds for each x > 1. In this case the functions y; are called CRF (cone-like restriction
functions) [4, 8]. Let us introduce the notion y:= (9,...,%,) and set 3; > 1 be fixed
for j=2,...,d. We define the d-dimensional cone-like set L (with respect to the first
dimension) by

L:={neN':y(n)/B; <n; < Bjyi(m),j=2,....d}.
The d-dimensional Dirichlet kernels, Fejér kernels and (C, o) kernels can be given as
the Kronecker product of one-dimensional kernels. That is,

DY (x)=DY (x")...DY (x"), KY(x)=KY(")...K} (),

n

KY%(x) = K,‘,’:’a' (x1).. .K,‘,’;’ad (x4,

where n= (ny,...,ny) €N x=(x',... ) € G¢, and ot = (ety,...,04).

In the present paper we investigate the boundedness of the maximal operator of
some d-dimensional means, provided that the set of the indeces is inside a cone-like
set L and the convergence over a cone-like set L. Namely, we consider the d -parameter

Kronecker product of summation kernels P,1117...,P,Z1, that is Py, n, (x',...,x9) :=

Pl (x")...P¢ (x*). For a fixed CRF function y we define the cone-like restricted max-
imal operator TgLR by
TR(f) i=suplf bl - (f € LI(G). (7)
ne
If vy is the identical function (in each coordinate) then we get a d-dimensional cone.
The cone-like sets were introduced by Gat in [4]. The condition (6) on the function
Y is natural, because Gét [4] proved that to each cone-like set with respect to the first
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dimension there exists a larger cone-like set with respect to the second dimension and
reversely, if and only if the inequality (6) holds.

Connecting to the work of Gat [4] Weisz defined a new type martingale Hardy
space depending on the function y (see [32]). For a given n; € N let us set n; :=
lvj (2"1)\ that is, n; is the order of )/,(2"1) (this means that 2" < y;(2™) < 2%+1) for
Jj= .,d. Letusset 71 := (ny,...,ny). Since, the function ¥ is increasing (for each
coordmate function ¥;), the sequence (nl, n; € N) is increasing (in each coordinate),
as well. A class of one-parameter martingales f = (f5,, n1 € N) is given with respect
to the o-algebras (%, n; € N). The maximal function of a martingale f is defined
by f* = sup |fir,|. For 0 < p < oo the martingale Hardy space H}(G“) consists of

n1eN
all martingales for which the L,-norm of the maximal function f* is finite, that is,
HfHH;’ = [|f*]|,, < ee. Itis known that H} ~ L? for 1 < p < e, where ~ denotes the
equivalence of the norms and spaces (see [31]).

If f € L'(G?) then it is easily shown that the sequence (Syn o (f) : 71 =
(ni,...,ng),n; € N) is a one-parameter martingale with respect to the o -algebras
(Fa7, ni € N). In this case the maximal function can also be given by

/fdu

for x € G. The Hardy space H IZ has atomic structure also. The atoms a are supported
on the dyadic rectangles / from the ¢ -algebras Zp;.

fT(x) = sup —————=

= sup |Son ng (fyx
T S 2ra (£

nieN

If v is the identical function (in each coordinate) then L is a d-dimensional cone.
In the two-dimensional case, using a two-dimensional cone restriction set, the proper-
ties of the maximal operator of Walsh-Paley-Fejér means was discussed by Gat [5] and
Weisz [33], separately. Later, the cone restricted maximal operator of two-dimensional
Walsh-Kaczmarz-Fejér means was investigated by Simon [22]. Namely, they showed
that the maximal operator 6™ of Fejér means is bounded from the Hardy space H), to
the Lebesgue space L? for p > 1/2. It was shown also that the end point p = 1/2 is
essential. Further properties in the end point p = % was discussed later. Namely, in
2007 Goginava and the first author proved that the cone-restricted maximal operator is
not bounded from the Hardy space Hj, to the space weak-L/2 [13, 14].

Connecting to the original paper [4] on trigonometric system, Gat asked the fol-
lowing. “What could we state for other systems for example Walsh-Paley, Walsh-
Kaczmarz and Vilenkin systems and for other means for example logarithmic means,
Riesz means, (C,or) means?” Some parts of Gat’s question was answered by Weisz
[32], Blahota and the authors [2, 17, 18, 19] and naturally in paper [8]. Moreover, there
are some results in papers [5, 8] about divergence of two-dimensional Fejér means.
Namely, if we suppose that 8 is a function and not just a constant, then we have two
cases. Either B is bounded, then we have a.e. convergence for each integrable function,
or B is not bounded, then the maximal convergence space is Llog™ L.

In 2011, the properties of the maximal operator of the (C, ¢r) and Riesz means of
multi-dimensional Vilenkin-Fourier series with cone-like restriction set, was discussed
by Weisz [32]. Namely, it was shown that the maximal operator is bounded from dyadic
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Hardy space H, to the space L? for pg < p <oo (po:=max{1/(14+oy):k=1,...,d})
and is of weak type (1,1). Recently, it was shown that the index pg is sharp. Namely,
it was proven that the maximal operator is not bounded from the dyadic Hardy space
Hy, to the space L0 [2] (see also [19]). A detailed list of the reached results for one-
and several dimensional Walsh-like systems can be found in [34]. For Walsh-Kaczmarz
system the properties of cone-like restricted two-dimensional maximal operator of Fejér
and (C, o) means was discussed in [17, 18]. Namely, it is proven that the maximal
operator is bounded from dyadic Hardy space H, to the Lebesgue space L, for pg <
p < oo (with the same py as Weisz showed) and is of weak type (1,1). Moreover, at
the end point p = pog, it is showed that the maximal operator GLK %" is not bounded
from the Hardy space H, 2,/0 to the space LP0.

Our work is motivated by the work of the authors [17, 18] mentioned above and
the paper of Simon [22]. In the last paper Simon improved a so called transference
method. Namely, he considered the maximal operator 7' of a sequence of summations
(see (4)) and showed that the p-quasi-locality of 7 implies the same statement for its
two-dimensional version 724 where Id notes that the CRF function y is the identical
function (in each coordinate, see (7), as well). The main aim of this paper is to extend
the transference method of Simon for all CRF functions y and cone-like sets L defined
by y. We mention that our proof is mainly based on the papers [18, 22], we generalize
the method improved in [18] and in the same time we extend the method of paper
[22] for cone-like sets. Applying Lemma 1 of Weisz and some assumptions on the
the Hardy space H, IZ to the Lebesgue space LP for p > pg. In the end point pg assuming
some natural conditions on one-dimensional kernels we show that the maximal operator
TgLR is not bounded from the Hardy space H},’O to the Lebesgue space LP0. After
proving our main theorems we give an application, we get some new results unknown
until the present days.

2. Improved transference method

In the one-dimensional case to apply the previous Lemma of Weisz (see Lemma
1) we show usually that the operator T: L”(G) — L*(G) in question is bounded. It
immediately follows from inequality (3). The operator T is called p-quasi-local if for
arbitrary p-atom a supported on the dyadic interval I the inequality

L, r@rau<c, ®)

holds [30]. Hence, p-quasi-locality together with (L*,L*)-boundedness of the o -
sublinear operator 7 implies that the operator 7' is bounded from the Hardy space H),
to the Lebesgue space L”.

If I =I,(x) is a one-dimensional dyadic interval for some x € G and n € N, then
forall r=0,1,...,n we define I" by I" := I,_,(x). Furthermore, the definition of p-
quasi-locality of operator T can be modified as follows: there exists r =0, 1,... such
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that
/. [ T@lran<c, ©)

holds for every p-atom a with support /. Analogical idea can be applied in multi-
dimensional case. In most of the proofs of the p-quasi-locality we could realize the
inequality

P
/G ., (sup Pn(x+t)|d,u(t)) dux) <2V (neN) (10)

n>2nJ 1

which immediately implies inequalities (8) or (9) (see [22]).
In the next Theorem, we prove that the inequality (10) for one-dimensional kernels
Z l,i KWk (i=1,...,d) (that is the p-quasi-locality of the one-dimensional
operators Tl,...,Td defined by the kernels P, ... P{

n » Tespectively) implies the same

property for cone-like restricted operator TCLR

THEOREM 1. Let the function y be CRF. Assume that the kernels P,;'i satisfy the
inequalities (3) and (10) for all 0 < p; < p <1 (i=1,...,d). Then the maximal
operator TCYLR is bounded from the Hardy space H,Z to the Lebesgue space LP for
po < p <1 (where pg :=max{py,...,pa}). Moreover, the maximal operator TCYLR is
of weak type (1,1).

Proof. The operator T/ crr 1s bounded from the space L™ to the space L”. It
immediately follows from the inequality (3). Moreover, it can be seen easily that the
operator T/ crRr 18 O-sublinear.

Let a be a p-atom. Let it be supported on the dyadic rectangle /. Without loss of
generality we can assume that I = Iy, X ... x Iy, (with N; :=|y;(2M)], j = d).
The atom a satisfies ||| < 2N+ +Na)/P and [,adu = 0. Furthermore, it follows
that ax P, =0 (n= (ny,...,ny)), when n; <2V for j=1,....d.

In the next steps, we use the following inequality and the monotonicity of CRF
functions y; (j=2,...,d).

b (5) <010 () <6 (5)

holdsforall I € P (j=2,...,d). Thatis,

(2N 2N (2M ]
y’iz )<w<7)<”£, ) (=20, (11)
j72 .]71

First, we apply the right side of inequality (11) for any positive real number x,

Nt oM yi N cilY oM )

) S\ ST S T,

where [x] denotes the integer part of x. Now, let us set 0 := max{Clog”f?l SEAR Jj=
.,d}, as we did in paper [18].
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If ny <2M/§, then

—log.. 2B;—1
nj < Byyi(nn) < By (@M T
N
G AN 2™ w
< ﬁ/W%( < =<2
AN
C.cjrscjo>1, Bj=1imply ny <2M and n; < y;(2M)/2 <2V (j=2,....d).
This yields a* P, =0 for n= (ny,...,ny).
That is, we could suppose that n; > 2" /8. Now, we apply the left side of inequal-
ity (11) for any positive real number x,

Ny Ni . 2N1 . 2N1
Cin 2

where [x] denotes the upper integer part of x. This yields that

(j=2,...,d),

L Yilm) _ r(2M/9) 1 Ny < K@M 2N
njz ﬁj Z ﬁj Z Cmax{logt | 2Bj+1:j=2,d ] ’)/,(2 )= 5]’ Z e
JCj2
with 8’ :=max;_, 46 forall j=2,....d. &' > 1 can be assumed.
j=2,...d 9

The proof will be complete, if we show that the maximal operator T}/, crr satisfies
the modified version of p-quasi-locality (9) for py < p < 1, where pg := max{p; :
i=1,...,d}. Fora p-atom a in H} with support I = Iy, x ... x Iy, (with Nj =

(N1,...,Ny)) the multidimensional version of inequality (9) reads as follows: There
exist a constant ¢, >0 and r=0,1,..., such that
/I_,‘TC)‘/LR(a)‘pd.u Sep <o 12)

holds for each atom a, where [" := I,(,l X ... X I,(,d =Iy X ... XIn,—r (Nj—7 20
forall j=1,...,d). We will give the value of r later.
Letusset x = (x!,....x%) €T".

[(axP,)( |_'/ 1Pl M+t P (e )du(r)

< 2t 4ND) /p / PL (et ). / P4 () dp(t) (n € N,
Iy, Iy,
Now, we decompose the set I" = Iy, x...x Iy as the following disjoint union (see
[18] or for d =2 [22])
I =(I§, x...x Iy U
U (I, X Iy X oo X Iy YU U (I X X Ty X Iy U
(13)
UG, X Iy, % oo X Iy YU U Iy %Xy, xR ).

Let us set 8” := max{§,8'} and set r € P such that 27" < 1/8"” < 27", Moreover,



228 K. NAGY AND M. SALIM

we set LM =I5 x o< Iy x I % .ox Iy for 1=0,...,d — 1. Let us define

P
Ji= , ( sup |P’ (X' 1) du(t )) ux, i=1,....1,
N,

ni=2Ni /81 In;
14
7= /ﬂ_ swp [ B+ ldu() | ), j=14 1
Nj \ ;=2 /8" N
We immediately get
/ T (@) Pdu < 2N HNagy g T T (14)

First, we discuss the integrals J; (i = 1,...,1). Inequality (3) and the definitions
of §”,r immediately yield that

P
J <2 )<sup 1B, 1) <e2™™ (i=1,...,0). (15)
neN
Second, we discuss the integrals J; (j =[+1,...,d). Inequality (10) implies
P
L[| s [ OanE) | p) <62 itp>p (16)
vy \njz2ir /iy

(j=1+1,...,d). Inequalities (14)—(16) yield
| Tsardu<e, it p>po

forall I=0,...,d — 1. The decomposition (13) of I" written above gives
/I_r|TCyLR(a)\pd[.1 <cp2? if p> po.

Lemma | completes the proof of Theorem 1. The maximal operator T crr 1s of weak
type (1, 1) follows by Marcinkiewicz interpolation theorem.

It follows that the a.e. convergence holds for polynomials, they form a dense
subset of L!. Thus, by standard argument the next Corollary holds.

COROLLARY 1. Let y be CRF and L be a cone-like set. Let f € L'(G?). Assume
that the kernels P’ satisfy the inequalities (3) and (10) for all 0 < p; < p <1 (i =
.,d ). Then
lim T,(f) =

An—oo
nerL

holds almost everywhere.

Fejér and (C, o) means were investigated with respect to Walsh-Paley sysetem in
papers [8, 32] and Walsh-Kaczmarz system in [18].

In many cases the following question arises. Is the border point pg sharp or not?
In the next Theorem, we prove that if we could construct a one-dimensional counterex-
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ample martingale sequence in H,,(G) which shows that the one-dimensional maximal
operator T is not bounded from the Hardy space H,, to the space LP0. Then this en-
able us to construct a new d -dimensional counterexample martingale sequence in H, ,7,/0 ,
as well, which has the same property from the Hardy space H ,7,/0 to the space L.

In many papers the one-dimensional martingale

Ja(x) := Daa+1(x) = Dy (x) a7

is applied as a counterexample martingale [9, 22]. Since,

s 1, ifk=24...24t1 1,
INCOE :
0, otherwise
and
DY (x) = Dp(x), ifj=21+1,... 2041 —1,
SY(fa) () = S falx), if j > 2011,
0, otherwise.

It could be concluded that
fall, = 1£5llp = [Doall, = 240=1/P)

and f € H,. Moreover, f4 is a p-atom and satisfies

Soari(fa) = fa (18)
The next inequality usually is proved
T
H (fn)HPO >an7 (19)
[ fall 1,

where T is defined by one-dimensional summation kernels P, (see (4)) and (a,) is a
positive real valued sequence, which tends to 4o monotone increasingly. Inequality
(19) and limy,_ ;. a, = 4o yield that the maximal operator 7 is not bounded from
the Hardy space H),, to the space L. In the end point py assuming some natural
conditions for one-dimensional kernels in the next Theorem, we show that the maximal
operator TCYLR is not bounded from the Hardy space H},’O to the Lebesgue space LP0.
Although we have to require conditions not only for the kernels P, , but for kernels

"1 (I=2,...,d), as well. Namely, there exist positive constants c; such that

nl’

|Prll, * Y| = M,ihgk,ﬂ >cf (20)

hold for all n; > 251 (1 =2,...,d). Inequality (20) hold automatically, if the kernel
functions P,ﬁl are the Fejér kernels K, or the (C, o) kernels K, . In the first case
¢ = % and in the second case it is easily seen that there exist positive constants ¢; such

that
np— 1

ZAm “1'> ¢} > 0hold for all n; > 21,

nll 2k

So, inequality (20) is a natural condition for many type of kernels P,l,l (I1=2,...,d).
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THEOREM 2. Let ¥ be CRF and po=p, = pi (i=1,...,d). Let fx bea py-atom
in Hp,(G) with support Iy which satisfies inequalities (18) and (19) with a positive real
valued sequence (a,) which tends to +o0 monotone increasingly. Moreover; the kernels
P,il satisfy inequality (20) for | =2,....,d.

Then the maximal operator T, crr is not bounded from the Hardy space HI),/0 (GY)
to the space LP°(G?).

We note that the fact that fy is a pg-atomin H,,(G) with support I, and satisfies
equality (18) determine f4 having the form of (17) multiplied by a constant ¢ # 0,
where |c| < 1. This yields that

1 Fallyy = 12l oo = llfallpo-

Proof. We note that some idea of this proof is coming from papers [11, 2]. Let
fa € Hp,(G) such that it satisfies the conditions of our theorem. We define a d-
dimensional martingale Fy; in H} (GY) by

fn1 HWz ]’l 1 xj

where n,,...,ng is defined to ny, earlier, that is, iy = (ny,...,ng) and x= (x',... ,x%) €
Ge.
We have
V(1) = f(k), ifk;j=2%"1—1forall j=2,...,d;
n 0, otherwise.

for k = (ki,...,k;). Now, we calculate S.‘;’(Fﬂ). Using equality (18) and the Fourier
coefficients of 5 we may write

S (fu X Mg Wy (), if jy =20 Hforall L =2,...,d; jy <2mH!

s ny+1 : nj—1
SY (Fay,x) = Fr(x), if j1 > 2" and j; > 2"
J foralll =2,...,d;
0, otherwise.
(21)
We immediately have that
Ere(x) = sup [Syn_ yma (Fio0)| = [Fap(x)| = [ fuy (1)1
my €N
where 7y = (my,...,my). Moreover,
Il oy = 1Bskllpo = 1 lpo = W iy ) < = 22)

Thatis, Far € Hjy (GY).
First, we set LY :=2"1 N, where 0 < N and LY := [y;(2" +N)] for j=2,...,d
(where [x] denotes the integer part of x). In this case L := (LY,...,LY) € L. Let us
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calculate Fip* Py .

d
(FW*PLN)('X) = (fnl *PLlllV)(xl)Hllllévgnlflilwzllflfl(-xl)

1=2
From this and inequality (20) we write

[(Frg* Pv) ()] = (o # P} H e
d
> o+ BRIOHITTE > €= BYIED] @)
=2

with a positive constant ¢*. For the maximal operator 7, , we get
Ty P (x) = sup| (Fyg # ) (x)] = sup| (Fi# Po) (x)] > ¢” sup | (fuy # Ppe) (x')] - (24)
neL v 0<N !
Since, f,, € Hpy(G) is a po-atom with support I, , we have that
Sfo, *Pn=0 form < 2",
This together with inequality (24) yield that

T (Far) (%) 2 ¢"sup |(fu,  P) (2)[ = " T (£ ) (') (25)

and |
I CLR( ﬁ)“po S c*||T (fnl)Hpo
[ P T

> ay,. (26)

ny; — oo and inequality (19) complete the proof of Theorem 2.
At last, we note that condition (20) can be weakened a little bit. Applying inequal-
ity (20) more precisely in the form

|P}’ll] * Yy | = Mn, gl = (27)
in inequality (23). That is, instead of TI{_,c; we could write TT{ , ¢’ ~!'. Thus, on
the right side of inequality (26) the expression a, := Hflzz c;"_lanl appears (where

ny,...,ng defined to n; earlier). If aj;l — oo, while n; — o our Theorem remain
valid. It means that the absolute value of some coefficients in inequality (20) is not
necessarily bounded from below by a positive constant.

3. Application

It is well-known (see Fine’s map in the first section, equation (1)) that there is a
direct connection between the Walsh group G and the interval [ := [0, 1[. The coordi-
nate wise addition in G defines a so-called dyadic addition denoted by + in the interval
[0, 1]. The characters of the Walsh group G are the Walsh-Paley functions. If we change
the operation + on the interval I := [0, 1] by the usual arithmetical sum denoted by +,
then we get the so-called group of 2-adic integers. It is denoted by (I,+). The char-
acter system belongs to (I,+) will change, as well. Namely, the 2-adic (or arithmetic)
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sum a+b:= 3> 1,2 "D (a,b € 1), where bits gy, 7, € {0,1}(n € N) are defined
recursively as follows : g_ :=0,a,+ b, + qn—1 = 2g, +r, for n € N. (Since g,,r,
take on only the values 0, 1, these equations uniquely determine the coefficients g, and
. Set

elt) ==expmu) (t€R), (1=(—1)2)

and

X; X0
von (x) ::8(%—1—...—1—2"“) (xeI,neN).

We define the product system by
vi= TV,
n=0

where n; is the jth coordinate of natural number 7, for more details see the notion of
product system in the first section. It is known [15] that the system (v,,n € N) is the
character system of (I,+). In the present section, the system {y; : k € N} is defined by
Yy := Vi for all k € N. The Fourier coefficients, the Dirichlet and the Fejér kernels and
(C, ) kernels are defined in the same way as we did in the first part of this paper. The
partial sums, Fejér means and (C, ) means of an integrable function f are defined
by the convolution of f with the kernel functions. For system (v,,n € N) equality (2)
remain valid. In the most cases the proving methods derived from the dyadic case.

In one-dimensional case the behaviour of the Cesaro means of the Fourier series
on the group of 2-adic integers was discussed, the a.e. convergence and (H.L) issue
were treated by Gat [6]. In paper [9] Gat and the first author investigated the maximal
operator 6™ := sup, |o,'| of the Fejér means with respect to the character system of
2-adic integers. Among others, they proved that this operator is bounded from the
Hardy space H), to the Lebesgue space L? if and only if 1/2 < p < eo. They showed
inequality (10) holds for the Fejér kernels for all 1/2 < p < 1, as well (see inequality
(4) in [9, page 75]). Inequality (3) for Fejér kernels follows from paper [7]. Applying
our transference method (Theorem 1), we immediately get the following Theorem.

THEOREM 3. Let 'y be CRF. Set B > 1. The maximal operator Oy is bounded
from the Hardy space H},/(Id) to the space LP(I?) for all % < p < 1. Moreover, the
maximal operator is of weak type (1,1).

According to Corollary 1 we could state that the d -dimensional Fejér means o, (f)
of an integrable function f € L'(I?) converge almost everywhere to the function f
itself provided that the indeces are inside a cone-like set L.

In the end point case py = % the one-dimensional martingale f3(x) = Das1(x) —
D,a(x) (see equality (17)) is applied to show that the maximal operator ¢* of Fejér
means is not bounded from Hardy space Hj;(I) to the Lebesque space Ly (1) [9,
Theorem 2.2]. During the proof of this result it was proven, that

lo* Gl

— cn
||f"||H1/2 - ,
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(see inequality (19), as well). For Fejér kernel functions

1
KY* gy > 5 holdforalln> D+l

(see inequality (20), as well). Applying Theorem 2 we immediately have the following
Theorem.

THEOREM 4. The cone-like restricted maximal operator ¢, is not bounded

Sfrom the Hardy space Hf//2 (I) 10 the space L'/*(14).
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