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RATE OF GROWTH OF DISTRIBUTIONALLY CHAOTIC FUNCTIONS

CLIFFORD GILMORE, FELIX MARTINEZ-GIMENEZ AND ALFRED PERIS*

(Communicated by M. Praljak)

Abstract. We investigate the permissible growth rates of functions that are distributionally chaotic
with respect to differentiation operators. We improve on the known growth estimates for D-
distributionally chaotic entire functions, where growth is in terms of average LP-norms on
spheres of radius r >0 as r — e, for 1 < p <. We compute growth estimates of d/dxy-
distributionally chaotic harmonic functions in terms of the average LZ-norm on spheres of ra-
dius r > 0 as r — o. We also calculate sup-norm growth estimates of distributionally chaotic
harmonic functions in the case of the partial differentiation operators D *.

1. Introduction

The term chaos first appeared in mathematical literature in an article by Li and
Yorke [27], where they studied the dynamical behaviour of interval maps with period
three. Schweizer and Smital [32] subsequently introduced the stronger notion of distri-
butional chaos for self-maps of a compact interval.

A continuous map g: Y — Y on a metric space (Y,d) is said to be Li-Yorke
chaotic if there exists an uncountable set T" C Y such that for every pair (x,y) e T xT
of distinct points, we have

liminfd (g"(x), g"(y)) =0 and limsupd(g"(x),g"(y)) > 0.

N—o0 N—oo

In this case, T is called a scrambled set for g and each such pair (x,y) is called a Li-
Yorke pair for g. This definition captures the behaviour of orbits which are proximal
without being asymptotic.

Our setting will be a Fréchet space X endowed with an increasing sequence
(Il - lle)kery OF seminorms that define the metric

S
dix,y) =Y 27k 1=k _
¥ = 22 Ry
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under which X is complete, where x,y € X. We let T denote a continuous linear
operator on X.

The connection between Li-Yorke chaos and the linear dynamical property of ir-
regularity was identified in [10]. We say that x € X is anirregular vector for T if there
exist me N and increasing sequences (jx) and (ng) of positive integers such that

limTkx=0 and lim | TX]| = oo
This notion was introduced by Beauzamy [9] for Banach spaces to describe the local
aspects of the dynamics of pairs of vectors and it was generalised to the Fréchet space
setting in [14].
We recall if there exists x € X such that its T -orbit is dense in X, that is

{T™:n>0} =X,

then T is said to be hypercyclic and such an x € X is known as a hypercyclic vector.
It is well known that hypercyclic vectors are irregular. Comprehensive introductions to
the topic of hypercyclicity can be found in the monographs [ 7] and [24], and a survey
of some recent advances in the area can be found in [21].

A natural strengthening of Li-Yorke chaos was introduced by Schweizer and Smital
[32] with the notion of distributional chaos for interval maps. We first recall that the
upper and lower densities of a set A C N are defined, respectively, as

dens : AN{1.2, ...

dens(A) := limsup M7
N—oo n

dens(A) i= Iimian'

For a continuous map g: Y — Y on a metric space (Y,d), points x,y €Y and § >0,
we define

Fxy(8) =dens({n€ N : d(g"(x), g"(y)) < })
and
Fey(8) :=dens({ne N : d(g"(x), g"(y)) < 8}).

If the pair (x,y) satisfy K, =1 and Fxy(e) =0 for some & > 0, then (x,y) is called
a distributionally chaotic pair. The map g is said to be distributionally chaotic if
there exists an uncountable set T C Y such that every distinct pair (x,y) € T x T is
a distributionally chaotic pair for g.

The study of distributional chaos in the linear dynamical setting was initiated in
[29] and it is intrinsically connected to the following properties. The T -orbit of x € X

is said to be distributionally near to O if there exists A C N with dens(A) = 1 such that

limT"x=0.
neA
We say x € X has a distributionally unbounded orbit if there exist me N and BC N
with dens(B) = 1 such that
lim || T"X||,, = oo.
neB
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Combining these properties, x € X is defined to be a distributionally irregular vector
for T if its orbit is both distributionally unbounded and distributionally near to 0. This
strengthening of irregularity was introduced in [ 10].

In the Fréchet space setting, it follows from results in [10] and [13] that T admits
a distributionally irregular vector if and only if T is distributionally chaotic. Hence, in
the sequel our study focuses on distributionally irregular vectors. Distributional chaos
has been investigated from many aspects, for instance in [1, 8, 14, 15, 18, 30, 34, 35,
36, 37, 12].

An example of a map that admits a distributionally irregular vector is the differen-
tiation operator D: f — f’, acting on the space H(C) of entire functions on C (this
follows from [13, Corollary 17]). Bernal and Bonilla [11] computed growth estimates
for D-irregular and D-distributionally irregular entire functions, where growth is in
terms of average LP-norms, for 1 < p < o, on spheres of radius r > 0 as r — oo,

We note that permissible growth rates of D-hypercyclic and D-frequently hyper-
cyclic entire functions have previously been investigated in [ 16, 17, 19, 20, 23, 28, 31,
33]. We recall the notion of frequent hypercyclicity was introduced by Bayart and Gri-
vaux [6], where they defined T: X — X to be frequently hypercyclic if there exists
x € X such that for any nonempty open subset U C X it holds that

dens({n:T"xeU}) > 0.

Suchan x € X is called a frequently hypercyclic vector for T.
In the setting of the space #(RN) of harmonic functions on RN, for N > 2,
Aldred and Armitage [2] considered the linear dynamical properties of partial differen-

tiation operators
d

—: A (RY) - #(RN

o Y = AR,
where 1 < k< N. They identified sharp L?-growth rates, on spheres of radius r > 0 as
r — o, of harmonic functions that are universal (and hence hypercyclic) with respect to
d/dx«. Growth estimates in the frequently hypercyclic case were computed by Blasco
et al. [16] and sharp growth rates were subsequently identified in [ 22].

Growth estimates with respect to the sup-norm, on spheres of radius r > 0 as

r — oo, were computed by Aldred and Armitage [3] for harmonic functions that are
universal (and hence hypercyclic) for general partial differentiation operators

gl
= 0o ON
IX1 ' IXy

o

where oo = (0,...,0n) € NN and |a| = o +--- + an. The frequently hypercyclic
case was subsequently investigated by Blasco et al. [16].

In this article we compute permissible growth rates of irregular and distributionally
irregular functions. In Section 3 we improve the growth estimates from [11] for dis-
tributionally irregular entire functions and we also provide lower estimates. In Section
4 we investigate average L?-growth estimates of irregular and distributionally irregu-
lar harmonic functions with respect to partial differentiation operators d/dxk. Then
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in Section 5 we compute sup-norm growth rates of distributionally irregular harmonic
functions in the case of the partial differentiation operators D .

2. Preliminaries

In this section we collect some results that are required in the sequel.

We recall that absolutely Cesaro bounded operators cannot be distributionally ir-
regular. For a Banach space X, the continuous linear operator T: X — X is said to be
absolutely Cesaro bounded if there exists a constant C > 0 such that

1N
sup > [T < Clix]|
NeN 'V j—1

for all x € X. If the orbit of x € X is distributionally unbounded, then it was proven in
[15, Proposition 20] that

1y
limsup — TIX|| = oo
msup 3. 77|
The following estimate will be needed, it can be found in [16, Lemma 2.2].

LEMMA 2.1. Let 0 < o < 2 and B € R. Then there exists some constant C > 0
such that, for all r >0,

© rom eO(T
= (n+1)Bnte S Cr<¢%+213—1>/2'

We will need a technical result whose proof follows the argument of [ 16, Theorem
2.4].

LEMMA 2.2. Let o, > 0. Then there exists some M > 0 such that, for any
non-negative sequence (Xn),

oo Ron+p g—aR
sup— ZXn MsuprnW. (2.1)

m>1 M R>0p=

Proof. We consider the functions

. RoerﬂefaR

The function gy, attains its maximum at a, := n-+ 3 /. Moreover by Stirling’s formula

(n+ﬁ/a)an+ﬁefa(n+ﬂ/a) 1
nlanﬁn—a/2n1/2 ~ %

On(an) =
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The function g, has an inflection point at b, := an + v/n/o+ B/a? and, since
limr_. gn(R) = 0, we have that gn(R) > hn(R) for each R I, = [an, bp], where hy is
the affine map such that hp(an) = gn(an) and hn(by) = 0. We fix mp € N such that

m<apn=n+f/a<bp=an+y/n/a+p/a?<3m

for m>my and for n=m,...,2m. We have that

o 2m
2m <5Up Z Xngn(R)> > / (2 XnOn(S ) ds> Z Xn/ On(s)ds
R>01—1 [m3m] n— |

for m>= my, where C’ > 0 is a constant independent of m and (xn). Therefore we find
Mz > 0 with

1 2m oo Ron+p g—oR
m 2 0 S MISUP 2 X ey VM M.
On the other hand

> (%iﬂ XJ>>J_§, XJ( )y E>>% > x

max{my.j/2}<n<]j j=mp+1

so we get

=mg+1 n=my j=n+1
oo Rom+ﬂefaR
<
< mOMl;liF(’) 2 % T BTV

forall m> my, and we find M > 0 independent of (x,) with

RoanrBefocR
sup—Zxn Msuprnilanﬁ_a/ZH/Z. O

m=1 M7 R>0n—

The following is a slight improvement of a result that is a consequence of Propo-
sition 7 and Theorems 15 and 19 in [ 13]. For the convenience of the reader we outline
the main steps of the proof.

THEOREM 2.3. (Bernardes et al. [13]) Let X bea Fréchet space, let T: X — X
be a continuous linear operator, and assume that Y is a separable Fr échet space that
is continuously embedded in X . Suppose that:
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(a) There exists a dense subset Yo of Y with T"(Yp) C Y for each n € N and
limp_.TY=0inY foral yeY,.

(b) There exist asubset Y; of Y, amap S: Y1 — Y, with TSy=y on Y;, and a
vector ze Yy \ {0} suchthat ;7 ; T"z and Y;_; S"z converge unconditionally
in X and Y, respectively.

Then there exists a dense subset of vectorsin Y which are distributionally irregular for
T: X —X.

Proof. We let (|| - [|),.y denote an increasing fundamental sequence of semi-
norms on X, and without loss of generality we assume it satisfies

ITX[l < [IX|lgr forallxe Xandke N.

We fix another increasing fundamental sequence (|| - [, Of seminorms in Y, with

VIl < [lYll forevery y€ Y.

Arguing as in [13, Theorem 19], we define wy, == Y5, Tz 4 z+ 3> , SOz,
where wy, # 0 if ko is sufficiently large and T*owy, = w, . Let i =3 SO"zeY,
keN. Thenyy —0inY and

keN

. j=k it
TkOJyk = z Tk0n2+ Z+ z S0z, Wi,

n=1 n=1

in X as j — oo. For 0 < ¢ < ky we have

lim Ty, = Thy in X
JANX}

and hence {T‘w, : 0 < ¢ < ko} are accumulation points of the orbit of yy.
Let me N with || T W] #0, £=0,....ko— 1. We define

1 . ’
== 10K .
€ 2m|n{Hka0Hm 0 €<k0}>0

Then there exists an increasing sequence (N) of positive integers such that

I(ILrENik}{lgj<Nk:HTJkam>£}|:l. (2.2)
Without loss of generality we will assume that m= 1. We adapt now the proof of
[13, Theorem 15] to show that there exists a dense subset of vectors in Y which are
distributionally irregular for T: X — X. Indeed, by (2.2) and since the sequences (yk)
and (T'u), ue Yy, converge to 0 in Y, we can construct inductively a sequence (xy)
of vectors in Yo with [|x||, < 1, k€ N, and an increasing sequence (ny) of positive
integers such that

‘{1§i<nk:TiXk1>k2k}’>nk(1—ki2>a (2.3)
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. i 1 1
‘{1<|<npTksL<E}’>rm<r—@>,s:1wnk—l. (2.4)
We consider an increasing sequence (r ) of positive integers such that
lit1=1+rj+nq forall jeN. (2.5)
We fix o € {0,1}" defined by o = 1 if and only if n=r; for some j € N, and we
define the vector o o
. i '
u.:;?xi zzjtz—r;xrj
with u €Y by the fact that |||l < 1, k € N. The argument of the proof of [13,
Theorem 15] yields that u € Y is a distributionally irregular vector for T: X — X since
Il < llyll forevery y € Y.

Finally, the set u+ Yy forms a dense subset of vectors in Y which are distribution-
ally irregular for T: X — X, as desired. [

3. Growth of distributionally irregular entirefunctions

In this section we consider growth of entire functions that are distributionally ir-
regular with respect to the differentiation operator D acting on the space H (C) of entire
functions. We first introduce the pertinent definitions that allow us to precisely specify
how growth is measured.

For an entire function f € H(C) and 1 < p < o, the average LP-norm is defined

1 2n . 1/p
Mp(f,r) = (E/o |f(re't)|pdt>

where r > 0 and we denote the sup-norm of f by

as

Mo (f,r) =sup|f(z)|, r>0.

|Z=r

Optimal growth rates of D-hypercyclic entire functions were identified by Grosse-
Erdmann [23] and Shkarin [33]. They proved if ¢: R. — R. is a function such that
@(r) — o as r — oo, then there exists a D-hypercyclic entire function f € H(C) such
that o

NG
for r sufficiently large. This growth is optimal, since for the critical rate of e"/\/r,
there does not exist a D-hypercyclic entire function f € H(C) such that

M (f,1r) < o(r) CR)

e
oo < =
Moo (f,r) C\ﬁ

where ¢ > 0 is a constant. As noted by Blasco et al. [16, Theorem 2.1], the above
growth results extend to Mp-averages forall 1 < p < .

forr >0, (3.2
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As expected, D-frequently hypercyclic entire functions must grow faster than in
the hypercyclic case. Permissible growth of D-frequently hypercyclic entire func-
tions was investigated in [16], and optimal growth was identified by Drasin and Saks-
man [19]. In [19] they proved for any constant C > 0, that there exists a D-frequently
hypercyclic function f € H(C) such that

M. (f,r) <C ¢ forallr > 0.

re
The above growth result naturally applies to M -averages for 1 < p < . However, we
note that in the case p =1, Bonet and Bonilla [17] had previously identified that there
exists a D-frequently hypercyclic entire function f € H(C) with

e

forall r > 0 and where ¢: R, — R, is any function such that @(r) — oo as r — .
Bernal and Bonilla [11] subsequently identified optimal growth estimates for D-
irregular entire functions. They proved that the critical rate of growth for D-irregular
entire functions is the same as given by (3.1) and (3.2) in the D-hypercyclic case.
Initial growth estimates for D-distributionally irregular functions were also ob-
tained in [11]. They proved for 1 < p < and a= (2max{2, p})‘l, that for every
€ > 0 there exists a D-distributionally irregular function f € H(C) such that

Mp(f,r)<C ¢

rafs

for some constant C > 0.
Here we improve the permissible growth estimates for D -distributionally irregular
entire functions, while also computing estimates for lower rates of growth.

THEOREM 3.1. Let 1 < p< oo,

(i) Let a=1/(2max{2,p}). For any ¢: Ry — Ry with ¢(r) — e asr — oo,
there exists a D-distributionally irregular entire function f with

e
Mp(f,r) <‘P(r)r—a

for r > 0 sufficiently large.

(i) Let a=1/(2min{2,p}). There does not exist a D-distributionally irregular
entire function f that satisfies

e
Mp(f,r) < Ca (3.3)

where ¢ > 0 isa constant and for r > 0 sufficiently large.
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Proof. (i) Since
Mp(far) < MZ(f7r)

for 1 < p < 2 we need only prove the result for p > 2. Let 2 < p < « and we assume
without loss of generality that inf;~o¢@(r) > 0. Our strategy is to apply Theorem 2.3,

S0 we consider
_ Mp(f,r)rt/2e
Y={feH Clim 2R

endowed with the natural sup-norm which we denote by ||-|| . We note that (Y, ||-||y)
is Banach space which is continuously embedded in H(C). Further note that the func-
tions f €Y satisfy the desired growth condition.

We let Y =Y; be the space of polynomials and we note that Y is dense in Y. It
follows immediately that Theorem 2.3 (a) is satisfied.

Next we check Theorem 2.3 (b). We define the mapping S: Y1 — Y; forgeY; as

S0 = [ oe)de.

Forall g €Y; we have that DSy = g, and since Y;;_; D"g is a finite series it converges
unconditionally.

It remains to show that 3> ; S'g converges unconditionally in Y for any polyno-
mial g. (This calculation appears in [16, Theorem 2.3], but for the convenience of the
reader we recall the argument here.)

It suffices to consider monomials g(z) = z¥, k € N, which gives

i S'g(z) =
n=1

and thus we need to prove that > ; Z"/n! converges unconditionally in Y.
To this end, let € > 0 and N € N. By the Hausdorff-Young Inequality (cf. [ 25]),
we obtain for any finite subset F C N that

M ran 1/q
Mp —,r g 1a ’
(ng,‘: n! ) (ng,‘: n!q>

where q is the conjugate exponentof p,i.e. 1/p+1/q=1. Hence, if FN{0,1,...,N}

= ¢, then
/9
il ra/2p ran
—I|| < | Sup ———= — .
%5, < (st o)

neF

We choose R> 0 such that ¢(r)9 > 1/¢ for r > R. Then it follows that

ra/2p ran Ra/2p Ran
sup ———— — <

<——— — =0
r<R @(r)9ed S nld ~infr o @(r)d & nld
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as N — . Moreover, Lemma 2.1 gives that

1 r9/2p ran
su — < Ce¢
MRoi @ X

forany N € N, where C is a constant depending only on g. Thus,

A~ q

2

nekF " |y

<(1+C)e

if minF > N and N is sufficiently large, so that ¥,> ; Z"/n! converges unconditionally
inY.
(i) For p=1 the result follows from [11, Theorem 7]. Moreover since

Mo (f,r) < Mp(f,r)

for 2 < p < o, it suffices to prove the result for p < 2. So we assume 1 < p< 2 and
that f € H(C) satisfies (3.3).

Let B(r) denote the open ball of radius r which is centred at the origin. We
define the translation fa(z) = f(z+a), for a € C, which is an entire function with
fa(0) = f(a).

We let R > r and it follows from the Hausdorff-Young inequality (cf. [ 25]) and
(3.3) that for a € B(r)

(Z(DT)WD>WZ<ZCDﬁNW)ym

eRtr
< Mp(fa,R) < Mp(f,R+r) < Cm
where q is the conjugate exponent of p with 1/p+1/q=1.
So it follows that
o an+q/2p(1+ r/R)q/Zpequ
26|D”f(a)|q ST <1 (3.4)
n=!

We now apply Lemma 2.2 with oz = q and 8 = q/2p to obtain that there exists C > 0
depending only on r such that

—Z\D" (@))¥<C.

Next let S(r) = {z€ C : |7l =r} denote the sphere of radius r centered at the
origin, k € N arbitrary, and let ay,...,ax € S(r). We take the averages

3 1§ origayi<c
J:lmn:O

XIH
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0

and hence

XIH

o

k
> [of(af') <c
Note that, if the a;,...,a« € S(r) are uniformly distributed,

lim kZ|Dn (aj)|* = MJ(D"f,r)

K—so0

where ¢; is a constant depending only on r. So it follows that the average

1 m

— Y MJ(D"f,r)

m n=0
is bounded and thus f cannot be a distributionally unbounded function for the differ-
entiation operator. [

Although Theorem 3.1 is an improvement on the previously known growth esti-
mates, it naturally leads to the following question (originally posed in [11, Problem
12)).

QUESTION 1. What is the critical order of growth of D-distributionally irregular
entire functions?

Since D-hypercyclicand D-irregular entire functions share the same critical growth,
one might expect that the optimal growth of D -distributionally irregular entire functions
is similar to the frequently hypercyclic case.

4. Growth of irregular and distributionally irregular harmonic functions

We now turn our attention to the permissible growth of harmonic functions that are
irregular and distributionally irregular with respect to partial differentiation operators.
We begin by recalling some notation and the background results relevant to this topic.
Then we collect some auxiliary results (Subsection 4.1) that we require in order to
calculate the growth rates (Subsection 4.2).

The space 7 (RN) of harmonic functions on RN, for N > 2, is a Fréchet space
when equipped with the complete metric

z 2= n |S(n
1 + |g h|S(n

for g,h € 27 (RN), and it corresponds to the topology of local uniform convergence.
Above we set | f[gn) = sup_n|f(X)| for f € 2(RN).

We denote by B(x,r) and S(x,r), respectively, the open ball and the sphere of
radius r (in the euclidean metric) with centre at x € RN . When they are centred at the
origin of RN we simply write B(r) and S(r).
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The sup-norm of h € 2#(RN) on S(r) is defined as

M. (h,r) = sup |h(x)|.

[Ix[=r

Let o; denote the normalised (N — 1) -dimensional measure on (r), so that o (S(r)) =
1. The L?-average of hc 27 (RN) on (r) is given by

1/2
My (h,r) = (/am Ih[? d6r>

where r > 0 and the corresponding inner product is defined by
@)= [ ghder, ghe ()
r

The following sharp growth rates of harmonic functions that are hypercyclic, with
respect to partial differentiation operators, follow from the work of Aldred and Ar-
mitage [2].

() If : Ry — Ry is a function such that @(r) — e as r — o, then there exists a
d / dxc-hypercyclic function h € 2 (RN) with

e

for r > 0 sufficiently large.

(1) Let o € NN, There does not exist a D*-hypercyclic harmonic function h €
(RN that satisfies
€

Ma(h,r) < CW

for r > 0 and any constant C > 0.

Permissible growth of 9 /dx-frequently hypercyclic harmonic functions was con-
sidered by Blasco et al. [16, Theorem 4.2], and subsequently the following optimal
growth rates were identified in [22]: for any constant C > 0 there exists a d/dX-
frequently hypercyclic harmonic function h € #(RN) such that

e
Mz (h,r) < Cm, forallr > 0.

4.1. Auxiliary results

We gather the notation and background from [2, 4, 5] that is required for our
investigation.

We denote by .7, (RN) the space of homogeneous harmonic polynomials on RN
of homogeneity degree m> 0. The harmonic analogue of the standard power series
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representation of holomorphic functions states that any h € .#(RN) has a unique ex-
pansion of the form

h= i Hm (4.1)
m=0

where Hp, € #4,(RN) for each m > 0 and the expansion converges in the metric d,
cf. [5, Corollary 5.34]. Moreover, (Hj,Hq)r =0 when j # k, so by orthogonality one
has for any r > 0 that the L2 -average of (4.1) is

MZ(h,r) = > M3 (Hm,r).
m=0

We denote the dimension of .7,(RN) by dm = dm(N) and it can be shown [5, Propo-
sition 5.8] that dg = 1 for N =2 and

B N+2m—2<N+m—2>

Om= Nm—2 m 4.2

for N+m2 3. It follows easily from (4.2) that
A = O(m"~2) (4.3)

as m—s oo (cf. [5, p. 107]). Moreover, for o € NN with || = mand H € %, (RN),
D*H is constant and it follows from [2, Lemma 1] that

ID“H| < mly/dmr ~™Ma (H, 1) (4.4)

for r > 0. Further details on the spaces .#(RN) can be found in [5, Chapter 5] and
[4, Chapter 2].

We also require an antiderivative for the partial differentiation operators d/dxy
on 7 (RN), where 1 < k < N. Suitable linear maps were defined by Aldred and Ar-
mitage [2] by using a specific orthogonal representation of harmonic polynomials con-
structed by Kuran [26]. We denote the n' antiderivative, with respect to the coordinate
X, by the linear map

Pak: Hn(RN) — S0 in(RN) (4.5)

for m,n > 0. For our purposes we do not require to explicitly define the maps Pp,
however we will utilise the pertinent properties which are contained in the following
fundamental lemma taken from [2, Lemma 4].

LEMMA 4.1. Leemn>0,N>2and 1< K< N. If H € #,(RN) then Pi(H) €
Hinin(RN),

an
TXEPn’k(H) =H
and
M3 (Phk(H),1) < camnMZ(H,1) (4.6)
where
(N+2m—2)!

CamN = n(N+2m+n—3)(N+2m+2n—2)°
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Similar to line (4.2) in [16], for fixed m we will use the simpler estimate

Cm
< 4.7
N S T m2n+ mt N2 4.7
for ne N, where
Cm=Cm(N) = (N+2m—2)! (4.8)

We note that the different maps Py are mutually compatible since for H Hn(RN)
and Z,n> 0 we have that

P€+n7k(H) = Pé,,k (Pn,k (H)) :

Anproof of this fact can be found in [22, Lemma 3.3]. In particular it holds that
aixknpak(H) =P,_nk(H) for £>n.

We also need the following lemma on inequalities between L2 -norms of harmonic
functions with respect to N-spheres with different centres. This is essentially known,
but for completeness we include a proof. The proof requires the Poisson integral and
Harnack’s inequality, which we recall below (full details can be found in [4, Sections
1.3 and 1.4]).

We let oy = 0(S(1)) be the surface area of the N-sphere S(1), where ¢ denotes
the (unnormalised) surface area measure. The Poisson kernel of the ball B(xo,r) is
given by the function

1 r?— x—xol?

K =
o o ey

for y € S(xp,r) and x € RN\ {y}.
For a function h continuous on S(xp,r), the Poisson integral is defined as

Insor 9= [ Kar(6y)h(y) do(y

for x € B(xo,r). It is a fundamental result of potential theory that Ipy, , defines a
harmonic function on the ball B(xg,r) with boundary values on S(xo,r) given by h.
We recall that Harnack’s inequality states if h is a positive harmonic function on
B(Xo,r), then
N-2
(+lx—xalrt 2,
(r =[x —xoll)

h(x) <
for each x € B(xo,r).

LEMMA 4.2. Let N> 2. Given he #(RN), r >0, R>r, and ac RN with
|lal| <r, we consider the translated harmonic function h, defined by ha(x) = h(a+x).
We then have

Mz (ha, R) < CaMa(hr +R),

where Cy > 0 is a constant that only dependson N.
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Proof. For brevity we denote the Poisson integrals of the subharmonic function
h? on the spheres S(a,R) and S(r +R), respectively, by Iar and lor+r.
First observe that

VB r+R = [ () oY)
1
= W/S(HR) h(y)? do(y) = lo,+r(0)
and similarly
ME(he R)= [ Iha(y)* domy) = [ )P doR(Y) =lar(a)

Next notice that lar = h? on the sphere S(a,R), and that the subharmonicity of h?2
gives that h? < lo g inthe ball B(r +R). Soitholds that I,g=h? <lg,4r 0N S(&,R).
By the maximum principle it follows that 15 r < lgr+r On B(a,R) and moreover

lar(@) < lor4r(a).

Next, since lo,4r is a positive harmonic function on B(r +R), we have by Har-
nack’s inequality and the facts that |jaj| <r and r <R

(r+R+al]) (r +R)N-2

lor+Rr(8) < TRl ! lor+r(0)
N-2
< 2r+R)(r+R) los +r(0)

RN-1
2r r N-2
= (E + 1) <§ + 1) lor+RrR(0) = Cnlor+r(0)
where the constant Cy depends only on N and the result follows. [

4.2. Growth rates

We are now ready to identify the optimal M5 -average growth of harmonic func-
tions that are irregular with respect to partial differentiation. We note that the growth
rates are the same as in the hypercyclic case.

THEOREM 4.3. Let 1 <k<N.
(i) Let o: Ry — Ry beanyfunctionwith ¢(r) — e asr — oo, Then there existsa
d /dx-irregular harmonic function h € 7(RN) with

Mz(h,r) < (P(r)w

for r > 0 sufficiently large.
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(ii) Let o € NN, Theredoesnot exist a D -irregular harmonic function h € .72 (RN)

that satisfies

e
Ma(h,r) < CW (4.9)

for r > 0 and any constant C > 0.
Proof. (i) This follows from [2, Theorem 1] since hypercyclic vectors are irregular.
(ii) Let h € 2 (RN). We recall that the translation ha(x) = h(x+a) preserves

harmonicity and we further note that h,(0) = h(a), where a € RN. Furthermore it
follows from (4.1) that h, has a unique representation of the form

ha = 2 Hayj
j=o

where Haj € 57 (RN).
For ne N and o € NN we may differentiate under the summation sign to obtain

M

D"*h(a) = D"*ha(0) = Y’ (D"*Ha,j) (0) = (D"*Hgpje) (0) (4.10)

0

j

where we use the convention that D"* = (D*)".
Fix r >0 and let ac B(r). For R> r it follows from (4.10) and (4.4) that

ID"*h(@)| < (nfer])ty /ey R Ma(Ha o, R)

< (nfer))!y/dojo R Mg (ha, R)

Applying Lemma 4.2 we get that

M. (D"*h,r) < CN(n|a|)!\/%R‘”“"‘M2(h7r+ R).
Next suppose that (4.9) holds. By (4.3) we know that
tnjo) = O((n]e)N7?)
as n — oo and hence there exists a constant C, independent of n and r, such that

(n]e))!(na|)(N-2)/2g R
Rn\a\( +R) (N-1)/2

M.. (D"*h,r) < C

Applying Stirling’s formula and choosing R=n|e|+ (N —1)/2 we obtain that

(n o))+ (N=1)/2gr+nlef+(N-1)/2

M.. (D"*h,r) < C
’ _ (N-1)/2
(nfor] + (N = 1)/2)" N2 el (14 s )

—n|e|
< Ccd+N-1)/2 (1 n %) < Ccd+N-1)/2
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So we get that the sequence {M.. (D"*h,r)}, is bounded and since h does not have an
unbounded orbit it cannot be irregular. [

Next we compute growth rates for d /dx-distributionally irregular harmonic func-
tions and we note that the below growth is optimal.

THEOREM 4.4, Let 1 <k<N.

(i) Let @: Ry — Ry beany function with ¢(r) — o asr — . Then there exists
aharmonic function h € .27 (RN) whichisdistributionally irregular with respect
to the partial differentiation operator d/dx, such that

e
Mz(h,r) < q’(”m (4.11)

for r > 0 sufficiently large.
(ii) There does not exist a d/dx-distributionally irregular h € 7 (RN) satisfying

e

Mz(h,r) < Cm

(4.12)
where ¢ > 0 isconstant and for r > 0 sufficiently large.

Proof. (i) Fix 1 < k< N and we assume without loss of generality that inf,~o ¢(r) >
0. We consider the space

N/2-3/4
Y = {he A (RN) - rlLrgo% =0}

endowed with the corresponding sup-norm ||-||y. Note that (V,]/-|ly) is a Banach
space that is continuously embedded in .7#(RN), endowed with the topology of local
uniform convergence, and that every h € Y satisfies the desired growth condition.

We will apply Theorem 2.3 and to this end we let Yo = Y; be the space of harmonic
polynomials on RN. The space Yy is dense in Y and it follows immediately that part
(a) of Theorem 2.3 is satisfied.

For part (b), we use the antiderivative given in (4.5) to definethemap S: Y1 — Y,

where Hj € 7 (RN). Forall H € Y; we have that 9 /9xSH =H and since Y7 ; 9"/IxqH
is a finite sum it converges unconditionally.

To complete the proof it suffices to show that the series 3 ; S'"H = Y7, Pk (H)
converges unconditionally in Y for any polynomial H € J#j(RN), j > 0. (This was
shown in [16, Theorem 4.2(a)], but for the convenience of the reader we outline the
argument here.)
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For a finite subset F C N, we have by orthogonality, homogeneity, (4.6) and (4.7)
that

z Pn7k(H)

nek

(N/2— 3/4
=sup ———— e (Z Pok(H )

r>0 (P neF

(N/2-3/4 1/2
=S~ (Z M22(Pn,k(H)vr)>

r>0 @ neF

_ 1/2
N/2-3/4 2(n+j)
< Csup ! (2 ' ] ) .

Y

>0 @€ \ & (n+))12(n+j+1)N-2

By an application of Lemma 2.1, it then follows that ¥ o P, k(H) converges uncondi-
tionally in Y.

(i) Fix 1 < k< N. We consider the translated harmonic function ha(X) ;== h(x+a)
for ac RN. It follows from (4.1) that h, has a unique representation of the form

ha = z Hayj
j=0

where Hgj € 57 (RN).
For a € S(r), it follows from (4.4) that

a" 8”

—h v dnR™"M2(Ha,
oo o
forany R> r. It then follows from Lemma 4.2 that

o RN 23 2 2 2
> PERN Wh(a) < ) M3 (Han,R) = M3 (ha,R) <CiM3(h,r +R)
n=0"'" N k n=0

where C; is a constant that depends only on N.
We recall that the sequence (dn)n given by (4.2) is increasing and satisfies dn =
O(nN=2) as n — oo. So applying our assumption we get that

R2n
Z nd,

=0

2 2(r+R)

aXn h(a‘) < CZ (r T R)N73/2 .

That is,
R2n+N-3/2

12N-2e2R
~ ni2nN—2¢2

an

N
for some constant C, that only dependson r and N. By applying Lemma 2.2 for oo =2
and B =N —3/2, we obtain

2
h(a)

<G
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1'a“

<C
I

forevery | € N and a € B(r), and for some constant C that only depends on r and N.
In particular, if we select a finite family {a € S(r) : i =0,...,m} uniformly distributed

on S(r) we get
m | 2 | m 2
w2 (72 12 (52 <c
M=\ a0 n—0 \ M=o
Taking limits as m — oo, we conclude that
1 | Pl
=Y M2 <—h,r> <C
I n;) X,

for each | € N, and it follows that h cannot be a distributionally unbounded harmonic
function with respect to the operator d/dxx. O

8n
X

8n
X

h(a) h(a)

A natural further question arising from Theorem 4.4 is the following.

QUESTION 2. What are the precise Mp-average growth rates of d /dx-distribu-
tionally irregular harmonic functions for p # 2?

5. Growth of D%-distributionally irregular harmonic functions

In this section we study permissible growth rates, in terms of the sup-norm on
spheres, of harmonic functions that are distributionally irregular with respect to general
partial differentiation operators D%, for o € NN The hypercyclic case was considered
by the investigation of Aldred and Armitage [3] and the frequently hypercyclic case
was studied by Blasco et al. [16].

We begin by recalling some notation and results from [2, 3] which are required in
the sequel. Set c; =1 and for N > 3 we define the constants

o(HoeE

It was shown in [3, Section 3.2] that for N > 3

pd

/N
cN > > and con = §+o(1),asN—>oo.

We also require suitable antiderivatives associated with the partial differentiation
operators D*. Using an inductive construction on the maps from (4.5), in [3, Lemma
2] they identified linear maps

Pra: jfm(RN) - m+n\a|(RN) (5.2)
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with the property that D"*P, o,(H) = H, for H € 7#,(RN), where m n > 0. Here we
again use the convention that D"* = (D*)".

For our purposes, we do not need to explicitly define the maps Py, however we
note that the different maps P, o, are mutually compatible since for H € s#m(RN) and
£,n > 0 we have that

Prina (H) =Pra (Pha (H))
and in particular it holds that D"*P, o (H) = P/ «(H) for £>n.

We will utilise the following estimate, which follows from [3, Lemma 4]. For

mneN, o e NN and H € 74,(RN),

o (m-+ 1) (N-D/2(gyr)nled
(nfe)!

for r > 0, where cy is as defined in (5.1), A,C > 0 are constants depending only on

N, and we may assume that A€ N.

It follows from results in [3] that for nonzero o € RN, there exists a D* -hypercyclic
harmonic function h € 7 (RN) such that for any & > 0, there is some C, > 0 with

Mo (Pho(H),r) <C

M..(H,r) (5.3)

M..(h,r) < CeelonFer, (5.4)

It also follows from [3] that for e = (1,...,1), there does not exist a D* -hypercyclic
he 27 (RN) that satisfies
M. (h,r) < Ce”,

forany c < y/N/2 and where C > 0 is a constant.

In [16] they strengthened growth condition (5.4) and extended it to the frequently
hypercyclic case. In particular, they showed if ¢: R, — R, is a function such that
o(r)/rP — oo, as r — oo, forany p > 0, then there exists a D*-frequently hypercyclic
harmonic function h € 7 (RN) such that

Me.(h,r) < ()™’

for r > 0 sufficiently large.

Since hypercyclic vectors are irregular, we may immediately infer growth esti-
mates for D% -irregular harmonic functions from the above results. It is also necessary
to mention that Bayart and Ruzsa [8] showed that there are frequently hypercyclic op-
erators that are not distributionally chaotic, answering negatively Problem 36 in [ 13].
This shows that, in general, we cannot deduce directly the growth estimates for dis-
tributional chaos from the corresponding estimates in [ 16] for frequent hypercyclicity.
We give initial growth estimates in the distributionally irregular case in the following
theorem.

THEOREM 5.1. Let N>2 and oo € NN with e #£0. Let ¢: R, — R, beafunc-
tion such that @(r)/rP — oo, asr — oo, for any p > 0. Then there exists a harmonic
function h € 27 (RN), distributionally irregular with respect to the differentiation op-
erator D%, such that

Mo (h,r) < @(r)en’

for r > 0 sufficiently large and where cy isasgivenin (5.1).
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Proof. The proof is similar to that of Theorem 4.4 (i). We assume without loss of
generality that inf,~o @(r) > 0 and we consider the space

_ Ny Me(hr)
_{he%(R ) rIergoq)(r)e‘:Nr _0}

endowed with the sup-norm |||y . Note that (Y,]-||y) is a Banach space which is
continuously embedded in .s#(RN) and that every h € Y satisfies the desired growth
condition.

We will apply Theorem 2.3 and to this end we let Yo = Y; be the space of harmonic
polynomials on RN. Then the space Yy is dense in Y and it follows immediately that
part (a) of Theorem 2.3 is satisfied with respect to the operator D .

For part (b), we define the map S: Y1 — Y; by

m m
St Y Hj— > Pia(Hj)
j=0 j

where Hj € %(RN) and the antiderivative Py, is as given in (5.2). Forall H € Yy,
note that D“SH =H, and since Y;»_; D"*H is a finite sum it converges unconditionally.
To complete the proof it suffices to prove that the series Y ; S'H converges un-
conditionally in Y for any polynomial H € .#n(RN). (This calculation appears in [16,
Theorem 4.3], but for the convenience of the reader we outline the steps here.)
Let F C N be finite. If FN{0,1,...,L} = &, then by (5.3), the homogeneity of
H, Lemma 2.1 it follows that

o Al A (N-1)/2 nle
1
Y Pra(H)|| <sup - > c o/ (m+1) (CNr) Moo (H, 1)
nefF v >0 @( )eCN n=L+1 (nla)!

<csp—L_ § Mo,
r>0 Q(r)en’ 4 L+1 (n|a|)!
A oo (CNr)n\oc\fA A

<Csu -———— <Csu
b @r)enT ,1%1 (e = AT S 30 o)

where the constants C > 0 above take different values. Using the assumption that
@(r)/r™A — o as r — oo, it follows that the series Y>> ; S"H converges uncondition-
allyiny. 0O

The preceding discussion and theorem naturally give rise to the following question.

QUESTION 3. What are the optimal rates of growth of harmonic functions that
are irregular and distributionally irregular with respect to D *?

The analogous questions remains open for frequent hypercyclicity and even for hy-
percyclic harmonic functions (cf. [ 16, Section 6]). Aldred and Armitage [3] conjecture
in the hypercyclic case that the sup-norm is of exponential type /N/2.
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