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ON STEVIC-SHARMA OPERATOR FROM THE
MIXED-NORM SPACES TO ZYGMUND-TYPE SPACES

ZHITAO GUO™, LINLIN L1IU AND YONGLU SHU

(Communicated by I. Peric)

Abstract. Let @ be an analytic self-map of the unit disk ), .7#’(D) the space of all analytic
functions on D, and i,y € (D). The boundedness and compactness of Stevié-Sharma
operator Ty, y,.of = Y1 - fo@+ - f'o@ from the mixed-norm space H(p,q,¢) to Zygmund-
type space Z* and little Zygmund-type space ffo’l are investigated in this paper.

1. Introduction

Let 57 (D) be the space of all analytic functions on I, where I is the open unit
disk in the complex plane C. Denote by Ny the set of nonnegative integers.

A positive continuous function ¢ on [0,1) is called normal if there exist two posi-
tive numbers s and ¢ with 0 < s <7, and 8 € [0,1) such that (see[18])

p(r) . . u(r)
7(1 — is decreasing on [0, 1), hm 7(1 — =0;
_H(r) is increasing on [5, 1), hm _Hlr) =

(L—r) 1(1—r)

For p,q € (0,0) and a normal function ¢, the mixed-norm space H(p,q, ) con-
sists of f € .7 (D) such that

) = (/ﬂ”ﬂ f>)%<%

where the integral means M, (f,r) are defined by

mi(r:n) = (g5 [ reea0)’s 0sr<n
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For 1 < p,q <<, H(p,q,¢) equipped with the norm || - ||z
While for the other vales of p and g, || - ||z

p.q,0) 18 @ Banach space.

is a quasinorm, H(p,q,0) is a

P:4,9)
o+l

1
Fréchet space but not a Banach space. Note thatif ¢(r) = (1—r) » ,then H(p,p,9) is
equivalent to the weighted Bergman space A% (D) defined for 0 < p < oo and o > —1,
as the spaces of all f € 72 (DD) such that

1716, = (@ 1) [ @I (1~ ) %dAG) <,

where dA(z) = %rdrd 0 is the normalized Lebesgue area measure on ). Recently,
many researchers have studied various concrete operators from or to mixed-norm spaces
on D (see, for example, [3, 6, 12, 13, 20, 21, 25, 30]), for the case of the unit ball see
[9, 11, 15,24, 28, 31], while some results in the setting of the polydisk can be found in
[19,22].

Let g : D — (0,+4o0) be a function that is normal and radial, i.e., u(z) = u(|z]).
A function f € (D) belongs to Zygmund-type space 2" if

bau(f) = supu(z)|f" ()| <o
zeD

The quantity bgu(f) is a seminorm on Z* and a norm on Z* /P, where P; is the
set of linear complex polynomials. 2" becomes a Banach space normed by

£l 20 = £ (O)[+1f'(0)| + bz (f)-
The little Zygmund-type space ffb” consists of those functions f in Z°* satisfying

Jim u(z)| " (2)) =0,
and it is easily seen that 2 is a closed subspace of 2°*. When i(z) = 1 —|z|?, the
induced spaces Z°* and ,Q’E)” become the classical Zygmund space and little Zygmund
space respectively. For some results on the Zygmund-type spaces and operators on
them see, for example, [3, 5, 7, 8, 10, 12, 15, 29, 32, 35, 37].
Let ¢ be an analytic self-map of . The composition operator Cy, induced by ¢
is defined by

(Cof)(2) = flo(2), feA (D).
For y € (D) the multiplication operator M\, is defined by

Myf)z) = v(2)f(z), feA (D).

The product Wy, o := My Cy of these two operators is known as the weighted composi-
tion operator, which has been extensively studied recently.

The differentiation operator D is defined by (Df)(z) = f'(z), for f € (D).
Note that the product operator DM, is a special case of the so-called first-order differ-
ential operator, i.e.,

(T 1)(@) = 1) f (@) +v2(2)f (2), f €A (D).
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where yi,y, € (D).
The products of Cy, My, D can be obtained in six ways [17]:

(MyCyDf)(z) = w(2)f (9(2)),

(MyDCy f)(z) = w(2)9'(2).f (¢(2)),

(CoMyDf)(z) = w(9(2)f (¢(2)), (1)
(DMyCyf)(z) = V' (2) f(9(2)) + w(2) @' (2) f (9(2)),

(CoDMy f)(2) = V' (0(2)) f(9(2) + w(9(2) f (9(2)),

(DCeMy f)(2) = V' (0(2))9"(2) f(9(2)) + ¥(9(2)) 9 (2).f (0(2))

for z€ DD and f € (D). Recently, the research of these product-type operators
between analytic function spaces has aroused the interest of experts (see, for example,
[1,4,5,11,12,14,15,17,25, 30,33, 34, 35, 36, 37] and also related references therein).
In order to treat these operators above in a unified manner, Stevi¢ and Sharma [33, 34]
introduced the following so-called Stevi¢-Sharma operator:

(Tyrn.00) (@) = W1 f(0(2) + w2 ()f (9(2),  f € (D).

where 1,y € (D) and ¢ is an analytic self-map of D.

Clearly, Ty, y, = Ty, y,ia» Where id denotes the identity map. We can also easily
obtain the product-type operators in (1) by taking some specific choices of the involving
symbols:

MyCoD =Toy.p; MyDCo =Ty yg 9, CoMyD =To.yop.¢:

DMy Cyp = Ty yo' o5 CoDMy, = Tyop,yop,0) DCoMy = Tory'op,g'vog.0-

During recent years, there has been a great interest in studying Stevi¢-Sharma op-
erator Ty, v, ¢ and characterizing the boundedness and compactness between various
analytic function spaces. For instance, Stevi€ et al. in [34] discussed the bounded-
ness of Ty, y, ¢ on the standard weighted Bergman spaces on the unit disk, where
the conditions for boundedness were stated in terms of various suprema and pull-
back measures. Jiang in [5] provided necessary and sufficient conditions for Ty, y,.¢
to be bounded or compact when considered as an operator from Zygmund space to
Bloch-Orlicz space. Zhang and Liu in [37] investigated the boundedness and com-
pactness of the operator Ty, y, o from Hardy space to Zygmund-type space. Subse-
quently, the first author et al. [4] extended their results for the case of Stevi¢ weighted
space, which was introduced by Stevi¢ in [23] (see also [30]). Liu et al. in [11] stud-
ied the boundedness and compactness of the extension of a Stevi¢-Sharma operator
Tyiwmnof =VWi-fo@+yr-Zfo@+ys3-Z(fo@), where Zf is the radial deriva-
tive of f, from the mixed-norm space to weighted-type spaces on the unit ball. Some
more related results can be found (see, e.g.,[ 1, 14, 36] and the references therein).

Inspired by the above results, the purpose of the paper is to study the boundedness
and compactness of the Stevi¢-Sharma operator Ty, v, from the mixed-norm space
H(p,q,¢) to Zygmund-type space 2 and little Zygmund-type space Z .

Throughout the paper we use the abbreviation X <Y or ¥ 2 X for nonnegative
quantities X and Y whenever there is a positive constant C, which is inessential, such
that X <CY . Ifboth X <Y and ¥ < X hold, we write X & Y.
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2. Auxiliary results

In this section, we state several auxiliary results which will be used in the proofs
of the main results. The first lemma characterizes compactness in terms of sequential
convergence. Since the proof is standard, it is omitted here (see Proposition 3.11 in

[2]).

LEMMA 1. Suppose that y1,y, € (D), @ is an analytic self-map of D, 1 <
P,q < oo and ¢ is normal. Then the operator Ty, v, o : H(p,q,9) — Z* is compact
if and only if Ty, yn.0 : H(p,q,0) — Z* is bounded and for each sequence { f,}nen
which is bounded in H(p,q,¢) and converges to zero uniformly on compact subsets of
D as n— oo, we have || Ty, ys.ofull 20 — 0 as n — oo.

The following lemma can be found in [25].

LEMMA 2. Assume that 1 < p,q <o, ¢ is normal and f € H(p,q,¢). Then for
every n € Ny, there is a positive constant C independent of f such that

| (n) < CHf”H(p,q,q))
X 1 n
o)1 —2)7"

LEMMA 3. A closed set K in 3’6” is compact if and only if it is bounded and
satisfies

lim sup u(2)|f"(2)| = 0.
lz2[—1 ek

The proof of Lemma 3 is similar to that of [16], so we omit the details.
3. Main results

We first consider the boundedness and compactness of Ty, .y,.o : H(p,q,¢) —
ZH.

THEOREM 1. Let y,y, € 5 (D), @ be an analytic self-map of D, 1 < p,q < eo
and ¢ is normal. Then Ty, y,.¢ : H(p,q,9) — Z* is bounded if and only if

12wy )|

ko = sup T <% @
2 9(|p())(1 - @)1

b Supu(z)|2u/{(z)<p’(z)+ll/ 1(2)p (1)+‘// 5 (2)] < oo, (3)
€D o(lpN (1 —lpE)2)eH!

bzwyww@wa+w«>mf?@ww<% @
<D o(lp))(1—[p(z)?)e"

b — sup 1)y (2)|1¢'(2) 2 (5)

D 9 (|p())(1 - |p()P)a ™+
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Moreover, if the operator Ty, y,.o - H(p,q,¢) — Z* is nonzero and bounded, then
| Ty w0l H(p.g.0)— 21 /B, ko + ki +ka + k3. (6)

Proof. Assume that (2), (3), (4), (5) hold. From Lemma 2, we see that

Hf”H(p,q,q))

o(le(@))(1—o(2)]*)
||fHH(p,q,¢)

0(lo@N (1 —]pE)P)i™"
1 o)

o(lpN(1—|pR)P)+
1A lpa0)

0(10@N (1~ () )7

Then for each f € H(p,q,¢), we have

1 (@)|(Tyy p,0)" (2)]
=p(2)v (z ) ( (2)) + (2%( )9 (2) +y1(2) 9" (2) + v3 (2)) f (9 (2))

(llfl +2V/§ +‘I/2() ()" () + v2(2)9' () W(‘P( )
@)y (z Hf |+# |2‘I/ 2)+yi1(2)9" (@) + w3 ()| (9(2))]
+u@)wiz)e () +2y5(2)¢ (Z)+‘I/2(Z) "I (02))]
+u@WE)le P (02)]

S a(p.g.0) (ko + ki + ko +k3). (7

We also have

(T, 14/2 0N)0)[+ \(Twl w20 f) (0)]

fe@)I S

)

Q=

(@) <

(eI S

AA

<|y1(0) + w1 (0)[| f((0))|
+\l//2( )+ v1(0)e ( )+ w20)1f(9(0))| + [w2(0) 9" (0)[| /" (9(0)))
< 2 ”fHH(p,q,(I))

"5 0(p(0))(1—|pO)P)at

Therefore the Stevi¢-Sharma operator Ty, v, ¢ : H(p,q,¢) — Z* is bounded. More-
over, if we consider the space Z°* /P|, we have that (see, for example, [26, 27])

| Ty w0 lH(p.g.0)— 20 /P, Sko+ki+ka+ k3. ¥

Conversely, suppose that Ty, y,.¢ : H(p,q,9) — Z* is bounded. Taking the func-
tion f(z) =1€ H(p,q,¢), then we obtain

Sugu(z)h;/{’(m < Tymolllzn S HTWhWZKPHH(Pv%d’)‘)gW < e ©)
S
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By taking the function f(z) =z € H(p,q,¢), we have

sup i (2)| w1 (2)0(2) +2w1(2) 9’ (2) + w1 (2) 9" (2) + v7 (2) |

z€eD

5WM#@MM@%WH3H<”7

which along with (9), the triangle inequality and the boundedness of ¢ implies that

sup i (2)[2y1 (2)9'(2) + v1(2) 0" (2) + ¥ ()| S 1Ty ol H(pg.0)— 20 <o (10)

z€eD

[S]

By using the function f(z) = % and f(z) = % € H(p,q,0), in the same manner
we can see that

sup (2) w1 (2) 9 (2)° +2v5(2) ¢ (2) + v2(2) 9" ()| S | Tyr v | H(p.g.0)— 20 < oo,

z€eD

(11)
and
sgﬂ;_;u(Z)ll//z(Z)l\(P’(Z)I2 ST wolla(p.g.e)—2n <o (12)
For a fixed w € D, set
A= e(w)[H) ! B(1—|p(w)]*)*?
Foum (@) = Lyggn —— \Ll4r42
d(Jow))(1 — @(w)z) (low)[)(1 — @(w)z)4
L COlpmPy® (1 lp(r)P)* "

6o —0(w2)7 " o(lpw))(1—plrs "

where the constant ¢ is from the definition of the normality of the function ¢.
Then sup,.ep || o)l (p.q.0) < = (see [25]), and we have

fo (o)) = ATBFCEL
¢(\<P(W)|)(1—|<P(W)\2)q_
' oy — AKX+ BXo £+ CXs £ Xa)p(w)
o oo —lp(w)P)s !
11 (0(w)) = (AX1X; + BXoX3 + CX3Xy + X41X5 Yo(w)
o(low))) (1 —|(w)[2)a "
(o) = (AX1X2X; + BXoX3 X + CX3XaXs 1 XaX5Xg) 9(w)° |

o(lp(w))(1—p(w)]2)i "3

where X; = 5+z+i, i=1,2,3,4,5,6.
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Now, let us first prove (2). Choose the corresponding function in (13) with

A 2X3Xy — 2X7Xs + 2X4X5Xe
4X3 — X4X5 +X2X3
_ 3X{Xs —3XaXs5Xe
4XoXs — XoXaXs + X3X3
 6X3X4 — XaXs X6+ XoX3X,4
C X3XaXs — XoX3 —4X3

)

and denote it by gy, , then we can calculate that

P
St (1)) = N
o o(lo()) (1 |p(w)P)?
£y (P0%)) = &y (9()) = £ (9()) =, (14)

where

P 2X3X4 — 2X7Xs +2X4X5X6 3X7Xs — 3X4X5Xe
T AXs — XuXs + X0 Xz 4X, X3 — XoXaXs5 + X5 X3
6X3Xs — XuXs5X6 + X2 X3 X4
X3XaXs — XoX7 — 4X3

+ 1.

Since Ty, y».0 : H(p,q,9) — Z* is bounded, we conclude that

H(p.g.0)—20 Z 1Ty vs,0800w) |l 22
/!
Pu(w)|yi (w)| (15)

b

oo > || Tyy yy,0

= SUPIJ(W)‘(T 1,¥2,08 p(w )//(W)‘ = sup 1
web YRR web §(|o(w)) (1 — |p(w)2)F

from which we can get (2).
For the proof of (3), we choose the corresponding function in (13) with

XXXy 44X X3 Xy + X3 X7 X5 + 6XoX4Xs + 2X1 X0 X3Xy — 2X0 X4 X5 Xe

A XoX2X4 — X1 X2 X5 — 4X0X3X ’
24344 1Ay A3 24344
X1 XoXaXs — XaX7Xs5 — 2X1 X2 X3 X4
X X3Xs — X1X3 X5 — 4XoX3Xs
C— 2X4X5Xe — 3X3X4 X5 + X1 X2 X5

)

X2X4 — X1XoX3 — 4X3X4
and denote it by h(p(w), then we have
Eo(w)

o(low)) (1= @(w)P)at"
o) (@(W)) = Hl (9(w)) = Kl (@(w)) = 0, (16)

Ky (0(0)) =
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where
X1 XoX5Xa + 4X1 X0 X3 X4 + X1 X3 X7 X5 4 6X1 X0 XaXs + 2X7 X0 X3 X4 — 2X1 X0 XaX5Xs
B Xo X3 X4 — X1X3X3 — 4X2X3X4

3X1XoXaXs — X3X7Xs — 2X1XoXa3Xs  2X4X5Xe — 3X3XaXs5 + X1 X2 X3

E

X4.
X2X4 — X1 X, X3 — 4X3X4 X3Xs — X1 X5 — 4X4 A
By the boundedness of Ty, y,.¢ : H(p,q,¢) — Z*, we have
o > || Ty, .0l H(p.g.0)— 2t 2 1Ty un.0hom) ll 20
> SUIH)).U(W)|(TW17W27<Ph<p(W)>U(W)|
we
— sup Ep(w)low)[2y1(w)e'(w) + yi(w)@" (w) + y3 (W)
- ) )
weD o)) (1 = @(w)]?)a ™!
It follows that
L) 2y (W)@’ (w) + yi(w)@" (w) + 3 (w)|
sup , ST ST ellatge)- 2
L<lp(w)l<1 o(l@(w)[)(1 — [y (w)[?)a
(17)

Since ¢ is normal, and using (10), we have

sup L) 2y (w) @' (w) + w1 (w) " (w) + y3 (w)|

1 S || 25 ||H p.q —FH-
1 ~ ]lilhly O ( s 7¢) z

From (17) and (18), it may be concluded that (3) holds.
We next turn to proving (4). Choose the corresponding function in (13) with

| 2X3X4Xs5 — 2XoX? — 2XoX3 — X4Xs5Xe + Xo X3 X4

N X3XaXs — Xo X7 — 4XoX5
3XoX? — 3X3XaXs + 2XuX5X6 — 2X2X3Xs

- X3XuXs — Xo X2 — 4X,X3

_ 6X,X3 — XuX5Xe + X0 X3Xy

 X3XaXs — XoX3 — 4XoX3

A

)

B

)

b

and denote it by ry,), then we can obtain

—
2 (0(9)) = Fobe)
o(lp(w)) (1~ lp(w)P)?

/ _m

o) (909) = Py (@) = 0 (9(w)) = 0, (19)
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where
| 2X1XoXaX4Xs — 2X1X3X3 — 2X1 X3 X3 — X1 Xo X4 X5 Xe + X1 X3 X3 X4 — 3XoX3X4Xs
X3X4Xs — XoX7? — 4X0X3
3)(22)(3 +2X0X3X4X5 X6 — 2X3X3 X4 + 6X2 X3 X4 — X3 XF X5 — XoX3 X4 — 4XoX3X4Xs
X3XaXs — XoX7 — 4XoX3

Using the fact that Ty, y,.¢ : H(p,q,¢) — Z* is bounded, we have

o > [Ty, yn 0l (pg.0)— 21 2 1Ty ys.07 0wl 21
> SEF)D”( )|(TW17W27(PFQD(W))//(W)‘
~ sup Fp(w)lo(w)[yi(w)@' (w)* +2y5(w) @' (w) + ya(w)@" (w)|
: )
web o(Jlow)) (1 —[@(w)[2)a ™

This gives

sup MO0V () + 295 ()¢ () + Y (w) 9" (w)]
1
Lelp(w)<t o(lp(w)) (1 —p(w)|?)7 ">
STy w0l H(p.g.0) -2 (20)

Because ¢ is normal, and using (11), we have

Lw) [y (W)@ (w)? + 2y (w) @' (W) + v (w)e” (w
sup W)y (w) @' (w) (W)e'( )1 (w)e"( )|5||TW17W27¢||H(p7q7¢)_>W.

lo(w)|<3 o(lo(w)) (1= lp(w)[2)s ™

21

From (20) and (21), we can get (4).
It remains to verify (5). For this, we choose the corresponding function in (13)
with

A=-1, B=3, C=-3,

and denote it by s, . An easy computation shows that

1 12(P(W)3

1 () = —

o 810 (1~ [p(w)2)i ™

000 (909)) = sy (9(9)) = sl (9()) = 0. @)

Once again, we can use the boundedness of Ty, y,.¢ : H(p,q,¢) — Z* and get

o > (| Ty, yn.ollH(pg.0)— 21 2 1Ty vs.0500w) || 20
= SUPD.U(W)‘(TW17W27<PS</)(W))U(W)|
we
5 12000 9() P2 (w)l ' ()
1
weD o (|o(w)[)(1 - @(w)[2)a ™
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which yields

mw)lya(w)llo’(w)?

sup STy llH(p.g.0)— 20 (23)

L<lomi<1 $(lo(w))(1— [o(w)P)7+

On the other hand, we also have

u(w) |y (w)lle’ (w )I2

sup +2 < H V1,2, QDHH (p,q.0)—ZH- (24)

low)|<t o(|e(w)))(1 —[@(w)[?)4

Hence, (5) follows from (23) and (24).
By using (15), (17), (18), (20), (21), (23), (24), we see at once that

||TW17W27<P||H(p,q,q))_>yu 2 ko + ki +ky+ ka. (25)

From (8) and (25) it follows that the asymptotic expression (6) holds. [

THEOREM 2. Let Y,y € (D), ¢ be an analytic self-map of D, 1 < p,q < o
and ¢ is normal. Then Ty, v, o : H(p,q,0) — Z* is compact if and only if Ty, y,.¢ :
H(p,q,0) — Z* is bounded and

HE)W )
@10 (1p))(1 - ()

o =0, (26)

L HERYE9E) FviE)e (>+w£’(Z>|:0, 7)
o(2)|—1 o(le@))(1—|o(z)?)e"

1AW R+ 2@+ 1@l (g
o)1 (o)1~ o))+

2)
R 169]171€ )||qt>’(Z>|21 _o. (29)
PRI 6 (o)) (1~ p()2) 7"

Proof. Suppose that Ty, v, ¢ : H(p,q,¢) — Z* is compact, and hence bounded.
Let {z,},en be a sequence in D such that |@(z,)] — 1 as n — co. Set

gn(z) = g(p(zn)(z)7 hn(z) = h(P(Zn)(Z)7 ra(2) = r(P(Zn)(Z)’ sn(z) = S(P(Zn)(z)'

On account of the proof of Theorem 1, we have g,, h,, ry, s, € H(p,q,9). Moreover,
we deduce that {g,},{hn},{rn},{sn} converges to zero uniformly on compact subsets
of D. Since Ty, y,,¢ : H(p,q,9) — Z* is compact, by Lemma 1, we know that

,}E}}o ||TV/1JI/2~,¢gn||ff” = }E}}c ||TV/1~,V/2~,§Dhn||£'Z’”

= ,}i_IEQHTWqu,quan“ = }}E‘I}Q“Twl,vlz,fpsn||f“ =0.
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From (14) it follows that

P L gh(0) = () = () = 0.
8(19()) (1~ o))

8n(@(zn)) =

Consequently

1 (za) [ W1 (20))|
o) (1~ [w))

which along with |@(z,)| — 1 as n — e implies that
O 11 N 1% L 1
&=L 0 (J@ () ) (1= W) )T "7 (o)) (1~ [W(z)2)7
from which (26) holds. By (16) we have

EQ(z,)
1

O(l9(za)))(1 = lo(za)2)s ™!

ST w1, v2,08nl| 2 s

:O,

h(@(zn)) = hn(@(zn)) =y (@(zn)) = ) (9 (2n)) = 0.

Hence
B (2|9 (z) 1291 (20) @' (20) + W1 (20) " (20) + W5 (20)
0(1n)) (1= |@(za) )™

|
S HTllllﬂl/zJPh"”!f"'

It follows that

lim 1(z0) 1291 (20) @' (20) + Wi (20) @ (Zn)"“!fé/(zn)‘

o)l =1 0 (10 (za) ) (1~ [@(za) )™

o B0V E)0 ) + i) ) V)
A 0@z )(1 = l@(z)?)e ™!

Therefore (27) follows. With the same argument as above one can show that (28) and
(29) hold, so we omit the details.

Conversely, suppose that Ty, ..o : H(p,q,¢) — Z* is bounded and (26), (27),
(28), (29) hold. Then (9), (10), (11), (12) are true by Theorem 1 and for every € > 0,
there exists 0 € (0,1) such that

12w ()| 1
o(le)D (1 =lp)?)9

=0.

<eg, (30)

1R 2V @)¢' @)+ wi)e ”(>+ufé’(z)l<£7 31)
o(lp@N)(1— o))
1@ @9+ 200 () + v @) _ 32)
ol —lp@E)R)e
L@ ()¢ () <&, (33)

0(10@))(1— o))+
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whenever 6 < |@(z)| < L.

Assume that {1, },en is a sequence in H(p,q,¢) such that sup,cy [|nll(p.q.0) <
L, and {#,} converges to 0 uniformly on compact subsets of D as n — . Let J ={z €
D:|e(z)| < 0}. Then by Lemma 2, (9), (10), (11), (12) and (30), (31), (32), (33) we
have

SUPM(Z)|(Twl.,Wzaqotn)H(Z)'

<Supu @' @)l (e |+Supu (@)12v1(2)¢ () + 1 (2)9" (2) + ¥ (2) 11, (@ (2))]
+51€1£u( )y (2) +2vé v2(2)9" (2|l (9(2)]

+Sl€1£M(Z)|W2(Z)||<P( APl (9(2))]

<Sup” @l (0(2)] + sup 1@ @Il pg.0
ZeD\J(i)(lfp( )DL = le)?)
+supu( )2v1(2)9' (2) + v1(2) 9" (2) + w3 ()l (9 (2))

HERVIEDE) + N E0E) ¢ WOl

)
1
q

+ sup
€D\ o(lo(z )I)(l—\fp( )2)at
+§1£u( Wi ()¢ (2)* +295(2) 9’ (2) + ¥a() 9" () Ity (9 (2))]

e u(Z)le(Z)qo’(Z)z+2V/£(Z)<0’(Z)+W2(Z)<P”(Z)I\\tn\\H(p,q,¢)
€D\ o(1o(2))(1 - |p()P)s ™
/ 2
Qo 0 o+ swp T

2D $(lo))(1—|p@E)?)i*
< sup |ty (w)| + sup |t)(w)]+ sup |t/ (w)|+ sup |t)"(w)|+ Le.

wl<é wl<é Iw|<é Iw|<é

From the above it follows that

1Ty, 0tnl| 20

=[¥1(0)12(9(0)) + w2(0)1,,(9(0))|
+[w1(0)1a(0(0)) + (w1(0) " (0) + y5(0))2,(9(0)) + y2(0)9' (0)z, (¢ (0))]
+SUPu(Z)|(Twl yaotn)” (2)]

|ll/1 (0)]+ [w1(0) )22 (0(0)) ] + (| w2(0)| 4 [w1 (0) " (0) + y3(0) ¢(0))]

+[y2(0)9’'(0 )th( © ))|+L8

+ sup [tx(w)[ 4 sup [r,(w)|+ sup |1,/ (w)|+ sup |z, (w)]. (34)
Iw|<5 Iw|<5 Iw|<5 Iw|<8

Since t, converges to 0 uniformly on compact subsets of D as n — e, Cauchy’s es-
timation gives that 7, 7/ and 7, also do as n — co. In particular, {w: |w| < 6} and
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{(0)} are compact, and then we have

Tim (g1 (0)] +[w1(0)]) 1t (9(0))| =0,
Tim (1y2(0)] +[y1(0)9'(0) + w2(0) D, (9(0))] = 0,
Tim |y2(0)'(0)|l5, (9(0)) =0,

lim sup |t,(w)| = lim sup |t/ (w)| = lim sup [t)(w)| = lim sup [t} (w)| = 0.

Tl “lwl<s Tl T w|<$
Letting n — oo in (34) yields

limsup ||TW17W27<Pt" | 2n < Le.

n—oo

Since ¢ is an arbitrary positive number, from the last inequality we can obtain
l’}grolo HTWWMPth?f“ =0.
Finally, we conclude that Ty, v,.¢ : H(p,q,¢) — Z* is compact by applying Lemma
1. O
We shall now describe the boundedness and compactness of Ty, y,.¢ : H(p,q,0) —

7.

THEOREM 3. Let y,y, € 5 (D), @ be an analytic self-map of D, 1 < p,q < e
and ¢ is normal. Then Ty, y,.0 : H(p,q,¢) — ffbﬂ is bounded if and only if Ty, y, ¢
H(p,q,0) — Z" is bounded and

‘lllm 1)y (z)| =0, 35)
lim p(z 2v1(2)¢' (2) + w1 (2) 9" (2) + v (2)| =0, (36)
fim () |y (29'(2)* +2y3(2)9'(2) + ¥2(2) 9" ()| = O, 37)
lim p(z w2 (2)lle’ ()] = 0. (38)

Proof. If Ty, yn.e : H(p,q,9) — 2 is bounded, then Ty, v, o : H(p,q,9) — 2+
is bounded and for f € H(p,q,9), Ty, yo.of € Z . Taking f(z) =1 € H(p,q.9), we
get

lim 1(2)[(Ty ya.01)" (2 )I— hm @)W ()] =0,

lz]—1

That is, (35) follows. Taking the function f(z) =z € H(p,q,¢), we have

|l‘lm 1(2)| v (2)9(2) +2v1(2) 0’ (2) + w1 (2) 0" (2) + v (2)
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which along with (35), the triangle inequality, and the boundedness of ¢ implies that
(36) holds. The proof of (37) and (38) can be handled in much the same way by using

the function f(z) = % and f(z) = % € H(p,q,¢) respectively, and the details are
omitted.
On the contrary, assume that Ty, y, ¢ : H(p,q,¢) — Z* is bounded and (35),
(36), (37), (38) hold. For each polynomial Q, we have
1(|(Ty,.40.0 Q)" (2)]
=1 (2) |y (2)0(9(2) + 21 ()9 (2) + w1(2) 9" (2) + v3(2)) Q' (9(2))
+(11(2)9' (2 +2v(2) ¢ (1) + ¥2(2)9" (2) Q" (9(2)) + Y2 (2) 9’ (2)*Q" (9 (2)))]
SHE@) W] @10l + (2 2y1(2) ' (2) + w1 (2) 9" (2) + 2 (2)] [ Q]|
+uE@IW )2 +2w()9' (@) + v ()" ()10
1@ )0 @ 1Q" -,

where || - || denotes the supremum norm. Letting |z| — 1 in the above inequality and
using (35), (36), (37), (38) yields

lim 1(2)(Ty y.00)" (2)] =0,

|z —1

which says that Ty, v, ¢O € % . Note that the set of all polynomials is dense in
H(p,q,0), and consequently for each f € H(p,q, ), there is a sequence of polynomi-
als {Qn }nen such that

r}g{}o 100 = flla(p.g.6) = 0
which along with the boundedness of Ty, y,.¢ : H(p,q,¢) — Z* implies that

190 = FllE(p.g.0) = O

as n — 0. Due to Z' is a closed subspace of Z*, we know that Ty, y,.of € Z{'
and thus Ty, y,.0 (H(p,q,9)) C 2. As a consequence, Ty, yy.o : H(p.q,9) — 2
is bounded. [J

< Tyym0

H TW17W27(PQ" - T‘Vh

THEOREM 4. Let yy,y, € 5 (D), @ be an analytic self-map of D, 1 < p,q < e
and ¢ is normal. Then Ty, y,.o : H(p,q,9) — ffb” is compact if and only if
1!
L aEwE)

(101 - 9@
Lo BERVIE9) + wi(@e" (@) + VAR
(

=0, (39)

. =0, (40)
lal—1 o(lo2)))(1—o(2)2)e "

i HEW R’ + 2330 “T"’z(z)‘p"(Z)' 0, (1)
21 o(lp@N (1 —p()2)e ™

im _ MEWEIYEP 42)

=1 6(o(2) ) (1= |g(2)[2) s
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Proof. Asumme that (39)—(42) hold. It is evident that Ty, y, o : H(p,q,¢) — Q%”
is bounded by Theorem 1. Taking the supremum in inequality (7) overall f € H(p,q,¢)
such that || f||f(p.q.6) < 1 and letting |z| — 1, we can obtain

lim  sup  w(2)|(Tyy yn0f)" ()| =0.

=11 £l g.0) <1

From Lemma 3 it follows that Ty, y,.¢ : H(p.q,¢) — 2 is compact.

Conversely, suppose that Ty, y,.0 : H(p,q,0) — fé’b“ is compact, then Ty, v, :
H(p,q,0) — Z* is compact by Theorem 2. Moreover, for every € > 0, there exists
6 € (0,1) such that (30), (31), (32), (33) hold for § < |¢(z)| < 1. The compactness
of Ty, yn.o : H(p,q,¢) — 2" implies that Ty, y,.¢ : H(p.q,¢) — 2" is bounded, by
Theorem 3, it follows from (35), (36), (37), (38) that for € > 0, there exists 1 € (0, 1)
such that

1@l (2)] <e, (43)
1(2)2y1(2)0'(2) + y1(2)9" (2) + v3 ()| < &, (44)
1@ ()¢’ (2> +295(2)9'(2) + va ()" (2)| < &, (45)
1@ )e' (2 <e, (46)

forn <zl <1.
By (30), when 6 < [¢(z)| <l and n < |z| <1,

B (@) (2)] <. (47)
¢(lo(2)) (1 —|o(2)[*)7

When |@(z)| < 6 and 1 < [z] < 1, by using (43) and the normality of ¢ we can obtain

REVEL _ pOWEL s
619N (1197 infyeo g 9(7)(1-82)s

Along with (47) and (48), we can see that (39) follows. Employing (31) and (44), (32)
and (45), (33) and (46), with the similar argument, one can obtain (40), (41), (42),
respectively. This finishes the proof. [
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