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QUANTITATIVE WEIGHTED ESTIMATES AND WEIGHTED
COMPACTNESS FOR VARIATION OF APPROXIMATE IDENTITIES

YONGMING WEN, QUANQING FANG AND XIANMING HOU*

(Communicated by J. Pecari¢)

Abstract. In this paper, we give the quantitative weighted BMO estimates and C, estimates
for variation of approximate identities. Meanwhile, we also give a new characterization of
CMO(R") via the compactness of the variation operators associated with commutators of ap-
proximate identities in weighted Lebesgue spaces.

1. Introduction and main results

The intension of this paper is to establish the quantitative weighted L™-BMO esti-
mates, quantitative C, estimate and the compactness for variation operators associated
with commutators of approximate identities. Before we state our main results, let us
recall some backgrounds.

The well known extrapolation theorem established by Rubio de Francia [42] sho-
wed that if T is an operator bounded on LP0(®) for some py € (1,0) and each
® € Ap,, then T is bounded on L?(®) for each @ € A, with p € (1,e0). The con-
clusion also holds true if the hypothesis is assumed that 7 maps L!(®) into L' (w)
for any w € A;. While for pyg = o, Harboure et al. [28] then established the following
extrapolation theorem:

THEOREM 1. Let T be a sublinear operator defined on CZ(R"), assume that T
satisfies

o”! /Q T~ (T 1ol 11/ 0]-essinfo (1)

for any cube Q C R" and @ € Ay, where (T f)g:=|0|! JoTf and the implicit con-
stant depends on T and ®. Then T is bounded on LP(®) for any p € (1,0) and
0 EA,.
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If T is the Hilbert transform and satisfies (1), Muckenhoupt and Whedeen [41]
earlier showed (1) holds if and only if @ € A; . This result and the extrapolation theorem
perhaps are the source of inspiration for Theorem 1. One may wonder how does the
implicit constant in (1) depend on w. Recently, Criado, Pérez and Rivera-Rios [19]
answered this question, they gave a quantitative extension of Theorem 1 and extended
the Muckenhoupt-Whedeen’s result to Calderén-Zygmund operator.

On the other hand, the other way to obtain the boundedness result of an operator
is that one can seek a suitable maximal operator to control it. A classical example of
this principle is the following famous Coifman-Feferman inequality [15]:

HT fHLP < Cnp,w ‘Mf”U’ ()

where 7% and M are the maximal Calder6n-Zygmund operator and Hardy-Littlewood
maximal operator, respecctively, 0 < p < oo and w € A... For the necessity condition of
(2), Muckenhoupt [40] showed that @ € C, (a larger class than the class of A..) is the
appropriate condition other than ® € A... Later on, Sawyer [43] proved that (2) holds
for 1 < p <eo, p<gqand @ € C;. However, it is still an open problem that whether
o € Cp, is the sufficient condition. Recently, Canto et al. [7] provided the quantitative
C, estimates for singular integral operators. Also, we refer readers to see [35] for the
recent development of this topic.

Recall that given a locally integral function b and a linear or nonlinear operator
T, the commutator [b,T] is defined by

[0, T]f(x) := T ((b(x) = b(-))f) (x)-
And we say that b belongs to BMO(RR") spaces if

1
Ilsuo = sup - [ b(x) ~ (B)oldx < e
o 10/ e

Coifman, Rochberg and Weiss [16] showed that the commutator of Riesz transform is
bounded on LP(R") if and only if the function b is in BMO(R"). The compactness of
commutators has been started to receive attention with the development of the bound-
edness of commutators. Uchiyama [44] pointed out that the L”-boundedness result
in [16] could be refined to a compactness one if the space BMO(R") is replaced by
CMO(R"), which is defined to be the closure of CZ’(R") in the BMO norm. After-
wards, the works on compactness of commutators have been blossomed, for example,
[9, 13, 26, 45] et al. However, most of the scholars concerned with the compactness
of linear operators, the literature is far from enough regarding the compactness of non-
linear operators, we refer readers to [10, 21] for the commutators of Littlewood-Paley
operators and the maximal truncated commutators for singular integrals, etc.

Let p >2 and . (x) = {F(x)}/>0 bea family of Lebesgue measurable function,
the p -variation function 7, (%) of the family .7 is defined by

75 (F)(x) = [{E 0oy, :=sup(i - FL,@P) .
1710 Mr=1
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where the supremum is taken over all sequences {7z} decreasing to zero. By anal-
ogy to the definition of p -variation function, assume that .7 = {T; };~ is a family of
operators, then the p -variation operator is defined by

P (T 1)) = I{T(F)x) }sollv, -

In this paper, we study the variation operators associated with approximate identities.
Let ¢ € Z(R") satisfy [ps ¢(x)dx =1, where .’(R") is the space of Schwartz func-
tions. We consider the following familiy of approximate identities

D f(x) :={¢ * f(x) }r>o0, €))

where ¢ (x) :=t"¢(x/t). Let b€ L} (R"), we will also take into account the corre-

loc
sponding familiy of commutators of approximate identities

(D f)p(x) = {b(x); * f(x) — ¢ xbf(x) }s>0, 4

where
b 1@ =0k br ) = [ S0 () ) b)s

The variation for martingales and several families of operators have been investi-
gated by numerous mathematicians on various fields, such as probability, ergodic the-
ory, and harmonic analysis et al., one may consult [3, 31, 32, 33, 34] for earlier results.
Particularly, for p > 2, the classical work of p -variation operators for singular integrals
was given in [5], in which the authors gave the L” -bounds and weak type (1,1) bounds
for p-variation operators of truncated Hilbert transform and then extended to higher
dimensional in [6]. The first quantitative weighted estimates for variation operators
were given by Hytonen et al. [29], in which the authors studied variation operators of
smooth truncations of singular integrals. Almost at the same time, Ma, Torrea and Xu
[39] established the boundedness of p -variation operators of Calderén-Zygmund oper-
ators, additionally, they proved the variation operators of Calder6n-Zygmund operators
are bounded from L=(R") to BMO(R"), which generalized the result of Crescimbeni
et al. [17]. We refer readers to [11, 20, 22] for results of rough kernels and weighted
cases. For the variation operators of heat semigroups, Crescimbeni et al. [18] gave the
weighed L -bounds and weak type (1,1) bounds by using the vector-valued Calderén-
Zygmund theory. Liu [38] established the boundedness of variation operators associ-
ated with approximate identities on Lebesgue spaces, which covers the results of [18]
in the unweighted cases.

On the other hand, the variational inequalities for the commutators of singular
integrals also have been intensively studied. In 2013, Betancor et al. [1] studied the
mapping property of variation operators for the commutators of Riesz transforms in
Euclidean and Schrodinger setting. Few years later, Liu and Wu [37] obtained the
weighted L?” -boundedness for variation operators of commutators of truncated singular
integrals with the Calderén-Zygmund kernels. Recently, variation operators of com-
mutators with rough kernels were also obtained in [12]. While, for the compactness of
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variation operators of commutators, the result is rare, in 2019, Guo et al. [24] first gave
a characterization of CMO(R") via the compactness of variation operators of commu-
tators of singular integrals. Recently, Guo et al. [25] gave a new characterization of
BMO(R") via the boundedness of variation operators associated with commutators of
approximate identities.

From the previous known facts about variation inequalities, none of the quanti-
tative weighted estimates of endpoint case p = oo for variation operators have been
considered before. Inspired by the work of [25], one may wonder whether a new char-
acterization of CMO(R") can be established. In this paper, we settle these problems as
follows. Firstly, we give the quantitative weighted L™ -BM O bounds for variation op-
erators associated with convolutions with approximation of identities. As applications,
we give a simper proof of the L”-boundedness of variation operators associated with
convolutions with approximation of identities than in [38] and extend it to weighted
cases. Secondly, we obtain the quantitative C, estimates for variation operators, which
has never been considered before for variation operators. Thirdly, we give a new char-
acterization of CMO(R™). We state our results as follows.

THEOREM 2. Let ®« f be given by (3), @ be a weight (see its definition in Sec-
tion 2.1) and p > 2. Assume that f € LP(R") for some p > 1 and |f| < ® almost
everywhere. Then for all cubes Q CR" and all 1 < r < oo,

L @)= (s Pl S 0l esiio, )

where ® € L] such that the right-hand side is finite, 1/r+1/r =1 and M,(f) :=

loc

(M(|f|r))l/’. Specially, if ® € Aw,
ﬁ /Ql%@*ﬂ = (@ el S [@- |/ 0]l essint M. ©)

Moreover, if w € Ay,

1
0

REMARK 1. We can restate (5)—(7) as the following norm forms:

| 176(@x) = p(@x 1ol S [0l [0l /0l i-essint. (D)

HMj(%(CD*f))

<4 |7
o || S/l

Sl lif/o]u;

HMj(%(q)*f))
Mo

Hw < [l [0la | /0|1

()

=
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The weighted BMO(R") space BMO,(R"), which was first introduced in [41]
and developed by Bloom [2], is the set of all locally integrable functions f on R” with

1f|l8po, < oo, where || fllamo, = @(Q)" [ |f(x) = (f)oldx < e and ® € A... By
(7), we have the following corollary.

COROLLARY 1. Under the same assumptions as in Theorem 2, then for p > 2
and @ € Ay,

|76 (@x f)llBM0, < [0]a, [0la || f/ O =(rr).-

By Theorem 1 and Theorem 2, we obtain the weighted L? -boundedness of varia-
tion operators associated with approximate identities.

COROLLARY 2. Let p>2, 1 <p <ooand ® € Ap,
175 (@x )l w) S 1 lze (o)

REMARK 2. Corollary 2 extends the result in [38] to the weighted, providing a
simpler proof.

THEOREM 3. Let ®* f be given by (3) and w be a weight. Assume that f €
LP(R") for some p > 1 and |f| S @ almost everywhere. Then for all cubes Q C R"
and any € € (0,1),

1nf /”1/ (D* —cld <C|lf/o||r~essinfMw, 8
inf (g7 7@~ N <clfoliesy ®)
where C depends on € and ||V, 11_ 1. Moreover,
ME(Vp (@)
_ < o
LT
Specially, if o € Ay,
MY (D*
| M@ < oy /ol (10)

REMARK 3. Theorem 3 is an improved version of Theorem 2 in the sense that a
better dependence on the A|—A., constant is given.

THEOREM 4. Under the same assumptions as in Theorem 3, then for p > 2,

1
| M@ <l vl - (an
Moreover, if U € A, then
#
| ORCID <l (v 12)

where the definition of [(l,V)]a, is given in Section 2.
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THEOREM 5. Let 1 < p < g <o and p > 2, then for some 8 € (p/q,1) and any
o € Cy, we have

7@ Pl S (55 maxt L [olc, og™ [0le,}) 1M o

THEOREM 6. Let (D« f), be given by (4) and 1 < p < e. Then for p >2 and
wEA,, Vp((®Pxf)y) is compact on LP(w) if and only if b € CMO(R").

REMARK 4. We point out that all the results above also hold for variation of heat
semigroups and Poisson semigroups. Thus, we extend main results in [18].

We organize the rest of the paper as follows. We give preliminaries in Section 2.
Section 3 is devoted to proving Theorems 2, 3, 4 and 5. In Section 4, we give the proof
of Theorem 6.

We make some conventions at the end of this section. In this paper, we omit the
constant which is independent of the main parameters. We denote f < g, f ~ g if
f<Cgand fSg<s f,respectively. For any ball Q C R”, (f)o means the mean value
of f over O, yo represents the characteristic function of Q and ¢y denotes the center
of the cube Q.

2. Preliminaries

2.1. Weights

A weight o is a nonnegative and locally integrable function on R”. Given a
weight @, we say that w € A, (1 < p <o), if for all cubes Q C R",

[0]a, = sgp (ﬁ/gw(y)dy) (fé‘/(gw(y)l’p/dy)p_l < oo,

When p =1, we say that o € A; if
[0]a, == [[Mo/0||[~ < eoo.

When p = oo, we define A.. := Uj<p<Ap, and the constant of A.. is defined by
o o | Mlozo)ar <
AL (= SUp —— x)dx < oo.
0 0(0)Jo ¢

The doubling property of weight will be used in this paper: for A > 1, and all cubes Q,
if ® €Ay, we have ©(1Q) < A"P[w]a,w(Q). For two weights u,v, we say (u,v) €
Ay if

(1, V)]a, = [[Mu/V|= < oo

The following lemma is the well known reverse Holder inequality.
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LEMMA 1. (cf. [30]) Let 0 € A, there is a positive constant T, such that for
each 6 € (0,1/(1,|w]a..)] and each cube Q C R",

<5|/Qw(x)1+6dx>l/(l+6)< fa/Qw(x)dx

Next we introduce the C, class of weights. Recall that a weight o € C,, if there
are C,& > 0 such that for each cube Q and each measurable E C Q,

|E| |
IQ\
And the C,, constant [@]c, is defined in [7] by

JoM(@x0)(x)dx
0 Jar M(0) ()7 @ (x)dx
From the definitions above, one can see that the C, class of weights is larger than the

- class of weights. In [8], the authors gave the following lemma that concerned with
the quantitative C; estimates for Hardy-Littlewood maximal function.

o(E)<c(i5) [ Mio)wrowar.

[w]c,, =S

LEMMA 2. (cf. [8]) Let 1 < p < g < oo and @ € C,. Then for any f € L7 (R"),
we have

Pq

IMflr(w) < cn [@]c, log ™ [@]c, HIM £l (w)

2.2. Sharp maximal functions

Let QO C R” be a cube with sides parallel to the axes. The sharp maximal function
is defined by

£ ~
M) 2= sup 0 [ 1F0) oy~ supint 7 [ 170~ el

For € € (0,1), we also define the modified sharp maximal function by
ME(f)(x) := (M (| £19) (x)) /<.
3. Quantitative weighted estimates for variation operators

In this section, we give the proof of Theorems 2, 3, 4 and 5. Before we prove
Theorem 2, we need to establish the following lemma.

LEMMA 3. Let p > 2, then forany 1 < p < oo,

17 (@ £)llr @) S PPIf |0 (Rer);

where the implicit constant is independent of p,p'.
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Proof. This conclusion was proved in [38], here, we track the constant that de-
pends on p and p’ for our convenience. By using the result in [25, Lemma 2.3] and the
standard steps in [36, Theorem 1.1], we can prove that for any 1 < p < oo,

17 (@* )l o wry S PIMF | Lo (wr)s

where the implicit constant is independent of p, p’. Then the result follows by

IMfllp@ny S PN lr@ny. O

Proof of Theorem 2. Let f be given as Theorem 2, given a cube Q, write f =
g+ h, where g := fy>o. We first prove (5).
For y € (20)¢, x € Q, by Minkowski’s inequality, we have

|75 (@xh)(x) = ¥p(@xh)(co) (13)
< | h(x) — ¢ *h(CQ)}t>OH7/p

= sup (% ) /Rn\zQ{[% (x=y) =, (x—V)]

110
~0u(co )~ by (o))
< o O3 = o = esoll e

For y € (20)¢, x € Q, using the mean value theorem, we deduce that

[{:(x =) = d:(co—y) =0l % (14)
< sup (X194 =) = =) = [0 c0 =) = s feo )

Tk

2 (0=~ leg )

u(z
< [ ]300 - aleg—w|ar

= 1 [y —col\ —(+2)
§\x—cQ|/O t”+2<1+7t Q) dt

Tyl

__lx—col /°° " ol

S et o (1) fy =gttt
From the assumption on f and the L”-boundedness of 7, (®xh) (see [38]), we know
that (¥, (®xh))o < . Hence, from (13) and (14), we obtain

/Q 45 (@x k) (x) — (Fp(@xh)) oldx (15)

=/Q\"’/p(q)*h)(X)—%(q)*h)(CQ)Jr%(q)*h)(CQ)— (7p(@xh))oldx
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<2 [ (@ +h)(x) = Fp(@h)co)d

C
/ /)1\2Q y_CQ|%+1 |f()’)‘dydx
_ Wnlp
< f/olle / p Loromo BT o)y

<\f/o m/ i L o(y)dydx
S/l [, 327 g [ @0
< I /lli-lQless infM ().

On the other hand, by Lemma 3, we have

ﬁ/Q”i/p(d)*g)(x)dxé (é/Q”f/p(@*g)(x)’dxy/r (16)

’(@ [,

, 1 - 1/r
<rlf /ol (g [l d)

S || f/ o]~ essinf M, @(x).
x€Q

Now observe that
1
o /Q 7 (@5 £)(x) — (¥ (@ ))oldx

:ﬁ/g\”f/p(@*f)(x)—%(®*h)(x)+%(q>*h)(x)_<7/p(q)*h)>g
+ (Vp(Dxh))o — (Vp(P* f))oldx
et POl 1g1 J o

Hence, (5) follows by (15) and (16).

Next, we turn to prove (6). Choose r =14 1/(7,[®]a.), then 1 ~ [®]s.. and
r~c. Since ® € A, applying Lemma 1, we get (6).

Finally, (7) is a consequence of (6) and the definition of A;. Theorem 2 is

proved. [

Proof of Theorem 3. We first prove (8). Fix a cube Q, write f = g+ h with
g:= fx20- Then for € € (0,1), one can see that

;gg;@ 7@ ) el

< 157 [ (@ % N0 = (@ )glds
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1 &
<1 /Q 7@ £)(x) = Y (@xh) ()| dx
1
gl /Q [Hp(@xh)(x) = (Fp(Dxh)) | dx

1 . 1 .
S @/QI%(Q*gXx)\ dx-l—@/Q\“i/p(CD*h)(x)—(”//p(CI)*h»Q\ dx
=:1+1I.

For 11, by (15) and Jesen’s inequality, we have
1
1 < o [ 7p(@h)(@) = (p (@ )glds
0
<S|f/ o]~ essinfMo(x).
xeQ

To estimate I, we use the Kolmogorov inequality and the weak type (1,1) of
Vp(P*g) (see [38]), then

e (i1 [, rot@rawras)

1 \1/e 1
< (=) I/l 7p@) iy [ @by

1 \l/e .
<(75) " /@l 75 (@)1 -essint M ).
Hence, by the estimate of / /¢ and 11/ £, we get the desired results.

To prove (9), we use |[a|® — |b|¢| < |a —b|¢ for € € (0,1), then

;gf@ / [ (@ £)(x)F — dx

\Q|/Wp D% f)(x)° — (#p(@xh))ldx

< 17 J (@ 1)(5) = (5 @ xh)ola
from the definition of Mg(”i/p (D *f)), we find that (9) can be proved by following the
steps of the proof (8).

Finally, (10) follows by (9) and the definition of A;. Theorem 3 is proved. [J

Proof of Theorem 4. Take @ =  in (9) and use Mu < [(u,v)]a, v, we get (11).
Take @ = u in the second norm inequality in Remark 1 and againuse Mu < [(i,V)]a, Vv,
we get (12). This completes the proof of Theorem 4. [J

Proof of Theorem 5. By a minor modification of the proof of Theorem 3, we can
prove that for any € € (0,1),

ME(Vp (@ 1)) (%) < ey @M (1)
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Since p/8 < g, from Lemma 2, we obtain

175@ )l < M5 (7 (@ FDllir(@) = 1M (@5 ) s
1/8
< (5 max{1.[olg, log | c,,}) IMH((F (@5 D))o
= (522 max{1.[olq,log ole,}) M35 (@) o

Pq
< (24 max{1, (), log [wle, ) 1M fl1r(o)
6q—p
where in the third inequality, we used the following result proved by [46]:
IMfllr(o) S 1M fllr@), 1<p<qg<e, ®€C,.

This completes the proof of Theorem 5. [

4. The characterization of CMO(R")

This section is devoted to proving Theorem 6. We first recall the following defini-
tions.

DEFINITION 1. For a complex-valued measurable function f', the local mean os-
cillation of f over a cube Q is defined by

a(f:0) = inf((f=)xe) (RO (0<A<1),
where f* denotes the non-increasing rearrangement of f.

DEFINITION 2. By a median value of a real-valued measurable function f over a
measure set E of positive finite measure, we mean a possibly non-unique, real number
my(E) such that

max(|{x € E: f(x) >ms(E)}|, {x € E: f(x) <ms(E)}|) <|E|/2.

To prove our theorem, we need the following lemmas. To be more precise, we use
Lemma 4 and Lemma 6 to prove the sufficiency of Theorem 6, and Lemmas 5-8 are
applied to prove the necessity of Theorem 6.

LEMMA 4. (cf. [27]) Let p € (0,00) and ® be a weight, a subset E of LP(R")
is precompact (or totally bounded) if the following statements hold:

(a) E is uniformly bounded, i.e., sup rep || fllrr(w) S 15

(b) E uniformly vanishes at infinity, that is,

lim |f(x)|? o(x)dx =0,
N—eo JIx|>N
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uniformly for all f € E;
(¢) E is uniformly equicontinuous, that is,

lim sup \f(x—i—y) F@)|Po(x)dx=0
P—0yeB(0,p) /R

uniformly for all f € E.

LEMMA 5. (cf. [26]) Let b € BMO(R"). Then b € CMO(R") if and only if the
following three conditions hold:

(1) Timg o sup @y (b:0) =0
|Q|=d

(2) limy_ 4o sup a; (b;Q) =0,
0l=d

(3) limgie  sup  a(h:0) =
QIn[~d.d)"=0

LEMMA 6. (cf. [25]) Let ¢ € /' (R") with [pa@(x)dx=1, 1 <p<eo, ® €A,.
Then for p > 2, ¥p((®x f)p) is bounded on LP () if and only if b € BMO(R").

LEMMA 7. Let @ € A, and b be a real-valued measurable function. Given a cube

Q, there exist sets E and F associated with Q such that for f = ( [ a)(x)dx)il/pxp
and any measurable set B with |B| < A /8|0,

175 (@ * o)l e (£\8.0) Z a1 (b;0),

where the implicit constant is independent of Q.

Proof. Without loss of generality, we may assume that b and ¢ are real valued,
0(z) > 1, where z € B(zo,6) with |z0| =1 and & > 0 is a small constant. For any cube
0, denote by

P:=Q—10ynd gz
the cube associated with Q. By the definition of a; (f;Q), there exists a subset Q of

Q, such that || = 1|Q|, and according to the definition of 1, (P), there exist subsets
E C Q and F C P such that

[E|=01/2=A10|/2, |F| = |P|/2=10]/2.
By the Holder inequality, we have

Ho((@x N Wax < ([ (@) Padr) ' ( / o).
(17)

E\B
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On the other hand, for x € E, it was proved in [25] that

5@+ 0) 2 asb:0)( [ owar) ",

then

Do (@x ) 0ax 2 1Bl [ owar) e b:0) as)

E\B
23&/8\Q|</Pw(x)dx>7l/pal(b;Q).

Hence, by (17) and (18), we deduce that

I/p

([ 7o(@* D)0 o))
> (/ ot ra) " ( [, 7@ 1))
2 (f ot 7rax) " ( [owar) e w00z a6:0)

where we use the definition of A, and P C KQ for some K > 0 in the last inequality.
This is the desired result. [

LEMMA 8. Let w € A, and b € BUO(R"). Given a cube Q, let P, E, F be the

71/
sets associated with Q mentioned in Lemma 7. Set [ = ( Ir (u(x)dx) pxp. Then
there is a 8 > 0 such that

||7/P((q)*f)h) HL”(2d+1Q\2dQ7w) < Zféd"/pd,
for d large enough, where the implicit constant is independent of d and Q.

Proof. Note that

||{¢t(x_y)}t>0||“//p < H{o (x =) =0l (19)

= o (2] [} Fots—a)

Tk+1 ot

</N ¢ /w ‘x_y‘
~ /o tn+l(1+|x;_y‘)n+l 0 tn+2(1+‘x;_y|)n+2

S (| " dt+/°°7tn )
BV e T R e

~ |x_y|_n7
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and observe that the set F' can be chosen so that
-1/p
< (/ w(x)dx) xp(x).
P

Then by Minkowski’s inequality,

-1/p

(@« < [ 1660 =b0) =) bsollyay( [ otar) " @0
N/\b Y)|lx =y ™"dy /w dx) v
/
< [1ohr=blle—yas( [ w@war) "

l/P
+[b(x) p\/\x ¥ dy /w )dx)

For x € 29710\ 290 and y € P, since |x—y| ~ 2%, and |Q| = |P|, we have
[, 166) = @)slix—y|"ay @)
dn
Zd"|P| / |b(y) — (b)pldy < 27" ||b|| ppo(rn)-
To estimate [[b() — (b)p|1p(pa+10\240,0) - 1t v be a positive constant independent of

Q satisfy 2Q C 2"P, by the Holder inequality and reverse Holder inequality, one can
compute that

(forigrag 0~ @rPtia) @)
) </2"+"P [bx) — <b>P\pw(x)dx> .

1 pivey
— \b(x) _ < > |p (1+¢)"\ p(1+e)
‘2 P| 2d+vp

% ( 1 (D( )1+£d ) ll+€)

|2d+vp‘ 2d+vp

< |2d+vP|1/p(

) 1/p
S |2d+ P|l/p(d+ HbHBMO( )<|2d+VP‘ /d+vP )dx>

I/p

d+vpil
< 29+p) /pd(‘szrvp‘ i (x)dx)

Therefore, by (20)—-(22), we have

176 ((@*1)6) | Lr 20+10\200,0)

1 p/ 1 -1/p
dn(1/p—1
< gdn(l/p )d<‘2d+vp‘ 2d+va(x)dx> (m/Pw(x)dx>
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Since @ € A, there is a 6 > 0 such that ® € A,,_5. Then the doubling property of
A,_s yields that

1 —~1/p
< dn/p~dn(1-6/p)
‘P‘ / o(dx) " g2 <\2 o [, o)

We immediately have

||7/P((q)*f)h) HLP(szrlQ\2dQ7w) < p-8dn/pg O

Now, we are in the position to prove Theorem 6.

Proof of Theorem 6. Assume that b € CMO(R"), we first show that 7, ((®x f))
is compact on L”(®). According the definition of compact operator, we need to check
that

A (@ f)p) =T (@xS)o) < I llr(w) < 1}

is precompact. By Lemma 6, it suffices to verify A(7,((®* f);)) is precompact for
b € C(R"). Without loss of generality, we assume that b is supported in a cube Q
centered at the origin. Now, let us proceed a further reduction. Choose ¢ € C(R")
supported on B(0,1) such that ¢ =1 on B(0,1/2) and 0 < ¢ < 1, denote @g(x) =
¢@(x/6) with 6 > 0. Define

K@) = sup (] [ (00— = 001 = 5tx—)

1/
% (b(x) )| )"
We claim that it suffices to check that
AR (@5 f)p) = {72 (@* o) 2 [ f o) < 1}

is precompact.
Indeed, the sublinearity of variation operator, the Minkowski inequality, b € CZ°(R")
and (19) yield that

75 (@x f)p) (x) = 75 (@ f)y) ()]

< sup (2) ,1(¢tk(x—y)—¢tk+1(x_y))‘/’5(x_y)(b(x)_b(y))f(y)dy‘p>l/p

{110
s /R H{@(x—y)}»ou%\%(x—ymb(x) —b()|If()ldy
f0) £0)]
</|x <8 X — yl" eyt jzo/z 16<ipyicr s ey T S OMI ).

Hence, by the L”(w)-boundedness of M,

1% (@ )5) = V2 (@* )| 10 (00) 10 (@) S O
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which implies the claim by letting 6 — 0.

Now, in the following, we prove that A(“i/p‘S ((Dxf)p)) is a precompact set. Invok-
ing Lemma 4, we need to check that conditions (a) — (c) of Lemma 4 for A(7,((P*
f)p)). It is easy to see that (a) of Lemma 4 holds by Lemma 6 and the L”(®)-
boundedness of M.

For x € (2Q)¢, recall that suppb C Q, make use of Minkowski’s inequality, (19)
and b € C°(R"), we have

To(@*f))(x)

= sup (3] [, 03 -0 -y ~osts=y)as")

SCE |'f_(”ndys i [ Lr)lay

I 1/p
<o (00 rae)

Choose N > 2, since @ € A, for some € > 0, using the doubling property of A,
and the definition of A, we have

(/(QNQ)C %((q)*f)b)(x)pw(x)dx> 1/p

I/p / 1/p'
—np g / -r'lrg
/(2NQ)C(x)(x)\x\ x) ( Q(o(x) x)
—up I/p —P/p 1/p
/ ; o(x)|x| dx) ( / o(x) dx)
N J/24110\240 0

02102~ |g| ") 1/,7<

1
Il

1/p

M s

-/ pdx)

l/p / 1/p'
x p/pdx
\QI

U
Il
=

/N
/N VN /N /N
M M

[ o

9]

2(d+1)(p—£)n2—dnp> Up(é/ 60 )C
0]

T
2

< (27Nn£)1/p,
which tends to 0 as N — . Hence, condition (b) of Lemma 4 holds.

Finally, let us check condition (¢) of Lemma 4 holds. For |z] < 0/8, a careful
computation shows that

75 (@ £)p) (x+2) — Y (@ f)p) (x)] 23)
< sup (2)/” [((Ptk(x-l—z—y)—(Ptkﬂ(x—l—z—y))(l_¢5(x+z_y))
{5110

(0l 3) ~ By (- )1~ @i )] bl +-2) ~ OS] )
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+sup (Z] [ @9 = 0 =01 = g5(x-3)
{u}10 !
pN\1/p
X (b(x-+2) ~b() f()ay| )
=:1+1I.

‘We first consider /. Note that

1<{fk‘ﬁ’0(2‘/n( 1:1 %(@(Hz—y)—¢>t(x—y))dt>(1—(pa(x+z—y))

< (et 2) b))

+{§E€O(Z)/< t: %(@(x—y))dt>((p5(x—y)—<P5(X+Z—y))

< (et 2) b))
=1 +5b.
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Observe that 1 — @g(x+z—y) vanishes when |x —y| < 36/8, thus, by b € C°(R"),
Minkowski’s inequality, (14) and the mean value theorem with 6 € (0, 1), we deduce

that
s HbHL""(Rn)/‘)PyI>36/8 {01 (x4 2= 3) = i (x— ) hsol, | F )y
: /Ix—y\>35/s leemﬂwldy
SELSosss O rolay
) |Z|JEOW /2/38/g<|x,y‘<2j+135/8 FO)ldy S |Z|Mf( )

For I, note that |@g(x —y) — @5(x+z—y)| vanishes when |x—y| <36/8 or |[x—y| >

96/8. And by mean value theorem, for some 6 € (0,1), we have

|Z|‘V ( 9)x—|—9(x—|—z)—y>"

|05 (x —y) — @5(x+2—)] 5

Since
Vo(x)| 5%1/2<\x\<1(x)
and when 36/8 < [x—y| <96/8 and |z| < §/8,

[(1—0)x+0(x+2z)—y|~|x—y|
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It follows that

|z
x—y|

[@s(x—y) = @s(x+z—y)| <
From this, again by b € C°(R"), Minkowski’s inequality and (19), we get that

LS 191 (x = ¥)}esollv, ke =y HI1F )y

35/8<|x—y|<95/8
K IO, M)

<% 38/8<[x—y|<98/8 [x—y" "~ &

Hence, we obtain

e < Wil + Il S 2 o9

In the following, we deal with /7. One can see that

S lls =Gl
[x—y[> 6
+ 1|z X— ) d
& 6/2<|x_y\<5”{¢’( y>}t>0||//p\f()’)| y
::111+112.

Now, we consider the operator:
T:L*(R") — L7, (R")
f—TFw / 0(—v)f

From Corollary 2, we know that T is bounded from L*(R") into L?,/P (R"). Enjoy the
same estimate as (19) and (14), we can prove that

[{&(x =) }isolly, She—y[™" xy€eR" x#y;

H{%((Pt(x_y))}mo Yo * H{%((pt(x_y))}mo

Hence, applying the vector-valued Calderén-Zygmund theory, we obtain that 7' is
bounded from L”(®) into Lf;/p (o) for ® € Aj,. Denote

([, ot

then for any r > 1 and x € R", T*f(x) < M(HTf(-)Hf,/P)(x)l/’+Mf(x) (see [14]),
which yields that 7* is bounded from L (®) to LP(w) provided that € A,,. Hence,

Sh=y[ xyeR", x#£y;

7

T f(x) := sup

n>0

)

p

M| r(w) S l2l-
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For 11, by (19), we have

1L < |7 e =y f(v)|dy < |zZIMf(x).
0/2<|x—y|<6

Combining with the estimate of II; and I, we conclude that

1|2 () < D 20 () + 1Rl 20 (w) S 12]- (25)

Hence, by (24) and (25), we obtain

175 (@5 )5) (- +2) = 73 (@*£)5) ()| o (@) = O

as |z| — 0, uniformly for all f with [|f||z»(w) < 1. This completes the proof of the
sufficiency of Theorem 6. [

While to prove the necessity of Theorem 6, we use Lemmas 5-8, then the con-

clusion follows by the standard steps in [26, Theorem 1.4], we omit the details. This
completes th proof of Theorem 6. [
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