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Abstract. In the paper, by virtue of convolution theorem for the Laplace transforms, Bernstein’s
theorem for completely monotonic functions, and other techniques, the author finds necessary
and sufficient conditions for a difference constituted by four derivatives of a function involving
trigamma function to be completely monotonic.

1. Motivations

In the literature [1, Section 6.4], the function
() = / e ldr, R(z) >0
0

and its logarithmic derivative y(z) = [InT'(z)] = % are respectively called Euler’s

gamma function and digamma function. Further, the functions y/(z), v (z), v"(z),
and 11/(4) (z) are known as trigamma, tetragamma, pentagamma, and hexagamma func-
tions respectively. As a whole, all the derivatives y(*¥)(z) for k € {0} UN are known as
polygamma functions, where N denotes the set of all positive integers.

Recall from Chapter XIII in [7], Chapter 1 in [22], and Chapter IV in [24] that,
if a function f(x) on an interval I has derivatives of all orders on I and satisfies
(=1)"f"(x) >0 for x € I and n € {0} UN, then we call f(x) a completely monotonic
function on /.

There are a number of papers and mathematicians dedicated to investigation of
complete monotonicity of some functions involving the gamma and polygamma func-
tions. For more information and details, please refer to the papers [2, 4, 5, 18, 20, 27]
and closely related references therein.
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Let o = (0q,00,...,0,) and B = (B1,B2,...,Bn) € R". A n-tuple o is said to

strictly majorize ﬁ (in symbols o > ﬁ) if ((X[l], (2] .,Ol[n]) #* (ﬁ[1]7ﬁ[2]7 ,ﬁ[n]) s
SEjog =3k By for 1<k<n—1,and 3 0 =3 i, where oy > 0 >
-+ 2 0y and By = Py = -+ = Py, are rearrangements of o and f in a descending

order. A real-valued function d) defined on a set &/ C R” is said to be Schur-convex
on & if x <y for x,y € o/ means ¢(x) < ¢(y). See [6, p. 8, Definition A.1] and [6,
p. 80, Definition A.1]. There have been a lot of literature such as the papers [3, 21, 23,
25, 28, 29] dedicated to investigation of Schur-convexity.

Let

G(x) = x[xy’(x) — 1] —% =’ {ly’(x) . %}, x € (0,00).

x  2x

In [26, Theorem 1], the function x*G(x) was proved to be completely monotonic on
(0,00) if and only if (x < 0. In other words, the completely monotonic degree of the
function y'(x) — % 5 L with respect to x on (0,e0) is 2. For the notion of completely
monotonic degrees, please refer to [10, 26] and closely related references therein.

For k € {0} UN and 6,7 € R, let

%.0,(x) = GV () + 6, [GW (x))

and
G(2k+1) (x)
[(=1*G® (x)] *

on (0,e0). In [16, Theorem 3.1 and Theorem 4.1], the author discovered that,

Sir (x) =

. if and only if 6, > %, the function % g (x) is completely monotonic on

(0,°°);
2. if and only if 6 <0, the function —% g, (x) is completely monotonic on (0,c°);
3. if and only if 7; > 2, the function & ; (x) is decreasing on (0,o°);
4. if 7, < 1, the function &  (x) is increasing on (0,0);

5. only if

W/(l)v k=0
1

vy ke 1

w<q V(1)

k—1 W(k_l)(l)w(2k+l)(l)

CEVCIT IV

the function & ;, (x) is increasing on (0,0);
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6. the limits
—2%, k=0

6y (1), k=1
lim &, (x) = vi)

x—0+t 2%
202k+1)  y@(1) P
(k— 1)Tkk7~'k—1 ’W(k—l)(l)’a =z
and
—oo, T > 2
. _ 3(2k+2)!
lim & ¢ (x) = ¢ 2\ T 2" -2
xmeo Hkrnr *
0, T <2
are valid;
7. the double inequality
—4, k=0
3(2k+2)! 6y (1), k=1
—ﬁ<®h2(.¥)< v ( )
' ' 202k+1) w3(1) 50
k=12 y®ED )] "7

is valid on (0,e0) and sharp in the sense that the lower and upper bounds cannot
be replaced by any greater and less numbers respectively.

For m,n € {0} UN, let

G(m+n+1)(x)

Gnn(x) = G (0)G™ (x)

and
G () = GV () 4 2 n G () G ()
on (0,00). In [13, Theorems 3.1 and 4.1], the author obtained the following results:
1. the function ¥, ,(x) is decreasing in x € (0,°0) and maps from (0,e),

(a) if
(b) if

m,n) =
m,n) € {(1,0),(0,1)}, onto the interval (—12,—4y/(1));

)

0
0

1
2,0),(0,2)}, onto the interval (—18, 6;‘//,/(1)) ;

( m

1,1), onto the interval (—36,6y"(1));

0,0), onto the interval (—6,—4);
1

(m,n) = (
(m,n) € {
(c) if (m,n) € {
(d) if (m,n) = (

(m,n) € {

(e) if (m,n) €{(2,1),(1,2)}, onto the interval (—72,_63/’:;/};));
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(f) if m,n > 2, onto the interval

(_6(m+n+l)! (m+n+1)(m+n) wlmn (1) )
min! " mn(m—1)(n—1) ym=-D(1)yr-D(1) )

2. the double inequality

6(m+n+1)!

T el

—4, (m,n) = (0,0)
_4V//(1)7 (m7n) € {(170)7(071)}
6y"(1) o
l[//(l) ’ ( ’ )E{(270)7(072>}

<96y (1), (m,n) = (1,1)
_6V////(1) o

v (m,n) €{(2,1),(1,2)}

(m4nt1)(m+n)  ym(1) .
mn(m—1)(n—1) ym=-O(1)yk-D(1)" 7~

is valid on (0,c) and sharp in the sense that the lower and upper bounds cannot
be replaced by any larger and smaller numbers respectively;

3. if and only if A,,, <0, the function (—1)"*"*1¢, ., = (x) is completely mono-
tonic on (0,0);

4. if and only if A, > W, the function (—1)"""%, ., (x) is completely
monotonic on (0,eo).

In this paper, we would like to consider monotonicity of the function

G (x)GY) (x)

Gijipq(x) = G (x)G (x)

and complete monotonicity of the function
Gijipaidijipq¥) = (= 1) G (x)GY) (x) — (- 1)€+’nAi7j;p7qG(p) ()G9 (x) (1.1

on (0,e), where i, j,p,q € {0} UN such that (i, ) > (p,q). Figure 1 plotted by the
software MATHEMATICA hints that the function G7,11;15,13(x) is not monotonic in
x € (0,00).

Therefore, in this paper, we will only consider the functions £G; jpg:A; ., , (%)
and find necessary and sufficient conditions on A; j.p 4 for £Gj j.p A x) to be
completely monotonic on (0,ce).

iﬁj:/xq(
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Figure 1: The graph of the function Gy7 11.15,13(x) on (%,9)

2. Lemmas
The following lemmas are necessary in this paper.

LEMMA 2.1. ([13, Lemma 2.3] and [16, Lemma 2.1]) Let

el(r—2)e +1+2]
EEIV

t#£0;
w(t) = )
67

Then the following conclusions are valid:

t=0.

1. the function w(t) is infinitely differentiable, positive, and even on (—eoo,0), is
increasing on (—e=,0), and is decreasing on (0,00);

2. the function w(t) is logarithmically concave on (—oo,o0).

LEMMA 2.2. (Convolution theorem for the Laplace transforms [24, pp. 91-92])
Let fi(t) for k= 1,2 be piecewise continuous in arbitrary finite intervals included in
(0,00). If there exist some constants My > 0 and ¢ > 0 such that |fi(¢)| < Mye™¥ for
k=1,2, then

/O“’ [/Otfl(u)fz(t—u)du} e dr = /wal (”)e_md“/owfz(v)e‘”dv,

LEMMA 2.3. ([11, Lemma 2.6]) For m,n,p,q € N such that (p,q) = (m,n), the
function
Sm_l(l _S)n—l + (1 _S)m—lsn—l
sPI (1 —s)a~ 14 (1 —s5)p—lsa-!
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is increasing in s € (O, %)

LEMMA 2.4. (Bernstein’s theorem [24, p. 161, Theorem 12b]) A function f(x) is
completely monotonic on (0,0) if and only if

ﬂ@:/eme7xe@@7 @.1)
0
where o (s) is non-decreasing and the integral in (2.1) converges for x € (0,00).

LEMMA 2.5. ([9, Lemma 2.4]) For i,j,¢,m € {0} UN with (i,j) = ({,m), the
inequality i!j! > 0lm! is valid.

LEMMA 2.6. ([10, Theorem 6.1]) If f(x) is differentiable and logarithmically con-
cave on (—eo,00), then the product f(x)f(xo —x) for any fixed number xy € R is in-

creasing in x € (—eo, %) and decreasing in x € (%,).

3. Necessary and sufficient conditions of complete monotonicity

In this section, we find necessary and sufficient conditions on A; ;. 4 for the func-
tions £G; jip A, ., (x) defined by (1.1) to be completely monotonic on (0, ).

THEOREM 3.1. For i,j,p,q € {0} UN such that (i,j) = (p,q),

1. if A jipq < 1, the function G jp gin, ;.,,(x) defined by (1.1) is completely mono-
tonic on (0,0);

2. ifand only if A; j.p g > % the function —Gi j.p g:n, ., (X) is completely mono-
tonic on (0,0);
3. the double inequality
GO (x\GW) 1
1< (x)GY(x) < B 3.1)

G (x)G9(x) ~ plq!
is valid on ‘(0, o) and the right hand side inequality is sharp in the sense that the

17!
number ﬁ can not be replaced by any smaller one.

Proof. In the proof of [17, Theorem 4], the author derived an integral representa-
tion

amz/»mme, (3.2)
0
where w(z) is defined in Lemma 2.1. Combining (3.2) with Lemma 2.2 gives
_ “ i —xt « ] —xt
Gijipgihijipg (x) = /0 w(t)t'e dt/o w(t)t!e M dt

—Ai’j;p,q/o w(t)tpe‘x’dt/o w(t)tle ™ dt
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= / [/ (t —u) w(u)w(r — u)du} e Mt
oo 15
— Aiﬂj;p,q/ [/ ul (t — u)tw(u)w(t — u)du} e Mdr
o Lo

_/ lfo (t —u)/w(u)w(t —u)du A

uP (t —u)iw(u)w(t — u)du

x [ /0 WP (1 — )t w()w(i — u)du] edr

— 01 si(1—s)w(st)w((1 —s)t)ds o
0 fo sP(1—s)aw(st)w((1 — s)t)ds i,j:psq

x [ /0 WP (1 — u)tw()w(t — u)du] e,

By Lemma 2.3, we obtain that the double inequality

si(1—s) + (1 —s)is/

1<
sP(1—s)q+4 (1 —s)Psd

(3.3)

is valid and sharp for s € (0,3) and (i, ) = (p,q). Hence, we have

o 5T (1 —s)w(st)w((1 — s)t)ds fol/z[ {1 —s) +s/(1—s)w(st)w((1—s)t)ds

Jo 2 (1 =s)w(styw((1=s))ds — fo/2sp(1— s)a+s9(1 —s)w(stw((1 - s)i)ds
> 1. 3.4

Consequently, by Lemma 2.4, when A j. 4 < 1, the function G; jip g, ., (X) is com-
pletely monotonic on (0,).
By virtue of Lemma 2.1, we acquire

oS wsw(L—s)nds o '(1—s)ds
1—0% fol P(1—s)dw(st)w((1—s)t)ds folsl’(l—s)‘lds
_Bi+Lj+1) il

+ —_
B(p+1,q+1) plq!"

Let
/2 . . .
S iipg(t) = /O [51(1 = 5) + 57 (1 — s) ] w(st)w((1 — s)r)ds

ijl 12
_ %/ [sP(1 — )7+ s7(1 — 5)PIw(st)w((1 — s)t)ds

—/1/2< s)/ +5/(1—s)']

M (=)0 91— )P ])w(st)w((l—s)t)ds

plg!
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_/1/2 (1 —s)/ +s/(1—s5) il
P(l—s)i+s5i(l—s5)P plqg!

X [sP(1 —5)4s9(1 —s)Plw(st)w((1 — s)t)ds

for 1 € (0,00) and (i,j) > (p,q). By Lemma 2.3, Lemma 2.5, and the sharp inequal-
ity (3.3), we find that the function
si(1—s)/ +s/(1

sP(1—s)1+s54(1

—s) !

—s)?  plg!

1) for (i,j) = (p.q). Asa

is decreasing in s € (0,3) and has a unique zero 5o € (0,

result, utilizing Lemmas 2.1 and 2.6, we have
(1—s)+s/(1—s) i)} ]

Sijipalt (/ /1/2)[ P(L—s)i+si(L—s)P  plg!
t —st)ds

X [sP(1 —5)+57(1 —s)Pw(st)w(
s'(1—s)/ +s/(1—s) ﬁ]

12
< W(Sot)W(t—Sot)/O Lp(l —s)itsi(1—s)? plg!

X [sP(1 —5)7+59(1 —5)"]ds
12/ . S .
:w(sot)w(t—sot)/o1 (51(1 — ) +5/(1—s)

Bl
%[sp(l —8)7+ (1 —s)P}>ds

w(sot )w(t — sot) (/01/2 [s'(1—s)/ +5/(1—s)]ds

i!j! /1/2[s1’(1 — )7 +s7(1 - Sst)

~plg! Jo
ilj!
(s01) (f—sof)[B(i+1,j+1)—p,—]q,B(P+l7q+1)]
it it plg! ]

= w(sot )w(t — sot) [m plg! (p+q+1)!

=0.

Accordingly, the inequality
1/21 4
fo/ [s'(1—
1/2
Jo TsP(1—s)9+s9(1 —
) and (i, j) > (p,q).
i, j) > (p,q), if and only

1—s))ds  ilj!
(L=s))ds _ itjt

5)/ 457 (1= s) w(st)w(
r'q!

$)PIw(st)w((1 —s)t)ds

is valid and sharp for ¢ € (0,0
Therefore, by the equality in (3.4) and Lemma 2.4, for (i, j)

if Ajjpg > S0 the function —G;, Jipgihi j:pq (X) 18 completely monotonic on (0, o)
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The double inequality (3.1) follows from complete monotonicity of the functions

G jip.g: ;pq(X) ON (0,00). The sharpness of the right hand side inequality in (3.1)
follows from the limit

U T( 1V kL (k) _Kk

in [16, Lemma 2.2], where k > 0. The proof of Theorem 3.1 is complete. [

4. Remarks
Finally, we list several remarks.

REMARK 4.1. What is the necessary and sufficient condition on A; ;. , such that
the function G j.p g:, ;.,, (%) defined in (1.1) is completely monotonic on (0,°)?
What is the sharp lower bound of the left hand side inequality in (3.1)?

REMARK 4.2. For Ny ={0}UN, n > 2, and two nonnegative integer tuples a =
(o,00,...,00) € Nj and B = (B1,Bo,...,Bn) € Nj with a > B, let

n

Gapicyg®) = [1[(-D¥G (@] ~Cap lf[l[(—l)ﬁ’G(ﬁ’)(x)]

r=1

on (0,%0). One can discuss necessary and sufficient conditions on Cq g € R such that
the functions +Gq g.c,, P (x) are respectively completely monotonic on (0,0).

REMARK 4.3. This paper is a revised version of the electronic preprint [8] and
the tenth one in a series of articles including [15, 9, 11, 12, 13, 14, 16, 17, 19].

Acknowledgements. The author appreciates anonymous referees for their careful
corrections to and valuable comments on the original version of this paper.
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