athematical
nequalities
& fA\pplications

Volume 25, Number 1 (2022), 27-39 doi:10.7153/mia-2022-25-03

A FAMILY OF HOLOMORPHIC FUNCTIONS
DEFINED BY DIFFERENTIAL INEQUALITY

NAFYA HAMEED MOHAMMED, EBRAHIM ANALOUEI ADEGANI,
TEODOR BULBOACA AND NAK EUN CHO*

Dedicated to the memory of Professor Rajagopalan Parvatham (1945 — 2021)

(Communicated by I. Peric)

Abstract. The aim of the present paper is to introduce and study a subfamily of holomorphic
and normalized functions defined by a differential inequality. Some geometric properties of
this family of holomorphic functions and different problems of a family of such functions are
presented.

1. Introduction and preliminaries

Let <7 denote the family of functions f holomorphic in the open unit disc U :=
{z € C:|z] < 1} of the complex plane C with the power expansion series

f(z) =24+ anz", z€ U, 1)
n=2

and by . we denote the subfamily of <7 consisting of univalent functions

A function w : U — C is called a Schwarz function if @ is analytic in U, with
®(0) =0 and |w(z)| < 1 for all z € U, and we denote by Q the set of all Schwarz
functions.

For two functions f and F analytic in U we say that the function f is subordinate
to the function F, and we write f(z) < F(z), if there exists a Schwarz function @ such
that f(z) = F (@(z)) for all z<€ U. In particular, if the function F is univalent in U,
then we have the following equivalence:

f(z) <F(z) & f(0)=F(0) and f(U)CF(U).
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The logarithmic coefficients y, of f € .7 are defined by the following series ex-
pansion

Iog@:Zi%(f)z",zeU, )
n=1

where log1l = 0. Note that we use 7y, instead of y(f).

These coefficients play an important role for various estimates in the theory of uni-
valent functions. Thus, the idea of studying the logarithmic coefficients helped Kayu-
mov [12] to solve Brennan’s conjecture for conformal mappings. The importance of the
logarithmic coefficients follows from Lebedev-Milin inequalities [ 15, Chapter 2], see
also [16, 17], where estimates of the logarithmic coefficients were used to find bounds
on the coefficients of f. Milin [15] conjectured the inequality

n m 1
2> (klwz——> <0,n=123,...,
m=1k=1 k

that implies Robertson’s conjecture [23], and hence Bieberbach’s conjecture [5], which
is the famous coefficient problem of Univalent Functions Theory. L. de Branges [ 6]
established the Bieberbach’s conjecture by proving Milin’s conjecture.

Recall that we can rewrite (2) in the power series form for z € U as follows:

o 1 2
2y pi" =apz+agr? +as’ +...— 5 (azz+agz? +as®+...)
n=1

1 3
+§(azz+a322+a423+---) +...,

and equating the coefficients of z" for n=1,2,3, it follows that

2n = ay,

1 2
2y, =ag— 532, (3)
2y =as —azaz + = a5.

3

For o € [0,1), we denote by . (o) the subfamily of .7 consisting of all f € &/
for which f is a starlike function of order o in U, that is,

zf/(2)
f(2)

Also, for y € (0,1], we denote by 57‘(7/) the subfamily of <7 consisting of all f € o/
for which f is a strongly starlike function of order y in U, that is,

2f/(z)
f(2)

Note that 57‘(1) = %(0) =: /" represents the family of starlike functions in U.

Re

>o,2€U.

Ve
— U.
<5 2¢

‘Arg
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In addition, we denote by ¢ the subfamily of close-to-convex functions in U
consisting of all f € <7 for which

Ref'(z) >0,zeU.

Rgnning [25] (see also [26]) introduced the families of uniformly starlike and uni-
formly convex functions and studied some geometric properties of such functions. Ac-
cording to the above mentioned issues, motivated essentially by the work [ 25] we will
define a new subfamily of .27 as follows:

DEFINITION 1. A function f € .7 belongs to the subclass .7¢ of < if

zf"(2)
Re(1 f'(z) -1
e( + ) ) > [f'(2)
The identity function on U belongs to . which implies that .7 # 0. Further, the
relation (4) implies Re (1+ z;/”((;))) > 0, z € U, which is the well known family of
convex % functions, hence .”¢ C ¢ and domain form (figure) of functions in the

subclass /¢ is convex. Moreover, we give the following example of a function that
belongsto .7

,2eU. @)

EXAMPLE 1. The function f(z) =z +ayz?, z € U, with a, € C, belongs to the
family .72 if

3-5

lag| < 2

Proof. For f(z) =z+ayz? € o7, letting a; = %Oei"o, ro >0, 6 € [0,2x], for an
arbitrary z = pe'*, with p € [0,1) and t € [0,2x] we have

! 2 rop (r cos(0y +t
Re(Hz (2)>:1 o 227 . Top(rop+cos(6o+t))

f/(z) 1+2az  ~ 1+2rgpcos(6+t)+rip?

and
|f'(2) — 1| = |2az| = rop.

Thus, the inequality (4) is equivalent to

rop (rop +cos(6o +1))
1+ 2ropcos(6o+p) + r3p?

> Top,

and setting x := cos(6p +t) we find the values of ry such that

rop (rop +X)

I(x,p) =14 ———
(x.p) Jr14—2r0px+r(2)pz

—rop >0, forall —1<x<1,0<p <l
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Assuming that 0 < rg < 1, it follows that | is an increasing function with respect to x,
hence

1—3rop +r3p?

1—rop >0, p€l0,1)

3—v5
2 b

I(_lap) >07 pe [071)<:>>

3—5 3+45
S Top € |~ — U 3

3—5
4

,°°>,p€[0,1)<:>ro<

therefore |az| < and this completes the proof. [

In proving our results, we shall need the following theorem and lemmas.

LEMMA 1. [10, Theorem2.9] If f € o7 with f’(z) #£0 forall z€ U and Re /f’(z)
> o, ze€U,forsome o € [1/2,1), then

2
Re@>2a +1 z

U.
z 3’e

From Theorem 2.1 and Remark 2.21 of [14], for y =1 we have:

LEMMA 2. [14, Theorem 2.1] Let p(z) =1+ § aZ, z € U, with a, # 0, be an
k=n

<a+ Earctan <%>> ,2€U,
T 0

Agp()| < 5F, z€ U,

analytic function in U. If

NS

o (om0 07557 )| <

then

forsome 0 <o <1, B >0,and § >0.
LEMMA 3. [19,p. 172] If ® € Q with (z) = § wnz" forall z€ U, then |wy| <
n=1
1 and
‘Wn| < 1- |W1‘2a n= 2a3747""

LEMMA 4. [13, Inequality 7, p. 10] If o € Q with w(z) = § wnz", z € U, then
n=1

w, —twd | < max{1;|t|}, te C.

The result is sharp for the functions o(z) = z2 or w(z) =z.
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LEMMA5 [7, Theorem 6.4, p 195] [24, Theorem X, p. 70, Theorem XI, p. 72]
Let f(z) = 2 anz” and g(z) = 2 bnz", z € U, be two analytic functions in U, and

suppose that f( ) < g(z) where g |s a univalent function in U.

(i) If g is a convex function in U, then |an| < |b1]|, n=1,2,3,---

(ii) If g is a starlike function in U (i.e. starlike with respect to 0), then |a,| <
nlbil, n=1,2,3,---.

Taking g — 17 in the first part of Theorems 2.1 of [22] we get the next result:

LEMMA 6. [22] Suppose that f € .« with f/(z) # 0 for all z € U, has the power
series expansion of the form (1), and

VI(2) <9(),

where ¢(z) =1+ 2 Anz", z € U, with A; > 0, is an analytic function in U. If Ay,

A, and Az satisfy the conditions
|AZ 42| <7A; and  |AZA; +9ALA; — 2AT — 8A3| < 8A,
then the second Hankel determinant satisfies

4A2
|asas —aj| < —L.
9
The aim of the present paper is to introduce and study a subfamily of holomor-
phic and normalized functions defined by a differential inequality. Some geometric
properties and different problems for a family of such functions are presented.

2. Propertiesof thefamily /%

In this section we obtain some geometric properties of the class .7 like: sub-
ordination properties, radius of starlikeness of order ¢, bounded rotation result and
distortion and covering theorems.

THEOREM 1. If the function f € .7, then

or
1

- (2 . 1) =01(2),

where ,F(a,b,c;z) is the Gaussian hypergeometric function, and q; is the best domi-
nant of the subordination.

f'(z) <
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Proof. Let the function f € ., and define the function p: U — C by
p(z) = f'(z), ze U.

Then, p isanalyticin U, p(0) =1, and

1'@) _, , (2

Y "M e

,2zeU.

Since f € /%, we get

Re (1“55)) — Re (1+Zf”(z)> > [(2) -1

>>0,zeIU,

that is equivalent to
zp'(z) 1+z
P(z)+ p(z) “17

Now, if we take in Theorem 3.3d. of [18, p. 109] the values

®)

B:=1 v:=0, A:=1 B:=-1,

the subordination (3.3-11) of [ 18, p. 109] reduces to (5), and the assumptions of Theo-
rem 3.3d.,i.e. Re(f+7y)=1> 0 and (3.3-10) of [ 18, p. 108] are satisfied. According
to this theorem, combined with the relations (3.3-1) of [ 18, p. 103] and (3.3-5) of [18,
p. 104], we conclude that

1 ) 14z
p(z) < 1= 01(z) < 17

that is,
1

f/ ——
(@) =<7
and gy is the best dominant of the subordination.
Also, according to this theorem, combined with the relations (3.3-13) and (3.3-15)

of [18, p. 110], we can rewrite the above subordination and conclude that

1

e oF1 (271,2; i) e

z—1

and gy is the best dominant of the subordination. [J
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REMARK 1. Theorem 1 could be reformulated as follows:
If the function f € .7, then Re f'(z) > 1/2, z € U, and the right-hand side bound
1/2 cannot be enlarged.

The next result gives us the radius of starlikeness of order o for the family .7
THEOREM 2. If the function f € .¢ and 0 < & < 1, then

ezf’(z) > a |2 < 3-20—+/(0t—3)2-3
f(z) ’ -« ’

Proof. If the function f € /%, then by Remark 1 we have

1
Re+/f'(z) > —=,2€T,
@>
and using Lemma 1 for oo = 1/+/2 we get
Re@ > g, zeU,
3
that is equivalent to
fz) 1-32
T < ﬁ = h(Z) (6)

Therefore, from the definition of the subordination there exists a function o € Q, such
that .
fz) 1-300)
7 T 1cep) Y
and by logarithmical differentiation we get
! 2700 (z
@) o)
f(z) 1-0(z) (1-30(z)
Since @ € Q it follows that |w(z)| < |z | =re [071) for all z € U, and also the well-
known inequality |@’(z)| < (1—|w(z)|?) /(1—|z*), z € U, for Schwarz functions
holds (see also the inequality (28) of [19, p. 168]). Using these inequalities, the above
relation implies

() 520/ (2) Szl @)
e R e - Tew) © - -0 [1- a0
R EEO-je@p)
1 0@l-2e0|-7B ~  @—lo@)) i- 1) 1—}P
atle@) . 3E@-+l)
A-3) A=~ (=3 (-2
2 2
51| 3l

|zl =r<1

/1 = 377
U et S aonasn
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Now, to obtain our result we should have

2f(z) Zr
fz) =7 @1-n(-1n

and the right-hand side inequality is equivalent to

Re >o,lzl=r<1,

T(r):=(—1)r*+2(3—-2a)r+3(a—1) <0.

Since the discriminant of the above quadratic form is A(a) :=4 [(a —3)?—3] > 0 for
all o €10,1), and the coefficient of r? is o —1 < 0 forall & € [0,1), it follows that
T(r) < 0 whenever

3-20—+/(x—3)2-3

0<r<
~ l—a i

which proves our result. [

REMARK 2. The above theorem could be reformulated as follows:
If the function f € /¢ and 0 < o < 1, then F(z) := f(pz) € /*(x), where

_ 3-20—+/(—3)?-3
p-= 1-a '

The following bounded rotation property for the functions in . holds:

THEOREM 3. If f € ./ with f7(0) # 0, then

|Arg f'(2)] < %, zeU,

where the value o :~ 0.6383222623 is the (unique) solution of the equation

2
o+ Earctana =1.

Proof. For f € % let us define the function p: U — C by

p2)=f'(2)=1+) af, z€l.
k=1

Then, p is analytic in U, with p(0) =1, and from Remark 1 it follows that p(z) # 0
forall z€ U. Like to the proof of Theorem 1 we get that the subordination (5) holds,
which is equivalent to

Arg (p(z)+ pr/(z)>' < E, ze .
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Since ¢; = f”(0)/2+# 0, using Lemma 2 for the special case 6§ = 8 = y= 1, we obtain

Agp()| < 5F, z€ U,
2 . . 2

where o + Earctana = 1. Since the function ¢(a) := o + Earctana -1, xeR

is increasing on R, ¢(0) = —1 and ¢(1) =1/2, it follows that ¢ has a unique zero

o :~0.6383222623 € (0,1). O

The final result of this section represents a distortion and a covering theorem for
the family .7%, respectively:

THEOREM 4. If the function f € .#%, then

1 1
— K ! < — <
1+r\|f @) < 7 2l <r<1,
and
r(3+4r) r(3—r)
< < < .
3051 <If(2)] < 31-1) lzZ] <r<1

Proof. Let the function f € .Z. For the proof of the first inequality, using Theo-

rem 1 we have
1
f/ — = :
@) < 1= =)
If we let Uy :={z € C:|z] <r}, by using the subordination principle, the above sub-
ordination implies

f'(Tr) C ar (Ur), @

forall r € (0,1). Since q; is a circular transformation symmetric respecting the real
axis, it follows that

1

1
Tor ozl =r<i, ®)

01(—1) < (@) <@ lr) = =

forall r € (0,1). Thus, from (7) and (8) we get the required result.
For the proof of the second inequality we will use the fact that the subordination
(6) holds, and by using the same method as the above we obtain our result. [

3. Coefficient bounds

In this section we present some problems for the coefficients of functions that
belong to the family .7Z. Also, the bounds of the logarithmic coefficients, of the
Fekete-Szeg6 functional, and of the second Hankel determinant (see [1, 2, 3, 8, 9, 11,
20, 27, 28]) of the functions belonging to this family are determined.
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THEOREM 5. If the function f € .7 has the form (1), then

lan| <

Proof. If f € %, from Theorem 1 it follows that
F'(2) <au(2).

Since q; is a univalent and convex functionin U, and f/(z) =1+ ¥ na,z" 1, z€ U,
n=1

using Lemma 5(i) we get njan| < |g7(0)| =1 forn=1,2,3,---. O

THEOREM 6. Let the function f € 7% be of the form (1). Then, the logarithmic
coefficients of f satisfy the inequalities

nl<=, Inl<z [Bl<

(o201 ol
x| =

ENJEN

Proof. If f € ., according to Theorem 1 we have

f'(z) < qu(z) = ﬁ

Therefore, by the definition of the subordination, there exists a function @ € Q, with
o(z) = Y, cyz", z € U, such that
n=1

f'(z) = qu(@(2)) = 1+ c1z+ (c2+¢2) 22+ (ca + 20162+ C3) 22+, 2€ U,
and equating the coefficients of the above relation it follows that

2a =y,
3a3 = cp + 3, 9)
day = Cc3+2c1C2 +C3.

Then, by substituting values of a, n=1,2,3, from (9) in (3), we obtain

c
2}/1: 517

~ 8cy+5¢7
YR

2y = 1 c+L—1cc+Ec3
7’3—4 3t 30+ 5C0 ).

2y,

From the first of the above relations, by applying Lemma 3 we get |71| <

NG
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Next, applying Lemma 4 for t = g we have

8 |cz +3c |
48 6
According to [21], using the notations of [4, Lemma 5] we have

17| <

|C3 +01C1Co + 02C3 | < H(q1,02),
where H(q1,qz) is given by [4, Lemma 5]. Since for the case (q1,02) = (g ;) eD;

we have H (g, %) =1, and we obtain the estimate

O

OOIH

c+4cc—|—1c <
330t S

5l =1
Bl=3

THEOREM 7. If the function f € .#¢ has the form (1), then the second Hankel
determinant satisfies the inequality

|azas —aj| < E

9

Proof. If f € 7% from Theorem 1 it follows that

1 1
f(2) < ———= =292 =1 (z),
where the branch of the logarithm is the main one, that is, ¢(0) =1, and
> 1. 3, 5
¢(Z)=1+n§lAnz”:1+§z+§z +EZ +--+,2€U.

Therefore, using Lemma 6 we obtain our result. [

THEOREM 8. Let the function f € #% be of the form (1). Then, the next inequal-
ities hold for the parameter u € R:

1 u
=2 for u <o,
3 4,oru 0
|ag — pag| < % for0<u<§7
po 1 8
[— > 8
) 37foru/3
3u

Proof. If f € % has the form (1), from (9) and v = i 1 we get

1
|as — ag| = 3 |c2 — veil,

and our result follows by using Lemma 4. [
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4, Conclusion

In this research we studied the family .7 of holomorphic and normalized func-
tions. Further, we obtained some geometric properties of this family like: subordination
properties, radius of starlikeness of order o, bounded rotation result, and distortion and
covering theorems. In addition, we have presented some related problems for the coef-
ficients of functions that belong to the mentioned family.
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