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AN APPLICATION OF THE AFFINE SHORTENING FLOW

JIANBO FANG™, YUNLONG YANG AND FANGWEI CHEN

(Communicated by M. A. Herndndez Cifre)

Abstract. In this paper, using the affine curve shortening flow, we prove the following inequality:
if C is a smooth closed and convex curve with affine perimeter . and enclosed area <7, then

> Z
umaX/2M7

where [max is the maximum affine curvature of C.

1. Introduction

Let v be a smooth Jordan curve in R?. Pestov and Ionin [11] showed the following

interesting inequality,
|
Kmax 2 Z ’ ( 1)

where Kmax and A are the maximum curvature and the enclosed area of y. Equality
holds in (1) if and only if y is a circle.

Various proofs and generalizations of inequality (1) aroused much interest. Howard
and Treibergs [7] gave a proof of (1) by analytical methods. Pankrashkin [9] obtained
another proof of (1) through the curve shortening flow (see Gage-Hamilton [2] and
Grayson [4]). For a smooth simple closed curve on surfaces, Yang and Fang [15] got an
analog of (1) by the curve shortening flow on surfaces (see Gage [3] and Grayson [5]).
Other aspects of this topic can be found in Ferone-Nitsch-Trombetti [ 1], Pankrashkin-
Popoff [10] and Ritoré-Sinestrari [12].

Following the work on the curve shortening flow in the plane (see Gage-Hamilton
[2], Grayson [4]), Sapiro and Tannenbaum [13] studied the affine curve shortening
problem. Inspired by the idea of Pankrashkin [9], Yang [14] showed an inequality for
the minimum affine curvature through the affine curve shortening flow. In this short
paper, we get the affine analog of (1) through the affine curve shortening flow.
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THEOREM 1. If C is a smooth closed and convex curve in R2, then

<z
max> ] 2
4 2 2

and equality holds if and only if C is an ellipse, where Umax and £ are the maximum
affine curvature and the affine perimeter of C, and <f is its enclosed area.

2. A maximum curvature inequality

Let C:S' — R? be a smooth embedded curve with parameter p (where S! denotes
the unit circumference). A reparametrization of C(p) to a new parameter s can be
performed such that,

[CSaCSS} =1, (3)

where [X,Y] stands for the determinant of the 2 x 2 matrix whose columns are given
by the vectors X,Y € R2, where C, and Cy, are the first and the second derivative
of C with respect to s. Furthermore, C; is called the affine tangent vector and Ci
the affine normal vector of the curve C. The relation is invariant under proper affine
transformations, and the parameter s is called the affine arc-length. Denoting by

g(p) = [Cpacppﬁ,

the parameter s is explicitly given by

P
sp) = [ slE)ae.
The affine perimeter of C is given by
L = / ds.
c

[Cs y Csss} = O,

By differentiating (3), one has

which implies that Cy and Cg, are linearly dependent and thus, there exists y € R such
that
Ciss + ,qu =0.

Combining with (3) yields

H = [CSS7CSSS]7
and u is called the affine curvature of C. A more comprehensive exposition of various
aspects of the Affine Differential Geometry can be found in [13].

Let C(p,t) : S' x [0,w) — R? be a family of smooth closed and convex curves
where ¢ parameterizes the family and p parameterizes each curve, and ® is the maxi-
mal time that the family of curves exists. Inspired by the curve shortening flow, Sapiro
and Tannenbaum [13] composed the affine curve shortening flow:

%:Css(pﬁ)’ (4)
C(,O) - CO(')7
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where s := s(p) = f[Cp,Cpp]%dp and Cp(-) denotes a smooth, closed and convex
curve. Under the affine curve shortening flow (4), they showed that the affine curvature
u(-,1) is always positive and the limit shape (i.e., the curve obtained when 1 — @) is
an “elliptical point”, with convergence in C* norm.

Next, we will apply the affine curve shortening flow (4) to deal with Theorem 1.
First, we give two lemmas which will be used in the rest of this paper.

LEMMA 1. ([13]) The evolution equations of the affine perimeter £ (t), the en-
closed area </ (t) and the affine curvature [l with respect to the evolving curves C(,t)
are

Y= —% f.u(sj)ds, (5)
o =—ZL(t), (6)
ou(s,t) 1 4 ,

Era guss(s,t)+ 5“ (s,1). (7)

LEMMA 2. ([13]) If C is a smooth closed and convex curve, then the affine
isoperimetric inequality
L2(1)
2 t)ds < 8
j{u(s, )ds 0 (®)

holds, with equality if and only if C is an ellipse.

Proof of Theorem 1. Set Q(s,t) = u?(s,t) and Quax(t) = max{Q(s,?) | s €
[0,.2]}. Then

90(s.1) du(st) I0(s.1) A (s,1)
ot —2‘LL(S,Z‘) ot ) Os —Z,U(S,I)T,
2°0(s,t) _ (du(st)\’ 92 (s, 1)
0s? _2< ds >+2[.1(s,t) ds?

which together with (7) yields

90(s.1) 2 Pu(st) 8 ,
3[ - 3”(S7t) 852 +3[,l (S7t)

1920(s,1) 1 <8Q(s,t))2 8

3
8S +§Q2(Sat)'

T3 082 60(s,1)

Since Omax(#) is Lipschitz continuous, it is differentiable almost everywhere. Let s*
be the point such that Q(s*,#) = Omax (¢) . From Hamilton’s technique of the maximum
principle [6, p. 159], it follows that

(@m0 < 221

= gﬁ(s »l)—m (g(s J)) gQZ(S 1)
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and at the point (s*,),

2’0 ., 20, .
W(S ,l) < O, g(s ,l) =0.
Hence,
8 3
(Qmax(t))t < §Qr%1ax(t)a (9)
which implies that

1

(ot )5

Let @ be the maximal existence time. Integrating the above expression on [f,®) (where
o is finite [8, p. 1190] ) and that Qmax (t) — e when 1 — ® (see [13, Theorem 15.1]),

one gets
1

Omax (1)
It follows from (5), (6) and (8) that

(%(t))t _ LG —ad 04 n (1) (37{u(s,z)ds)

(0—1). (10)

<

W &

Z(1) 2L2(1) 221 \3

A1) L21) 2
NI E P (n

which implies that
o o (t 2
S0) A0 _ 2,
Z(w) Z() 3
Since «7(¢) is an infinitesimal of order higher than Z(¢) as 1 — o, % — 0 as

t — o, hence

3 .d(1)
w—t\zw. (12)

1
From (10), (12) and Umax(f) = Qiax(f), (2) follows and equality holds in (2) only
when the equalities hold in (9) and (11). By the affine isoperimetric inequality (8), the
equality holds in (11) only when the evolving curve is an ellipse. [

REMARK 1. Since the affine inequality (8) plays a significant role in the proof of
Theorem 1, the condition on the curve C cannot be reduced to being a smooth Jordan
curve by using this method.
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ful reading of the original manuscript of this paper and giving us some invaluable com-
ments.



[1]
[2]

[3]
[4]

[5]
[6]

[7]
[8]
[9]
[10]
[11]
[12]
[13]
[14]

[15]

AN APPLICATION OF THE AFFINE SHORTENING FLOW 931

REFERENCES

V. FERONE, C. NITSCH AND C. TROMBETTI, On the maximal mean curvature of a smooth surface,
C. R. Math. Acad. Sci. Paris, 354, (2016), 891-895.

M. E. GAGE AND R. S. HAMILTON, The heat equation shrinking convex plane curves, J. Difterential
Geom. 23, (1986), 69-96.

M. E. GAGE, Curve shortening on surfaces, Ann. Sci. Sci. Ecole Norm. Sup. 23, (1990), 229-256.
M. A. GRAYSON, The heat equation shrinks embedded plane curves to round points, J. Differential
Geom. 26, (1987), 285-314.

M. A. GRAYSON, Shortening embedded curves, Ann. of Math. 129, (1989), 71-111.

R. S. HAMILTON, Four-manifolds with positive curvature operator, J. Differ. Geom. 24, (1986), 153—
179.

R. HOWARD AND A. TREIBERGS, A reverse isoperimetric inequality, stability and extremal theorems
for plane curves with bounded curvature, Rocky Mountain J. Math. 25, (1995), 635-684.

M. N. IVAKI, Centro-affine normal flos on curves: Harnack estimates and ancient solutions, Annales
de I'Institut Henri Poincaré. Analyse Non Linéaire 32, (2015), 1189-1197.

K. PANKRASHKIN, An inequality for the maximum curvature through a geometric flow, Arch. Math.
105, (2015), 297-300.

K. PANKRASHKIN AND N. POPOFF, Mean curvature bounds and eigenvalues of Robin Laplacians,
Calc. Var. PDE. 54, (2015), 1947-1961.

G. PESTOV AND V. IONIN, On the largest possible circle embedded in a given closed curve, Dokl.
Akad. Nauk SSSR 127, (1959), 1170-1172 (in Russian).

M. RITORE AND C. SINESTRARI, Mean curvature flow and isoperimetric inequalities, CRM
Barcelona, Birkhiuser, Basel, 2010.

G. SAPIRO AND A. TANNENBAUM, On affine plane curve evolution, J. Funct. Anal. 119, (1994),
79-120.

Y. L. YANG, An inequality for the minimum affine curvature of a plane curve, C. R. Math. Acad. Sci.
Paris 358, (2020), 139-142.

Y. L. YANG AND J. B. FANG, An application of the curve shortening flow on surfaces, Arch. Math.
114, (2020), 595-600.

(Received September 7, 2020) Jianbo Fang

School of Mathematics and Statistics

Guizhou University of Finance and Economics
Guiyang, 550025, People’s Republic of China
e-mail: fibwcj@126.com

Yunlong Yang

Department of Mathematics

Dalian Maritime University

Dalian, 116026, People’s Republic of China
e-mail: ylyang@dlmu.edu.cn

Fangwei Chen

School of Mathematics and Statistics

Guizhou University of Finance and Economics
Guiyang, 550025, People’s Republic of China
e-mail: cfw-yy@126.com

Mathematical Inequalities & Applications

v.ele-math.com

mia@ele-math.com



