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ON STEVIC-SHARMA OPERATOR FROM WEIGHTED
BERGMAN-ORLICZ SPACES TO BLOCH-TYPE SPACES

ZHITAO GUO

(Communicated by J. PeCari€)

Abstract. In this paper, we are devoted to investigating the metrical boundedness and metri-
cal compactness of Stevic-Sharma operator Ty, v, » from the weighted Bergman-Orlicz space

ﬂcz{fp to Bloch-type space % * and little Bloch-type space Z} .

1. Introduction

Denote by I the open unit disk in the complex plane C, H(ID) the space of all
analytic functions on D, and N the set of all positive integers.

Let ¢ be an analytic self-map of D and v € H(ID), then ¢ and v induce a com-
position operator C, f = f o @ and a multiplication operator My, f = y - f, respectively,
where f € H(DD). The product Wy, , := M,,C,, of these two operators is known as the
weighted composition operator, i.e.,

Wy f)(2) = (2 f(0(2), feHD),

which has been extensively studied. For more research about the (weighted) composi-
tion operators acting on several spaces of analytic functions, we refer to [ 3].

The differentiation operator D, which is defined by (Df)(z) = f'(z), f e H(D),
plays an important role in dynamical system and operator theory. Note that the product
DM, is a special case of the first-order differential operator

Ty )@ =@ f (D) +v2(21'(2), feHD),

where ya, w2 € H(D). Products of composition and differentiation operators have at-
tracted some attention in the last fifteen years (see, e.g., [11, 14, 15, 19, 26] and the
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references therein). Moreover, six kinds of product-type operators can be defined as
follows (see [22]):

(MyCyD1)(2) = w(2)f'(9(2)).

(MyDC, f)(2) = w(2)9'(2)F'(9(2)),

(CoMyDT)(2) = y(9(2)f'(0(2),

(DMyCy 1)(2) = ¥'(2)F(0(2) + w(2¢' (D' (¢(2)),

(CoDMy 1)(2) = ¥'(9(2)) T(9(2) + ¥ (0(2) '(0(2),

(DCuMy 1)(2) = ¥'(0(2)9'(2) T (0(2) + ¥(0(2)¢' (DT (0(2)

forze D and f € H(DD). During recent years, there has been a great interest in studying
these operators between various analytic function spaces (see, for example, [1, 5, 6, 7,
8,9,10,12,13, 14,16, 17, 20, 22, 26, 29, 31, 32, 33, 34, 35, 36, 38, 39] and also related
references therein). In order to treat these operators above in a unified manner, Stevi¢
et al. [32, 33] introduced the following so-called Stevi¢-Sharma operator:

(Tiue0 1)@ = 1D 1 (0(2) + v2(D T (9(2), T EeH(D),

where v,y € H(D) and ¢ is an analytic self-map of D.

Itis clear that Ty, v, = Ty, y,.,id, Where id denotes the identity map. Furthermore,
we can also easily obtain the six product-type operators by taking some specific choices
of the involving symbols:

MyCyD =Toy.p. MyDCp = TO,W’,cm CoMyD =To,yop.¢;

DM, Cp = Tu/’,w’«p’ CyDMy, = Tw’ow,u/oww DCyMy, = Tw’w’oww’www-

Recently, the study of Stevic-Sharma operator Ty, v, has aroused the interest of
experts. For instance, SteviC et al. in [33] characterized the boundedness of Ty, v, ¢
on weighted Bergman spaces <7}, where the conditions for boundedness were stated
in terms of various suprema and pull-back measures, while the upper and lower bounds
for the essential norm of Ty, y, » ON <74 under some assumptions were obtained in
[32]. Zhang and Liu in [39] investigated the boundedness and compactness of the oper-
ator Ty, v, from Hardy space to Zygmund-type space. In [5] Guo and Shu extended
their results for the case of Stevi¢ weighted space, which was introduced by Stevi€ in
[25] (see also [29]). Guo et al. in [4] investigated the boundedness and compactness
of Ty, y,.o from the mixed-norm space to (little) Zygmund-type space. Wang et al. in
[36] considered the differences of two Stevic-Sharma operators and characterized its
boundedness, compactness and order boundedness between Banach spaces of analytic
functions. The boundedness and compactness of weighted composition operators and a
class of integral-type operators introduced by Stevi¢ from Hardy-Orlicz and weighted
Bergman-Orlicz spaces to a class of weighted-type spaces on the unit ball of C" were
characterized by Sehba and Stevi€ in [20]. Besides, they also gave some more infor-
mation on the growth functions appearing in the definition of Bergman-Orlicz spaces
in [21]. Soon after that, Jiang in [6, 7] provided necessary and sufficient conditions for
some special product-type operators acting on weighted Bergman-Orlicz spaces to be
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bounded or compact. Quite recently, Stevi¢ and Jiang in [ 30] characterized the metrical
boundedness and metrical compactness of the weighted iterated radial composition op-
erator from the weighted Bergman-Orlicz space to the weighted-type space. For some
related results see also [1, 8, 16, 38].

Let T : X — Y be a linear operator, where X and Y are topological vector spaces
whose topologies are given by translation invariant metrics dx and dy, respectively.
It is said that the operator T : X — Y is metrically bounded if there exists a positive
constant M such that

forall f € X. The operator T : X — Y is metrically compact if it maps bounded sets
into relatively compact sets.

Inspired by the above results, this paper is devoted to investigating the metri-
cal boundedness and metrical compactness of Stevic-Sharma operator Ty, v, , from

weighted Bergman-Orlicz spaces df P to Bloch-type space #* and little Bloch-type
space %5 .

Now we are ready to present the weighted Bergman-Orlicz space and some related
facts in [20]. A function @ # 0 is called a growth function, if it is a continuous and
nondecreasing function from the interval [0,<) onto itself. We can easily conclude that
@(0) = 0 by these conditions. It is said that @ is of positive upper type (respectively,
negative upper type) if there are g > 0 (respectively, q < 0) and C > 0 such that

d(st) < Ct9(s) forevery s>0 and t>1.

Denote by 49 the family of all growth functions @ of positive upper type q (q >
1), such that the function t — ®(t)/t is nondecreasing on (0,e). It is said that func-
tion @ is of positive lower type (respectively, negative lower type), if there are r > 0
(respectively, r < 0) and C > 0 such that

d(gt) <Ct'd(s) forevery s>0 and 0<t<1.

By £, we denote the family of all growth functions @ of positive lower type r (0 <r <
1), such that the function t — ®(t)/t is nonincreasing on (0,c). Moreover, if ® € (9
(respectively, £,), we will also assume that it is convex (respectively, concave).

Let dA(z) = %dxdy be the normalized Lebesgue measure on . For o > —1,
let dAy(2) = (a4 1)(1 — |z/2)*dA(2) be the weighted Lebesgue measure on ID. For a
growth function @, the weighted Bergman-Orlicz space <7/ > = </ (D) is the space of

all f eH(ID) such that
1Tl = [ @1 @)dA() <.

The space .« is endowed with the following quasi-norm

- inf{?t >0:/DCD(|f§LZ)|>dAa(z) < 1}.
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If ® € 49 or @ € £, then the quasi-norm on 7.2 is finite (see, [20, Remark 1.4]).
The classical weighted Bergman space .7 = .«/4 (D) (p > 0,a > —1) corre-
sponds to @(t) =tP, consisting of all f € H(ID) such that

112 = [ 1f(@)IPdAa(2) <

It is well known that for p > 1, <7} is a Banach space, while for 0 < p < 1 it
is a translation-invariant metric space with d(f,g) = ||[f — g|| Ejp. Furthermore, if

® ¢ Y3, then ;z/pp is a subspace of <7, where ®p(t) := ®(tP). Besides, [llp <
(@1(1)Y/P| H'“X (see, [20, Lemma 2.2]). We will always assume that @ € 15 such

that ®p € £;. Under this assumption, Ma P is a complete metric space (see, [20,
Lemma 2.6]). For related investigations of operators on weighted Bergman-Orlicz
spaces, see [2, 6, 7, 9, 20, 23, 30].

A positive continuous function ¢ on [0,1) is called normal if there exist two posi-
tive numbers sand t with 0 <s<t, and 6 € [0,1) such that (see[24])

(lu_(rr))S is decreasing on [5,1), lim (lu_(rr))S o
(r)) is increasing on [8,1), !Lml (fﬁrr))t _

+e0) be a function that is normal and radial, i.e., u(z) = u(|2).

(1
Let u:D— (0,
D) belongs to Bloch-type space #* if

A function f e H(

b (f) :=supu(2)|'(2)] < .

zeD

The quantity bgu (f) is a seminorm on #* and a norm on %" /Py, where Py is the
set of constant complex polynomials. %* becomes a Banach space normed by

| = [F(0)[ + b (f).

The little Bloch-type space, which is denoted by ,%’5‘ consists of the functions f in
ZH satisfying

lim 1(@|f' (2] =0,

|7—1

and it is easily seen that %Y is a closed subspace of %*. When u(z) =1—|7?, the
induced spaces #* and %’?’ become the classical Bloch space and little Bloch space,
respectively. For some results on the Bloch-type spaces and operators on them see, for
example, [10, 12, 13, 14, 16, 17, 18, 22, 31, 34, 37].

Throughout this paper, we use the abbreviation X <Y or Y = X for nonnegative
quantities X and Y whenever there is a positive constant C whose value may change at
each occurrence such that X < CY. If both X SY and Y < X hold, we write X ~Y.
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2. Preliminaries

In this section, we state several auxiliary results which will be used in the proofs
of the main results. Firstly, we quote the following two point evaluation estimates. The
first one can be found in [20, Lemma 2.4].

LEMMA L. Let p>1, o> —1 and @ € U5. Then for every f egffp andze D

we have
4 o+2
-1 lux
@] <o ((—1_|Z|2) )nfd;p.

The second one can be found in [7, Lemma 2.3] (for a generalization see [30,
Lemma 2]).

LEMMA 2. Let p>1, o> —1, ® € 4% and n e N. Then there are two positive
constants C, = C(¢t, p,n) and D, = D(«, p,n) independent of f € ;z%,;b" and ze D

such that
Cn 1 Dn a+2 |
@< e () )1

The following lemma, which was essentially proved in [20] (see also [7, Lemma
2.4]), provides a class of test functions in szfo?p.

LEMMA 3. Let p>0, oo > —1 and ® € 4(5. Thenfor every t >0 and w € D the
following functionisin dfp

o () ) ()

where C isan arbitrary positive constant. Moreover,

lux
sup [ fwe [ Vo S 1.
weD o P

The following lemma characterizes the metrical compactness in terms of sequen-
tial convergence, whose proof can be shown by a similar argument as [ 3, Proposition
3.11], so we omit the details.

LEMMA 4. Letp>1, a> -1, y1, v € H(D), ¢ isananalytic self-map of D,
and @ € 4° suchthat ®p, € £ . Then the operator Ty, y,.¢ Mo?p — " ismetrically
compactif and onlyif Ty, y,.¢: ,%? P — % ismetrically bounded and for any bounded
sequence { fn}nen in df P which converges to zero uniformly on compact subsets of
D as n— oo, we have || Ty, v, fnllz: — 0 @asn— eo.

The following lemma can be proved similar to [ 18, Lemma 1].
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LEMMA 5. Aclosedset K in %’{f is metrically compact if and only if it is metri-
cally bounded and satisfies

lim supu(2)|f'(z)| = 0.
|Z—1fek

3. Theoperator Ty, ys.0 :pr — BH

In this section, we characterize the metrical boundedness and metrical compact-
. /Pp
ness of Ty, yo.p - Fo & — BH.

THEOREM 1. Let p> 1, a > —1, y1,y» € H(D), ¢ isan analytic self-map of
D, and @ € 4° such that ®,, € £, . Then the following conditions are equival ent:

(i) The operator Ty, y,.¢ %fp — %" is metrically bounded.
(i)
4 o+2
My = supu(z ’z®1<7 ><oo,
v=swu @@ (1=, z7e)
1@)vi(2)¢'(2) + v, (2)| _1< Dy a+2>
Mz :=su P —_— < oo,
2T 1-le@P (o)

(
Ms := sup %Z)‘P/;Z”(Dpl ((izﬂz) a+2> .

2 (1-19(29)) 1—1of

where the constants D; and D, are the onesin Lemma 2. Moreover, if the operator
Tvwo: Ay — B /Po is nonzero and metrically bounded, then

||TW17W27¢||’Q/§F)H¢@#/PO =~ Ml + M2 + M3
Proof. (i)=-(ii). Suppose that (i) holds. We first consider the functions f(z) =1,

f(zy=zand f(2) = é € df", respectively. Since the operator Ty, y, ¢ dfp — BH
is metrically bounded, we have

Lo = supn @@ < T ol S 1Tl o0 @)
zc o :
SUBM(Z)M(Z)(P(Z)+W1(Z)(P’(Z) + (2 < I TyrveoZlon < 1 Tyayaoll oo
ze o
2
/ (P(Z)z / /
SUBM(Z) @)=~ +v(2e @)+ ¥(2)0(2) +v2(2)¢'(2)
zc
< 22H S Tyl ©
~ V2,0 5 ~ »W2, ® 71
WlWZ(pZ 2 V1,92, Map_hzy




STEVIC-SHARMA OPERATOR FROM WEIGHTED BERGMAN-ORLICZ SPACES 97
Employing (1), (2), the boundedness of ¢ and the triangle inequality, we can obtain
Lii= iggu(Z)lwl(Z)(P’(Z) 2@ S Mol o0 - 4)
By using (1), (3), (4), in the same manner, we have
Lo = iggu(l)lw(Z)w’(Z)l S Mol o0 - ®)

Choose the function

vt (i) ) [ 5 (o)
4a+8+4p<1_|¢(w>|2)%ﬂ‘(M)myﬂ]’ (6)

200+4+p 1—o(w)z

1—o(w)z
where we D, then f,,) € dfp by Lemma 3. We can calculate that
B 4 o+2
fé;(w)((P(W)) = fé./(w)((P(W)) =0, fou(pWw) = q)pl <<W> )El,
)

where

200+4+2p da+8+4p
200+4 200+4+p

E = 1+£0.

By (7) and the metrical boundedness of Ty, y,.¢ : %fp — M we have

oo > HTV/LWZaQDHJZ/g‘p_;gZ’H Z ||TV/1~,V/2~,90 f(P(W)H’%H
> sup (2| Ty a0 Fpw)) ()]
zeD
B 4 o+2
> w05 (o) B

Consequently,

Ml 5 HTWLWZJPHM;DP_}%;; < oo, (8)

For we DD, set

o - 2 %
swot =0 (porae) ) |- 5 (o)

20044 4 q 20412
4a+8+p<1—|¢(W)|2> P _(M) i W. ©)

200+4 1-¢(w)z 1—op(w)z
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Then we have that gy w) € dfp by using Lemma 3. We can also calculate that

g(p(w)((p(w)) = g;’)(w)(qo(w)) =0,

, oWw) B D o+2
G (000) = =0y (o) JEe @O)

where
2a+4+p+ (4o +8+p)(2o+4+p)

E,——
2 p (2o+4)p

—1£0.

From (10) and the metrical boundedness of Ty, v, ¢ : Ay ® — 8" it follows that
oo > HTwl.,u/zpoMgp_@u 2 1 Tyr,v2,0 9 (w) [l 2

> supu(2) } (TW17W27(Pg(p(W) ) (2) |
zeD

(W) ya (W) (W) + Y3 (W)l [ (W) Dy
o O ®p << T o) )EZ’

which means that
_ BW)yr(w) e’ (W) + yy(W)[[o(wW)| 4 Dy at2
Kaw) = 1= lpw)? %" ((T=Tpmme)
5 ||TW1’W2’¢||(§JD?F)—>%H. (11)

For afixed 6 € (0,1), by (11), we have

! A +2
sup H(Z)|'V11(Z)<P (z);rwz(z)|q)51<( D1 2)“ )
(2|0 (2)[> 8} —|o(2)] —|o(2)]
1
< gigIgKl(Z) S HTWLWZJPHMO(CDP_}%;; <o (12)

On the other hand, by (4), we can obtain

wp  MEMEYO Ly (D)
{zeD1[9(2)|<6) 1-le(2)2 P —lo(2)2

Ll _ Dl a+2
< 1_52¢P1<<1_52> ) S HTWLWZKPH(W;DPH'%H < oo, (13)

It follows from (12) and (13) that
M2 5 HTWLWZKPHMO(CDP_}%;; < oo, (14)

For w € D, take the function

i) (22)”

p(Alewl) (L)
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then hy ) € df". We also have
—2
—2¢(w) 1( D> ‘”2)
h' w)=—""__@ . , 16
b 009 = e (T o) (9

which along with the metrical boundedness of Ty, y, ¢ : Ay ? — " implies that

o0 > HTV/l V2, (PH q)p*)ﬁp ~ ||TW1 WZq) HJH
> sup u( )|(TW17W2,<Ph<p(W))/(Z)|

zeD

Wy (W g WllpW)E [, Dy a2
L JowpRZ  °p <(1—|<p<w>|2> )

Thus

_uW) |y (W)’ (W)lew)? D, 042
ot 1= HAEET P 0 (o))

S ||TW1=W2:¢||’Q/SPH¢@;1' (17)
For afixed 6 € (0,1), by (17), we have
1@lv2(99' ()| 51 Dy \o+?
o Tlo@R? % \(TTee)
{zeD:|p(2)|>8} ¢ ¢
1
< yig]g KZ(Z) S ||TW17W2’¢||(§MD?F)—>%H < oo (18)
On the other hand, by (5), we get
1@|y2(2)¢'(2)| 1( D, a+2)
sup ahinAh Ak SRl ) _—Z2
zplpi<sy (1—l@@)2)? P <1— |<P(Z)|2>
|_2 1 D2 o+2
< (1_52)2¢p ((1_ 52) ) S Myrvaoll yop g <o (19)
From (18) and (19) it follows that
M3 5 HTWLWZJPHM;DP_}%;; <o (20)
Moreover, by using (8), (14), (20), we can get
(21)

M1 +Mz+Ms S [ Tyyapll o0 0
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(if)=-(i). By Lemmas 1 and 2, for every f € pr, we have

1@ (Tys 0 f) ()
<u(2)vi1(2)][f(9(2)) |+IW1() '@+ vw2(2)[11'(0(2)| + 1(D|v2(D ¢ (2)]| " (0(2)]

e ()i

L Cun )\l/fl( )(P’(Z)+V/2( )\q)p (( Dy )|2>“+2>f“|ux¢p

—lo(2)? 1-|o(z
Cou( )W’z( 2)¢'(2)] . 4 D, a+2 lux
T le@PR P <( mrel )f”wfp
(l\/|1+|\/|2Jrl\/ls)Hf|qu (22)
We also have

|(Tl!/1 V2,9 )(O)|
<y (0)f (e 0))|+|‘V2() "(9(0))]

1 oc+2
<y (0)|@,

Culy2(0 )I 1( D1 “*2)] !
+ @ [l
(L=lo©@)" P ( |<p(0)|2> A
From the above inequalities and the conditions in (ii), we conclude that Ty, y,.e :
dfp — 2" is metrically bounded. If we consider the space %" /Py, we have that

(see, for example, [27, 28])

Hence we obtain the asymptotic expression of || Ty, y,.¢ | /o by using (21) and

(23). O

— B Py

THEOREM 2. Let p> 1, a > —1, y1,y» € H(D), ¢ isan analytic self-map of
D, and @ € 4° such that ®,, € £, . Then the following conditions are equival ent:

(i) The operator Ty, y,.¢ %fp — %" is metrically compact.
(ii) The operator Ty, y,.¢ y? — B is metrically bounded and

. , 1 4 o+2 B

Jm w(@Ivi(@)10p ((71_“,,(2”2) )—Oa @
 L@M@E@ W@l 1, D e\

R A Y P T (<1—|<p<z>|2> )‘0’ =
 w@e@E@I, ([ D\

ol - lo@P? P <<1—|<p<z>|2> ) . @)

where the constants D; and D, aretheonesin Lemma 2.



STEVIC-SHARMA OPERATOR FROM WEIGHTED BERGMAN-ORLICZ SPACES 101

Proof. (i)=-(ii). Suppose that Ty, y,. %fp — %" is metrically compact, and
consequently metrically bounded. Let {z,}nen be a sequence in D such that |(zn)| —
1 as n — . Now take the following sequence of functions from the family in ( 6)

fn(2) = fo@@) (2),

which is a bounded sequence in dfp. Moreover, from the proof of [ 20, Theorem 3.6]
it follows that {f,}nen converges to zero uniformly on any compact subset of D as
n — e. By Lemma 4, we have that

1im [[ Ty, . ol o = 0,

We also have
fa(0(zn) = iy (9(@)) =0, Tn(o(z0) = @’ (<%>H)a,
Consequently,
R @05 (o)) S Tametllar

which along with |@(z,)| — 1 as n — oo implies that

lim uGz >|w1<zn>cbgl((1_|(;‘w)““) o,

from which we can see that (24) holds.
By using the two sequences of functions

In(2) =9p(z)(2) and  hn(z) = hy,)(2),

where gy z,)(2) and hy,(2) are defined in (9) and (15), respectively. By a similar
argument, we can obtain (25) and (26).
(ii)=(i). Suppose that Ty, y,.¢ g/b — " is metrically bounded and (24),

P
n
(25), (26) hold. Let { fn}nen be asequencein o7, © such that sup,cy ||fn| <Land

fn— 0 unlformly on compact subset of D as n — . For the metrical compactness
of Tyyypio T ? — B, it is sufficient to show that 1imy .. || Ty, .y, .0 fnll s« = 0 by
Lemma 4.

For every € > 0, there exists n € (0,1) such that

u@iviley () ) <o on
122 (2 + (2] D, a2

~IotaF o (o)) <= 9)
(1—|<p(2)|2) e <<1—|(p(z)|2> ><87 (29)
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whenever n < |@(z)] < 1. Then by Lemmas 1, 2, (1), (4), (5) and (27), (28), (29) we
have

||TW1%W2%§D fn H%H
=|(Ty1,y2,0 fn) (0)| +SUB“(Z)|(TW1~,W2#P fn)'(2)|
ViS

<|w1(0)fn(9(0))] + [w2(0) fr((0)))
+ sup u(@yi@llfale@)|+ sup  u(@)|vi@)|lfa(e(2))]

lp(2)|<n n<le(z)|<1
+| ;Sl;‘p L@ (2)¢'(2) + y2(2)]| fa(e(2))]

o(2)|<n
+ sup u(2|vi(29' (2 + w2 fr(9(2)]

n<le(z)|<1
+ sup u@|v2(29’ @NIf(e(@)I+ sup w2 @ f (02)
lp(2)|<n n<le(z)|<1

<|w1(0) fa(@(0))] + [v2(0) fa(¢(0))]

+Lo sup [fa(@(2)[+L1 sup [fa(e(2)|+L2 sup [fy(9(2))]

lo(2)|<n le(2)|<n lp(2)I<n
4 o+ |
+ sup  u(z ( - - ) f ux
n<lo(z)<1 @il <1—I</>(Z)I2) Il
Cu (@292 + y5(2) _1< Dy ) "
+ sup ) f
n<lp(z)|<1 1-lo(2))? P (l—|(p(z)|2> Iall s

Cou@ V20 @l 1(( D2 \T2\ | 1w
v A 9@PE P (o)) 1

<|y1(0) fn(9(0))|+ [y2(0) f(¢(0))]
+Lo sup |fa(w)|+Ly sup | fi(w)|+Lz sup |f)(w)|+ 3Le. (30)

[w|<n [w|<n Iwl<n

Since f, converges to zero uniformly on compact subset of D as n — o, Cauchy’s
estimate shows that f/ and f/ also do as n— . In particular, {@(0)} and {w: |w| <
n} are compact subsets of I, so letting N — < in (30) yields

limsup || Ty, v, fnl| 2 < 3Le.
N—oco

Since ¢ is an arbitrary positive number, from the last inequality we obtain
Jim I Tys.yz.0 nll e =0,

from which by Lemma 4 we conclude that Ty, y, ¢ - Mo?

pact. [

P — " is metrically com-
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4. Theoperator Ty, v, : o’ — B

In this section, we characterize the metrical boundedness and metrical compact-
ness of Ty, y, o from gffp to the little Bloch space %} .

THEOREM 3. Let p> 1, a > —1, y1,y» € H(D), ¢ isan analytic self-map of
D, and @ € 4° such that ®,, € £, . Then the following conditions are equival ent:

(i) The operator Ty, .0 : AP %y ismetrically bounded.
(ii) The operator Ty, y,.¢ d(b" — BH is metrically bounded and

Jim | k(@) (2) (31)
|l\'m1“( 2)|y1(2)¢'(2) + v3(2) (32)
@quowm@d@nza @)

Proof. (i)=>(ii). Assume that Ty, y,.¢ AL Py is metrically bounded, then
it is evident that Ty, v, : ody® — B is metrically bounded and for every f € o7y ",
Tyl € B Taking f(2) = 1€ o/ ”, we have

lim 11(2)|(Tys.v.01)' (2] = lim 1(2)|y1(2)

[2— 2 —-1

=0.

That is, (31) follows. Taking the functions f(z) =z and f(z) = é € df" , We obtain
dim u(z 2)y1(2)9(2) +y1(2)9'(2) + v2(2)| =0, (34)

2
lmu(%ﬂ®¢? F@0 @+ @)0@) + @9 @] =0, (3

[2—1

respectively. By (31), (34), the triangle inequality and the boundedness of ¢ we obtain
(32). The proof of (33) can be handled in much the same way by using (35), and the
details are omitted.

(ii)=(1). If Ty, yp0: Mf" — %" is metrically bounded and (31), (32), (33) hold,
then for each polynomial p, we have

1(@)|(Tyy, W,,p)’( 2)|

u @|y1(2) 2)|+ 12129’ (2) + v2(2) || (¢(2))]
o )W/z( ) ( )H P (¢(2)|
@Nv1(@lIp(e(2)]l«+u(2)|v1(2)¢' (2)

+ll/z( 2)|I1p (o( ))Hwﬂt( 2)|v2(2)9’ D1p" (9(2)) -,

where || - ||l denotes the supremum norm. Letting |zl — 1 in the above inequality and
using (31), (32), (33) yields

lim 1(2)|(Tys,y.0P)'(2)] =0,

|7—1



104 Z.Guo

from which it follows that Ty, v, P € % . Since the set of all polynomials is dense in

gffp, and hence for each f € M,;D" , there is a sequence of polynomials {pn}nen such
that

i _ofplux
Jim [pn = 1]1%, =0
which along with the metrical boundedness of Ty, y, ¢ : pr — 2" implies that
[
Tys.v2.0Pn = Tysyp.0 fllan < ||TW1,u/z,<p||dl;PpﬁW [P — fH(;EDp —0

as n— oo, Since %y is a closed subspace of %*, we have that Ty, v, »f € %5 , and
consequently Tl,,l7l,,27(p(sz{fp) C Y . As a consequence, the metrical boundedness of

the operator Ty, ys.¢ y® — " implies that Ty1,v0.0 : AP — By is metrically
bounded. [J

THEOREM 4. Let p> 1, a > —1, y1,y» € H(D), ¢ isan analytic self-map of
D, and @ € 4° such that ®,, € £, . Then the following conditions are equival ent:

(i) The operator Ty, y,.¢ %fp — %”6‘ is metrically compact.

(i)
4 a+2
lim 1(@)|vi () ((W) ):07 (36)
. (z)\wl( 20" (2 +w(2)| . D, a2\
im FEEE e (o)) =0 @
()W/z( 29'(2)] Dy o2\
llwlinl (1-le@)P)? <(l—|(p(z)|2> >—°’ (38)

where the constants D; and D, aretheonesin Lemma 2.

Proof. (i)=-(ii). Assume that Ty, y, ¢ : szfo?p — %’6‘ is metrically compact, then

Tvwe: %?p — 2" is metrically compact. Moreover, for every € > 0, there exists
n € (0,1) such that (27), (28), (29) hold for n < |@(z)| < 1 by the proof of Theorem

2. On the other hand, the metrical compactness of Ty, v, ¢ : dy? = 5 implies that

Ty v - pr — %’6‘ is metrically bounded, by Theorem 3 we know that (31), (32),
(33) hold. Thus for every € > 0, there exists y € (0,1) such that

H@V@] < @ (12) e 29)

M@ @+l < e[ (25) e @

H@lve@e @) < -2 (1225) ). @)
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for y< |z <1.By (29),when y< |zl <land n <|p(z)| <1,

i@ (o)) <e 2)

When y < |z <1 and |¢(z)| < n, by using (39), we obtain

i@y (o)) <u@v@R (1)) <e

(43)

From (42) and (43) it follows that (36) holds. Employing (28) and (40), (29) and (41),
with the similar argument, we can get (37) and (38), respectively.

(ii)=-(i). Suppose that (36), (37), (38) hold. It is evident that Ty, y,. ¢ : %fp —
%6‘ is metrically bounded by Theorems 1 and 3. Analysis similar to (22) in the proof

of Theorem 1 shows that
oc+2 ” ‘ qu
( |2
p( )\%(Z)(P’(Z
¢

(€ |[<)91<>|2>a DI
' D ot Ux
(()‘”,f,f(iﬁzg?cb (=)™ )15

Taking the supremum in the above inequality over all f € szifp such that ||f|\';>§l>p <1

1-
+vs(

| 2

1@ (Tyno ) @ <@V @10 (o
)
)

and letting |z] — 1, we can obtain

lim — sup  w(2)[(Ty,yn0 F) (2] =0.

A=, <o

OC

Therefore, the operator Ty, y, ¢ - df" — %{)‘ is metrically compact by Lemma 5. [
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