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MATRIX VALUED CONJUGATE CONVOLUTION
OPERATORS ON MATRIX VALUED L?”-SPACES

ALI EBADIAN® AND ALI JABBARI

(Communicated by M. Sal Moslehian)

Abstract. Let G be alocally compact group equipped with the left Haar measure mg, M, be an
n X n matrix with entries in C and let M(G,M,) be the Banach algebra consisting all M, -valued
measures on G. We define the left and right conjugate convolution operators on L?(G,M,) and
characterize these operators. Moreover, we give some necessary and sufficient conditions, in
terms of conjugate convolution, for a bounded operator on L? (G, M,) to be translation invariant.

1. Introduction

Let G be alocally compact group, m¢ be the left Haar measureon G, 1 < p,g <o
such that 1/p+1/g=1 and A be the modular function on G. For any f € L'(G) and
g € L?(G), the conjugate convolution f ® g was introduced by Yuan [12] as follows:

f®g(x)=/Gf(y)g(y’lxy)A%(y)dmc(y)~ (1)

The above defined product on L?(G) spaces studied widely by Ghaffari, see [8, 9].
Let M, be an n x n, n € N, matrix with entries in C. We equip M, with the C*-
norm and consider the trace map Tr: M,, — C is a positive linear functional of norm
n. Suppose that Z is a o -algebra of Borel sets in G, u : G — M, is a countably
additive function that we call it an M, -valued measure on G and denote by an n X n
matrix 4 = (u;;) of complex valued measures (;; on G. The variation of p is |u| that
is a positive real finite measure on G defined by

ulE)=suwp! 3 |u(E):EcH .
4 E,‘Efﬂ

where & is a partition of E into a finite number of pairwise disjoint Borel sets. Define
the norm of u as ||| = |u|(G). Following [1, 2], 1 has a polar representation dyu =
o -d|u| where @ : G — M, is a Bochner integrable function with ||@(-)]|=1. A
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828 A. EBADIAN AND A. JABBARI

function f = (f;;) : G — M,, is called p -integrable if each f;; is a Borel function and
the integral [ f;;jd uye exist in which case. For any E € 4, the integral [ fdu is an

n X n matrix with ij-th entry
> [ fudu.
k E

Then, by [1, Lemma 4], we have the norm of f, as follows

H/fduH H/f x)d | (x

The trace-norm || - || is equivalent to the C*-norm on M, and M}, = (M, || - ||:+),
by this, we can regard an M, -valued measure on G as an M, -valued measure on G,
and vice versa. We denote the space of all M; -valued measures on G by M(G, M)
with the total variation norm || - ||,». This space is linearly isomorphic to the space
(M(G,My),||-||)- By Co(G,M,), we mean the Banach space of continuous M, -valued
functions on G vanishing at infinity with the supremum norm and C¢(G,M,) denotes
the subspace of Cy(G,M,) consists all M, -valued continuous functions with compact
supports. By [1, Lemma 5], M(G, M) is linearly isomorphic order-isomorphic to the
dual of Cy(G,M,,), with the following duality formula:

/Wf ) dluf) < Ml @)

<"'> :CO(G’M") XM(GaM;) —C
(f,u) =Tr (/Gfdli) Z%/Gfikduk,i, 3)

for any f = (fij) € Co(G,M,) and p = (u;;) € M(G,M;;). By [3, Proposition 2.4],
(M(G,M),|| - |l;r) is a Banach algebra with the following convolution product:

e = [ [ raanave)). @
forall f € Co(G,M,) and u,v € M(G,M;). Also, (M(G,M,),|-||) becomes a Banach
algebra with the convolution product and is algebraically isomorphic to (M (G, M), || -

llir). Let f = (fij) be a Borel M, -valued functionon G and p = (u;;) be a M,,-valued
measure on G. An M, -valued convolution fx u, if exists at x € G, is defined by

(Few)@ = [ flo! 5)

The left convolution u *; f is the following integral if it exists:
(e f)(x /du (x€G). (6)

The transposed integral [; d u(x)f(x) which is defined to have ij-entry

(/du ) Z/fk, )dpax
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Moreover, similar to (2), we have

[ an@e)

For a given u € M(G,M,), following [2, Page 24], we consider g € (G,M,) by
dpi(x) = du(x~1), forall x € G. Consider the complex vector space L”(G,M,,). Then
by [5], the dual of LP(G,M,) is identified by LY(G,M;;) with the following duality
formula:

</ £ G d el Ce) < [1AAae - @)
G

() : LP(G,My) x L(G,M;;) — C

Ty ( [ gyl )) ®)

For any f € L?(G,M,) and g € LY(G, M), we have

(Fept.g) =Tr ( L g(xy)f(x)du(y)dmc(x)) — (ffi*g) ©)

Ipr—</ £ dm( >> - (10)

Let G be a locally compact group, L?(G,M,) and L?(G,M,) be as before. For
all feLP(G,M,) and g € L1(G,Mj;), [;f(x)g(x)dmg(x) is in M,. We denote this
M, -valued integral by

and

108t dma(x) = (f.g)u,

indeed it is M, -valued duality formula and Tr ({f,g)um,) = Tr(f,g).

Let G be a locally compact group and 1 < p < . Following [4], a bounded
operator T : LP(G) — LP(G) is called a p-convolution operator of G if T(,f) =,
T(f), forall a € G and f € LP(G), where ,f(-) = f(a-) denotes the left translation
of f. These operators are also called translation invariant operators, see [7], where
Hormander’s studied these operators on R”. Following [4], we denote the set of all p-
convolution operators of G by CV,(G). Suppose that % (L?(G)) denotes the space of
all maps from L”(G) into itself and B(L”(G)) denotes the Banach algebra consists all
linear bounded operators from L”(G) into itself. Then clearly, CV,(G) is a subalgebra
of B(LP(G)). The notion of p-convolution operators on L”(G) has been generalized
in [6] to left and right matrix valued p-convolution operators on L”(G,M,). Moreover,
positive type and positive definite functions on on LP(G,M,,) are characterized in [10].

Throughout this paper, we suppose that 1 < p,g < oo and 1/p+1/qg=1. In the
next section, we introduce the notions of left and right conjugate convolution operators
on L?(G,M,) Banach spaces, where G is a locally compact group equipped with the
left Haar measure mg. We give some results and properties of these operators. More-
over, we characterize the left and right conjugate convolution operators on L?(G,M,).
In section 3, we show the relationships between the matrix valued p-convolution oper-
ators and the conjugate convolution products.
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2. Matrix valued conjugate convolution

In this section, we introduce the left and right conjugate convolution products
on L?(G,M,), where 1 < p < . Some properties of these operators are given and
we characterize these operators. Following [2], for any f € LP(G,M,,) and the scalar
valued map A (the modular function of G), the product f(x) ® A(y) is given by

Juu(AQY) - fia(x)AQ)

f)@A(y) = (11)

St (OAG) - fun(0)AD)

Let f € LP(G,M,), u € M(G,M,) and 1/p+1/q= 1. We now define two right
and left conjugate convolution of f and u as follows:

rene = [ (fo ) eah) duo) (12)

and

penf()= [ dub) (£ @aiw)). (13)

DEFINITION 1. Let G be a locally compact group with the left Haar measure mg
and 0 # u € M(G,M,). We say an operator T, : L’(G,M,) — L?(G,M,) is a right
conjugate convolution operator if satisfies the following condition:

Tu(f)=feu  (felP(GM,)).

Similarly, we define the left conjugate convolution operator S : L (G,M,) —
LP(G,M,) as follows

Su(f)=p@cf  (f€LP(G,My,)).
LEMMA 1. Let G be a locally compact group with the left Haar measure mg.

Then, for any f € LP(G,M,), g € L1(G,M}) and 1 € M(G,M,), the following state-
ments hold:

(i) (f®u,g = (fu®g).
(it) |f®ull, <[ fllplull and [ fllp, < | Flpllll-

Proof. (i) Similar to (9), for any f € LP(G,M,) and g € L1(G,M;;), we have
o= ( [ [ ronwsne)
e[ [ [ 10 @8t G)ameamo(n )
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= e[ [ autsto g(yxy*)@ﬁ'(y)) )
—Tr( [, [ 010 (st 8809 amei))

(ii) For a fixed y € G, we set I'yf(x) = f(yflxy)A%(y), forall x€ G and f €
LP(G,M,). Then by (10),

1715 = [ 17llhdmo ()
= [ o meare)
= LIl ameto)
= Nl (15)

Now for a fixed x € G, set Fe(y) = f(y~'xy) © AP (y). By (2) and (15),

Ir@nly= [ I1f®nehdna

— / / £ ) @ AP (y)dp(y) ’
G G t

- [ faoame|

dmg(x)
tr

<[ ( / ||Fx<y>nd|u|<y>)pdmc<x>

< 1ROl 7dne()

< [[ro7mear)|] lulrameto

= T f NNl
= LAl wel]”.
Similarly, by (7), we can show that ||u®, f||, < ||fllp/lull. O

! dmg(x)
tr

dmg(x)

The operators in Definition | are different from the right and left convolution prod-
ucts defined in [1, 2].

EXAMPLE 1. Let G = {e,a}. Define f € L'(G) and u € M(G) similar to [2,
Example 3.1.3] as follows

{0 (18)0-

(aij), x = a. )= ((1)8)’)6:“'
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We now compare the right and left conjugate convolution operators with the right
and left convolution operators:

(b1 2by2 (a1 2by
raute = (o). et = (8502

_ [ a1l 2a12 b1 2a12
rau@= (G150 ), rana= (050,

_ b1 b1 o aip ai
l’L@ff(e) - <2b21 2b22) y ,U*(f(e) - <2b21 2b22> )

1@y fla) = (an a12) 1w fla) = (bn b12>

and
2a31 2an 2a01 2ay

PROPOSITION 1. Let G be a locally compact group with the left Haar measure
mg and u € M(G,M,). Let T, : LP(G,M,) — L”(G,M,) be a right conjugate con-
volution operator, then S : LY(G,M,;) — L(G,M,;) is a right conjugate convolution
operator.

Proof. Apply Lemma 1(i). O

Let G be a locally compact group and u,v € M(G,M,). Following [1], we define
the convolution t * v by

(¥ V)(E) = (1 x v){(x,y) € Gx G xy € E}.

The above definition follows the following formula

Lr@dwsvw = [ [ reydumdvo.

for all f € Co(G,M,) (see [1, p. 26]). For any f € L?(G,M,) and y € G, we set
1
py(f)(x) = f(y~'xy) and for a fixed z € G, set F.f(y) = f(y~'2y) @ AP (y).

PROPOSITION 2. Let G be a locally compact group with the left Haar measure
mg and @,v € M(G,M,). Let T,, T, : L?(G,M,) — L"(G,M,) be right conjugate
convolution operators, then Ty o Ty = T4y .

Proof. Forany f € LP(G,M,) and g € L9(G, M), we have
(Tyuv (f),8) = Tr (/ Tusv (f) (x)g (x)dmg (x ))
=1 ( [ (remsviog <x>dmc)
=1 ([ (f (1) 8} 0) dwv) ) stopamato

(L
(/
e[ [ [ (e ) 00t 0)aR @) duO)v@sancty) ).
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On the other hand, for any f € L”(G,M,) and g € L1(G,M}'),
(TuoTy(f),8) = (Tv(/), T, (8))
Tr ( T, (f )(x)dmg(x))

=1t [ oW Wil
Tr(// f(z xz ®Af’( )) dv(z)TJ(g)(x)de(x))

Tr (// flz xz ®Af’( )) le(g)(x)dmg(x)d\/(z))

Tr ( / / F(0T (g) (x)dma (x )dv(z))

F T (@) dvic >)

(s

(e

(/ / T () ) dma()av(a) )
(

([ [ / L7 ) 8 0)) OG0V )

1o [ [ [ (16 0085085 @) du0)av@striama(s ).

Thus, the above equalities imply that T, o Ty = Ty U

[T I
S o\

=Tr
=Tr
=Tr

By a similar argument in the proof of Proposition 2, we have the following result
for the left conjugate operators.

PROPOSITION 3. Let G be a locally compact group with the left Haar measure
mg and p,v € M(G,M,). Let Sy,Sy : LP(G,M,) — L"(G,M,) be left conjugate
convolution operators, then Sy 0 Sy = Sy .

We again recall that for any f € LP(G,M,) and y € G, we set py(f)(x) = f(y~'xy)
and for a fixed z € G, set F,f(y) = f(y~'zy) QAP (y).

LEMMA 2. Let G be alocally compact group with the left Haar measure mg and
ueM(G,M,). Then

(i) Tu, Sy are bounded and || Ty || < [|utll, [[Sull < [|pel]-

(ii) pxTy = Tupx and pySy = Supx, for any x € G.
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(iii) KTy = TuFy and F.S, = Sy F, forany x € G.
(iv) Ts,(f) = , 1 fa® AP (a) and Sg,(f) = ,1fa® AT (a), forall a € G.
() Tu() = JoTs,(-)du(y) and Su(-) = Jg du(y)Ss,(-)-
Proof. (1) By Lemma 1(ii), we have

1 Tull = sup (| Tu(F)llp = sup [f@ul,<|ull

fllp<t I71p<1

Similarly, one can show that ||S, || < ||u]|.
(ii) For any f € LP(G,M,,),

PTu(f) () = pe(f @ ) (y) = f @ p(x"yx)

/G (f(z*lx* ¥i7) ® A7 (z)) du(z)
/ (pzf(x 'yx) © A7 (2 )) du(z)
/ (pszf( )@ AP (Z))du(z)
=Tupx(£)(),

forall y € G. Similarly, we have p,S; = S, px, forany x € G.
(ii1) By a similar argument as in (ii), the results hold.
(iv) Straightforward.
(v) Forany f € LP(G,M,) and g € LY(G, M), by (iv), we have

—Tr ( JRAGIEEEIE >>

. (/ T (f) (W) (x)dmg (x >>

([ / 0 129) 97 )k ) )mer)
([ [ s @ st oo
() ( >du<y>)g<x>dmc<x>)
L)

) -

JoTs,(-)du(y). By a similar argument we have Sy (-) =

This shows that Tu(-
Jo du(y)Ss, ().

Now, we consider conjugate convolution operators on L” (G, M,,).
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THEOREM 1. Let G be a locally compact group with the left Haar measure mg
and T : LP(G,M,) — L?(G,M,) be a bounded M, -linear map. Then for some U €
M(G,M,), T =Ty ifand only if KT =TF, for all x € G and T maps Cc(G,M,)
into Cp(G,M,,) continuously in the spectrum norm.

Proof. Suppose that F,T = TFy, for all x € G and T maps Cc(G,M,) into
Cy(G,M,,) continuously in the spectrum norm. Define an M, -linear map ¥ : C¢ (G, M,,)
— M, by ¥(f)=Tf(e), forall f e Cc(G,M,). From that T maps Cc(G,M,) into
Cy(G,M,,) continuously in the spectrum norm, ¥ is continuous. By [2, Lemma 3.1.6],
there exists 4 € M(G,M,) such that

_ /Gfdu (f € Cc(G,M,).
Then, by Lemma 2(iii),

T(f)(x) = BT(f)(e)
=T (Ef)(e)
= W(Ef)

_/F ydu(y
—/ (v~ 'xy) A"())du(y)
=f®u(x),

forall f € Cc(G,M,). For any f € LP(G,M,) there is a net (fy)o € Cc(G,M,) such
that f, convergesto f. Thus,

T(f)= liénT(fa) = liénfa®.u =feu.

This show that T = T}, for some pu € M(G,M,). The converse by Lemma 2
holds. O

For any A,B € M,,, we have Tr(AB) = Tr(BA). Thus, one can write [, Lemma 5]
as follows with a similar proof.

LEMMA 3. Let G be a locally compact group. The map € M(G,M}) — u(-) €

Co(G,M,)* defined by
u(f)="Tr (/ duf),
G

Jorall f € Cy(G,M,) is alinear isometric order-isomorphism.

By the above Lemma we write [2, Lemma 3.1.6] as follows, where the proof is
exactly similar.
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LEMMA 4. Let G be a locally compact group and ¥ : Co(G,M,) — M, be a
continuous M, -linear map. Then there is a unique | € M(G,M;") such that

=[guf (f € Co(G,My)).

THEOREM 2. Let G be a locally compact group with the left Haar measure mg
and S : LP(G,M,) — LP(G,M,) be a bounded M,,-linear map. Then for some |l €
M(G,M,), S=Sy if and only if F,.S = SF, for all x € G and S maps Cc(G,M,) into
Cy(G,M,,) continuously in the spectrum norm.

Proof. Similar to the proof of Theorem 1, define an M), -linear map ¥ : C¢ (G, M,,)
— M, by Y(f) = Sf(e), for all f € Cc(G,M,). By Lemma 4, there is a unique
u € M(G,M;) such that

:/Gd/,tf (f €Cc(G.My)).

Then by a similar argument in the proof of Theorem 1, the proof is complete. [J

3. Matrix valued p-convolution operators

In this section we consider matrix valued left and right p-convolution operators
on L?(G,M,) in relation to conjugate convolution. We recall the following definition
from [6].

DEFINITION 2. Let G be a locally compact group, 1 < p < eo. A bounded oper-
ator T : LP(G,M,) — L?(G,M,,) is called a matrix valued left p-convolution operator
of Gif T(4f) =4 T(f),forall ae€ G and f € L?(G,M,), where f,(-) = f(-a) denotes
the right translation of f. We denote the set of all matrix valued left p-convolution
operators of G by LCV,(G,M,,). Similarly, we define the right p-convolution operator
with entries in M,, if T(f,) =T(f)q, forall a € G, f € LP(G,M,) and we denote
the set of all such operators by RCV,(G,M,). We denote the space of matrix valued
p-convolution operators by CV,(G,M,) thatis LCV,(G,M,) N\RCV,(G,M,).

Let f € L'(G,M,), then f-mg € M(G,M,) with the following total variation
I-mol| =1 -mcl(G) = [ 7l dma(x) = ]
We identify L'(G,M,,) as a closed subspace of M(G,M,,) such that contains all ab-
solutely continuous M, -valued measures on G and it also is a right ideal of M(G,M,,),

because (f-mg)* 1 = (f*u)-mg, forall f € L'(G,M,) and u € M(G,M,).
In light of (12), we define the following convolution product

(5900 = [ 07"0) A0 (0)0)dmo(y) (16
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forall g € L?(G,M,), f € L'(G,M,) and x € G.
From (13), we have the following left convolution product

1
(F208)0) = [ amo(y)f)sl 187 (), (17)
for all f € L'(G,M,) and g € L?(G,M,,). This together Lemma 1 implies that || f ®,
gll, < llgllpllflli, forall f € LY(G,M,) and g € LP(G,M,). Thus, L’ (G,M,) is a left
Banach L!(G,M,)-module.

THEOREM 3. Let G be a locally compact group, mg be the left Haar measure
on G and T € B(LP(G,M,)). If T € CV,(G,M,), then T (f ®¢g) = f ®, T(g), for all
feL'(G.M,), g€ LP(G,M,).

Proof. As we discussed the above, LP (G, M,) is a left Banach L!(G,M,)-module

with respect to the left conjugate convolution product. Now, suppose that T € CV,,(G,M,,)
with the left conjugate convolution product. Then

ert@m =T [ (FoT(e) Whiramato)
/ dec<y>f<y>r<ylgy><x>®A%<y>h<x>dmc<x>)

dme () £() ®A5<y><r<y1gy>,h>M,z)

(
(
=10 ([ ame)10)@8%0) [ 718 mcoamat)
(
(U

() / na(1)0) 8% 0)elo )T (1) )mc)
— (f@eg, T () = (T (£ ®09).h),

for all f € LY(G,M,), g € LP(G,M,) and h € LY(G,M}). Thus, T (f®,g) = f ®
T(g),forall f € L'(G,M,) and g € LP(G,M,). O

LEMMA 5. Let G be a locally compact group, mg be the left Haar measure on
G and T € B(LP(G,M,)). If for any f € L'(G,M,), g € L’(G,M,), T(f®,g) =
f®T(g), then forany a € G,

(i) oT (F®08) = AT (@) ® (uf B T(g)),.

(i) T(f®08),=AT (Q)® al,1f®eT(g)).
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Proof. (i) For any a,x € G, we have

T (f®eg) (x) =T (f ®r8) (ax)

1
=A1(a)® (af ®T(g)), (x)- (18)
(i1) By a similar argument in (i), the statement (ii) holds. [

A conjugate left bounded approximate identity for L' (G) is a net such as (eq)q C
L'(G) such that |leq®g—g|1 — 0, for all g € L'(G). This definition is defined by
Mohammadzadeh in [11] and he showed that L!(G) contains a conjugate left bounded
approximate identity [11, Corollary 2.3].

LEMMA 6. Let G be a locally compact group and mg be the left Haar measure
on G. Then L'(G,M,) has a conjugate left bounded approximate identity, respect to
®y¢ and has a conjugate right bounded approximate identity, respect to ®.

Proof. Let (Ey)o € L'(G) be the left conjugate bounded approximate identity for
L'(G), then it is easy to see that

is a conjugate left (right) bounded approximate identity for L!(G,M,) respect to &,
(®). Indeed, for any o, the support of ¢, is compact and one can suppose that e, on
its support is at most 1. Then, without loss of generality, we can suppose that A(y) =1,
for all y € Supp(e). Then by the construction of (eq)q in [11, Corollary 2.3], the rest
of proof is clear. [

Note that E, is diagonal and diagonal matrices are in the center of the algebra
of n x n matrices. Moreover, we can assume that ||Ey|/; < 1 and according to the
construction of Ey,’s, the support of each E, is compact. It is natural to ask if the
converse of Theorem 3 holds. We investigate the question in the special cases.

THEOREM 4. Let G be a locally compact group, mg be the left Haar measure
on G and T € B(LP(G,My,)). If T € RCV,,(G,M,,) and T (f ®,8) = f®,T(g), for all
feLY(G,M,), g € LP(G,M,), then T € CV,(G,M,).
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Proof. Let (E)o be a conjugate left bounded approximate identity for L!(G, M,)
with [|Eq|[1 < 1. Set f = Eq. Clearly f isin Cc(G,My) and || f{|11 (g u,) < 1. Thus,
forany £ >0 and g € Cc(G,M,), we have || f ®,¢—gl||, < &1, where & dependson €.
Since, Cc(G,M,) is dense in L?(G,M,), we get that for any € >0 and g € L?(G,M,),
|f ®¢g—gllp < 2&1. Hence, for any a € G, we have ||.(f ®,g) — agl| < 2&;. So, for
each a € G, we get

la(T(f®08)) — aT (&), = lla(f ®¢T(g)) = T (g)ll, < 2&1. (19)
From boundedness of T', for each a € G, we also get
1T (a(f®eg))— T(a)l, <2(T|er- (20)

Moreover, for any g € LP(G,M,), h € L1(G,M;;) and a € G,
(T(a(f®08))h) = (a(f ®r8), T (h))
~n( [ ®/:g)(X)T*(h)(x)de(x))

[ [ ma)r0)e0s am) 8t )7 (1) et

=Tr
=Tr

Tr

(
([, [ mat)er0)e0sxa0) .8 @) () ) () )
([ s @ e at@r (emanc

(

A7 (a){(of ®e8),.T*(R))

= (AT (@T (of ©08),) ). @D
Since T € RCV,(G,M,), (21) implies that

(@)T ((of ®28))
(@T (of ®r8),
(@) (af ®eT(8))q> (22)

for all a € G. On the other hand, by (18), T (f®g) = A (@)@ (af ®¢T(g)),, forall
fel'(G,M,), g€ L’(G,M,) and a € G. Thus, (18) and (22) imply that

T(f@eg) =T ((f®r8)), (23)
forall a € G. We set & = ¢&/2(||T||+1). Then (19), (20) and (23) imply that
1T (ag) = aT(@)llp < IT (a8) = T (a(f ®e &), + T (a(f ®28)) = oT (f ®28)ll,

T (f208)~ oT(S)l],
< E.

This shows that 7 € LCV,(G,M,). O

|
>

QU= Q= Q=

T (a(f®eg))

Il
> D>
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THEOREM 5. Let G be a locally compact group, mg be the left Haar measure
on Gand T € B(LP(G,M,)). If T € LCV,(G,My,) and T (f ®,g) = f®¢T(g), for all
feLY(G,M,), g€ LP(G,M,), then T € CV,(G,M,).

Proof. By the same reasons in the proof of Theorem 4, for every € > 0 there exists
[ €LY (G,My) with || f]|11(G u,) <1 such that forevery g € L7 (G,M,), ||f ®rg—gll, <
2¢;1, where €; depends on €. Hence, for any a € G, we have ||,(f ®,g) — 48| < 2€;.
So, for each a € G, we get

(T (f®c8))a =T (&)all, = I(f ®eT(8))a—T(g)all, <281, 24

and
1T (a(f®eg))— T(ag)ll, <2[Tller. (25)

Moreover, for any g € L?(G,M,), h € L1(G,M;;) and a € G,
(T((f®e8)a) ) = ((f ®18)a; T ()
([ ®f;g>a<x>r*(h><x>dmc<x>)

—Tr( [ [[ams() 02606 lmy>@Aé(y>T*<h><x>de<x>)
AT >< o1/ @r) T ()

= (AT (@T (o (1 / ®08)) ). (26)
Since T € LCV,(G,M,), (26) implies that

=Tr / dmg(y) 1 f(y) (yilaxy)®A$ (aly)T*(h)(x)dmg(x))

Tr

(rf ®e8) (x >®A¥<a>T*<h><x>de<x>)

T((f®08)a) =AT (@) 1S ®(T(g)), @7
for all @ € G. Then by Lemma 5(ii) and (27), we have
T(f®eg),=T((f®r8)a), (28)

forall a € G. We set € = €/2(||T||+1). Then (24), (25) and (28) imply that

1T (8a) = T(g)allp <&
This shows that T € RCV,(G,M,). O
THEOREM 6. Let G be a locally compact group, mg be the left Haar measure

on G and T € B(LP(G,M,)). If T € CV,(G,M,), then T (g® f) =T(g) ® f, for all
feLY(G,M,) and g € L’ (G, M,).
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Proof. By Lemma 1 we get [lg® fl|, < |gll,llf]|1, for all g € LP(G,M,) and
f € LY(G,M,). This shows that L’ (G, M,,) is aright Banach L!(G,M,,)-module respect
to the right conjugate convolution product. Assume that 7 € CV,(G,M,). By a similar
argument in the proof of Theorem 3, we have

(T(g)® f;h) =(T(g@[)h),
forall g € L?(G,M,), h € LY(G,M}) and f € L'(G,M,). O
The proof of the following result is similar to the proof of Lemma 5 and we omit

it.

LEMMA 7. Let G be alocally compact group, mg be the left Haar measure on G
and T € B(LP(G,M,)). If. forall f € L"(G,M,), g€ LP(G,M,), T(g® f)=T(g)®f,
then, for any a € G,

(i) T(g®f) = A7 (@)@ (T(2) ® uf),-

(il) T(8® fla=AT (@) ®a(T(2)® 4 1f).

Similar to Theorem 4, we now consider the converse of Theorem 6.

THEOREM 7. Let G be a locally compact group, mg be the left Haar measure
on G and T € B(LP(G,My)). If T € RCV,(G,M,) and T (g® ) =T(g)® f, for all
feLY(G,M,), g€ LP(G,M,), then T € CV,(G,M,).

Proof. Similar to the proof of Theorem 4, let (Ey), be the obtained conjugate
right bounded approximate identity for (L'(G,M,),®) with ||Eq||; <1 in Lemma 6.
Set f =Eq. Then, forany € >0 and g € Cc(G,M,), wehave ||g® f—g||, < &1, where
€1 depends on €. Hence, forany € >0 and g € LP(G,M,), ||g® f —gl|, < 2¢;. Thus,
forany a € G, we have [|,(g® f) — 48|/ < 2€;. So, for each a € G, we get

la(T(g® f)) = aT (@), = lla(T(g) ® f) — T (g)ll, <281 (29)
From boundedness of T', for each a € G, we also get
1T (a(g®f))— T(ag)ll, <2/ T|e: (30)

Moreover, for any g € LP(G,M,), h € LY(G,M};) and a € G, similar to (21), we
have

(T(u(g® f)),h) = (AT (@T (88 of)) h)- (31)
Since T € RCV,(G,M,), (31) implies that
T((g®f) =AT(@T (8% uf),)
— AT (@)T (g® of),
= A7 (@) (T(2) ® af)as (32)
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for all @ € G. Then by Lemma 7(i) and (32), we get that

ol (g®f)=T(a(g®f)), (33)

forall a € G. We set & = &/2(||T||+1). Then (29), (30) and (33) imply that

1T (a8) = aT(@)lp < T (a8) =T (alg @ NI, + T (a(e® ) = T (@ )],
T (g®f)— oT (9,
<e.

This shows that T € LCV,,(G,M,). O

THEOREM 8. Let G be a locally compact group, mg be the left Haar measure
on G and T € B(LP(G,M,)). If T € LCV,(G,M,) and T (g® ) =T(g) ® f, for all
feLY(G,M,), g€ LP(G,M,), then T € CV,(G,M,).

Proof. Similar to the proof of Theorem 7, for any & > 0 there exists f € L' (G, M,)
with norm less than 1 such that for any g € LP(G,M,), ||g® f —gl|, < €1, where g
depends on €. Thus, for any a € G, we have ||,(g® f) — 4g|| < 2¢&. So, for each
ae G, we get

(T (g®f)g—T(8)all, <281, (34)

and
1T ((g® fla) — T(8a)ll, <2/ T|&: (35)

Moreover, for any g € LP(G,M,,), h € LY(G,M};) and a € G, we have
-1
(T((g®f)a),h) =(A7 (@) DT (a(8® 411))h). (36)
On the other hand T € LCV,,(G,M,), so (36) implies that
—1
T((g®[f)a)=A7(a)® o(T(8)® 41f), (37)
for all @ € G. Then by Lemma 7(ii) and (37), we get that
T(E®f)e=T((&®f)a), (33)
forall a € G. We set € = €/2(||T||+1). Then (34), (35) and (38) imply that

1T (8a) = T(8)allp <&

Thus T € RCV,(G,M,). O
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4. Problems

In this section, we ask some questions that they have important role in the notion

of the left (right) conjugate convolution operators on LP(G,M,), where G is a locally
compact group and 1 < p < oo.

1

. Under which conditions a left (right) conjugate convolution operator on LP (G, M,,)

is (weakly) compact?

. The spectrum and eigenvalue sets of convolution operators on L?(G,M,) are

characterized in [2]. How we can characterize these sets for the left (right) con-
jugate convolution operators on L” (G, M,)?

. Let {0;}+~0 be a (one-parameter) convolution semigroup M, -valued measures

on G (for definition, see [2, Chapter 4]). Define T;~ : L (G,M,) — L?(G,M,)
by (f) = f ® 0 and

()H: (T, L7 (G,M,)) ={f € L’(G,M,): f = f® & forall 1 > 0}.

t>0

What is the dual space of (o H. (T3, L (G,M,))?
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