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IN ASYMPTOTIC EXPANSIONS OF THE DIGAMMA FUNCTION

MANSOUR MAHMOUD AND FENG Q1*

Dedicated to Dr. Prof. Pietro Cerone retired at La Trobe University and Victoria University in Australia

(Communicated by I. Peric)

Abstract. Motivated by several conjectures posed in the paper “F. Qi and A.-Q. Liu, Completely
monotonic degrees for a difference between the logarithmic and psi functions, J. Comput. Appl.
Math. 361 (2019), 366-371; https://doi.org/10.1016/j.cam.2019.05.001", the au-
thors bound several completely monotonic degrees of the remainders in the asymptotic expan-
sions of the logarithm of the gamma function and in the asymptotic expansions of the logarithm
of the digamma function.

1. Preliminaries

The classical Euler gamma function I'(z) can be defined by
2) :/ t2letdt, R(z) >0.
0

The logarithmic derivative of I'(x), denoted by w(x) = % is called the digamma

function and the derivatives y(x) for i > 0 are called the polygamma functions. The
digamma function y(z) has the series expansion

y(l+z)= —y+z B 7#4-1,-1,-3,...

n+z

in[1, p. 259, 6.3.16] and has the asymptotic formula
Z—ooin |argz| <7
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in[1, p. 259, 6.3.18], were y=0.57721566. .. stands for Euler—-Mascheroni’s constant
and the Bernoulli numbers B, are generated [23, 27, 33] by

z > 2" z
—1:ZE)BnH:l__+ZBZk—' |z| < 27. ()

eZ

For more information on T'(z) and y (¥ (x), refer to [1, 21, 25, 40] and closely related
references therein.

Recall from [32, Chapter 1] that, if a function h on an interval | has derivatives of
all orderson | and

(=1)"h™(t) >0, tel, ne{0}UN,

then we call h a completely monotonic function on 1. In other words, a function h is
completely monotonic on an interval | if its odd derivatives are negative and its even
derivatives are positive on |. Theorem 12b in [35, p. 161] states that a necessary and
sufficient condition for h to be completely monotonic on the infinite interval (0,e0) is
that

h(t) :/OWe*tSdo(s), s € (0,00), (1.2)

where o (s) is non-decreasing and the above integral converges for s € (0,<). In other
words, a function is completely monotonic on (0,e) if and only if it is a Laplace
transform of a non-negative measure.

DEFINITION 1.1. Let h(t) be a completely monotonic function on (0,) and let

h(eo) = tIme h(t) > 0.
If the function
t[h(t) —h(e)] (13)

is completely monotonic on (0,0) if and only if 0 < a < r € R, then we say that h(t)
is of completely monotonic degree r; if the function in (1.3) is completely monotonic
on (0,e) forall @ € R, then we say that the completely monotonic degree of h(t) is

oo,

The function in (1.3) can be essentially regarded as the ratio h<87£§f°) between

the completely monotonic function h(t) —h(e) and the o power of the completely
monotonic function % on (0,). This is the reason why we designed in [8] a notation
deg!,[h(t)] to denote the completely monotonic degree r of h(t) with respect to t €
(0,0). According to this idea, we can define the completely monotonic degree r of
h(t) with respect to g(t), denoted by deggr(ﬁ.) [h(t)], as the largest number a such that
the ratio % between the completely monotonic function h(t) and the o power
of the completely monotonic function g(t) on (0,e).

In [41, Definition 1.2], the integer part of the completely monotonic degree r of
h(t) with respect to t € (0,0), that is, the quantity | degi,[h(t)]], was needlessly and
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unnecessarily called as the completely monotonic integer degree of the function h(t),
where the notation |t | denotes the floor function whose value equals the largest integer
less than or equal to t. Proposition 1.2 in [28] can be modified as that degl,,[h(t)] =
r> 0 if and only if

h(t) —h(e) = /Om {% /Os(s— T)r‘ldu(r)] e 5ds

for 0 <t < e, where u(7) is a bounded and non-decreasing measure on (0,c0). For
more information on completely monotonic degrees and their properties, please refer
to the papers [13, 15, 16, 17, 18, 24, 26] and closely related references therein.

2. Motivationsand main results
In [2, pp. 374375, Theorem 1] and [ 11, Theorem 1], the function
t*lInt—y(t)], oeR

was proved to be completely monotonic on (0 ,oo) if and only if o« < 1. This means
that completely monotonic degree of Int — y/(t) on (0,c0) is

deglm[Int — ()] = (2.1)

In [31, Theorem 1.7], the function
t2[y(t) — Int] + =

was proved to be decreasing and convex on (0,0) and, as t — oo, to tend to — 1—12 LIn[5,

Theorem 1], the function
1
2 JE—
t[w(t) — Int]+2+12

was verified to be completely monotonic on (0,<0). In[29, Theorem 2], the completely

monotonic degree of
1 1
ot)=wt)—Int+ = o + 5 o0

with respect to t € (0,0) was proved to be
deger 9 ()] = 2. (2:2)
In [2, Theorem 8], [14, Theorem 2], and [39], the functions

Rn(t) = (—1)" [Inl"(t) - (t — %) Int+t— % In(27) — gl (2k>22kk_ 1 tzkl_l

for n > 0 were proved to be completely monotonic on (0,e0), where an empty sum
is understood to be 0. This conclusion implies that the functions (—1)”‘Rr(1m)(t) for
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m,n > 0 are completely monotonic on (0,e). See also [12, Section 1.4] and [20,
Theorem 3.1]. By the way, we call the function (—1)"Rn(t) for n > 0 remainders of
the asymptotic formula for InT'(t). See [1, p. 257, 6.1.40] and [21, p. 140, 5.11.1].

In [2, Theorem 1], [11, Theorem 1], and [37, Theorem 3], completely monotonic
degree degt,[—Rj(t)] = 1 was verified once again.

In [18, Theorem 2.1], it was proved that

degh [Ra(t)] >n, n>0. (2.3)

In [5, Theorem 1], [29, Theorem 2], and [37, Theorem 4], completely monotonic
degree degt,[—R}(t)] =2 was proved once again.
In [37, Theorems 1 and 2], it was shown that

degi [(—1)°R5(1)] =2
and
degh,y [(~1)2R{(1)] = 3.
In [22], Qi proved that

4 < degm [(—1)?R3(1)] <5.
Due to the above results, we modify Qi’s conjectures posed in [29] as follows:

1. the completely monotonic degrees of Ry (t) for n > 0 with respect to t € (0,e0)
satisfy
degem[Ro(t)] =0, degey[Ra(t)] =1, (2.4)
and
degim[Rn(t)] =2(n—1), n>2; (2.5)

2. the completely monotonic degrees of —R7,(t) for n > 0 with respectto t € (0,)
satisfy
degem[—Ro(t)] =1, degen[—Ry(t)] =2, (2.6)
and
degim[—Rp(t)] =2n—1, n>2; 2.7)

3. the completely monotonic degrees of (—1)’“R§,m) (t) for m > 2 and n > 0 with
respect to t € (0,e0) satisfy

degt [(~1)™RSV(M)] =m,  degh [(-D"R(VM)] =m+1,  (28)
and
degim [(—1)™RI™ ()] =m+2(n—1), n>2. (2.9)

In this paper, we will confirm that Qi’s conjectures expressed in (2.4) and (2.6) are
true and, via a double inequality, partially confirm that the conjecture expressed in (2.7)
is almost true. Our main results can be stated as the following theorem.
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THEOREM 2.1. For n > 0, the completely monotonic degrees of the remainder
Rn(t) with respect to t € (0,o0) satisfy the two equalities in (2.4).
For n > 0, the completely monotonic degrees of the functions

Bak 1
_R/ — (_1\n+1 2k
Ry(t) = (=)™ [y(t) — |nt+2t+z R

with respect to t € (0, ) satisfy the two equalities in (2.6) and a double inequality

2n—1< degh [-Rh(t)] <2n, n>2. (2.10)

3. Proof of Theorem 2.1
Now we start out to prove our main results stated in Theorem 2.1.

3.1. Proofsof equalitiesin (2.4)

From Binet’s first formula

1 0 1 l 1 eftU
INC(t) = (t—% ) Int—t+Inv2 = -4z
" ( Z)n o n+/0 (e“—l +2> du

u u

fort > 0in[3, p. 28, Theorem 1.6.3] and [ 19, p. 11], it is easy to see that

Ro(t) = InT'(t) — (t - %) Int+t— % In(2r)

and
Ry(t) = — [lnr(t) _ ( 2) Int+t— = |n(27'c) ~ %

satisfy
tIim Ro(t) = tIim Ri(t) =0.
The inequality (2.3) means that the completely monotonic degree of the remainder
Rn(t) for n > 0 with respectto t € (0,<) is at least n. In particular, we have
deg'[Ro(t)] =0 and deg'[Ry(t)] > 1. (3.1)

If t°Ro(t) and t*Ry(t) were completely monotonic on (0,e0), then their first deriva-
tives should be non-positive. As a result, using

RG(H) = (1) —Int +

and

1
i ’ —
Ry() = y(t) — Int+ > + .
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we acquire
/ _ _1
o< RO _ t[lntl w(t)] -3 : 0, tot
Ro(t)  InT(t)— (t—3)Int+t—3In(27)
and
2
lg_tR&(t) _ [y () —Int+ 5 + 5] 1, t—ot,
Ri(t)  t[InT(t)— (t—3)Int+t—3In(27) — |
where we used the limits
Iirgl(t[lnt —y(t)]) =1, (see[2, p.374])
t—
lim (t2|y(t)—Int+ = L + L _1 (see [29, Theorem 1])
ot Y 2 12t2 1 !

T(t+3) 1

=InT'(t+3)—In(t+2)—In(t+1)—tint — %InH—t— % In(2m)

Ro(t) = In

—eo, t— 0T

and
tRy(t) = —t [Ro(t) - ﬁ]
1 t+2 1 5 In(2rm)
= E—tlnl‘( +3)+t|nt+—1+ (t—i—z)tlnt—t +Tt
— 1—12, t—0".
Consequently, it follows that
deg'[Ro(t)] <0 and deg'[Ry(t)] < 1. (3.2)

Combining those inequalities in (3.1) and (3.2) concludes those equalities in (2.4).

3.2. Proofsof equalitiesin (2.6)
Since —R/(t) = ¢(t), and

Iimt[lnt —y(t)) = %, (see [2, p. 374])
LR /) B Sl VAR )

=00 g —Inty(t) ot J—tnt—y(t)] |

by the equation (2.1), we conclude the first conclusion in (2.6).
The equation (2.2) established in [29, Theorem 2] is equivalent to the second con-
clusion in (2.6).
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3.3. Proof of the double inequality (2.10)
Let

1 1 v & Bx
f _ _ln Z_ Zcoth= P2k 2k—-1
V=D [v 2S5+ 2 g
for n > 0, where the empty sum is understood to be 0. Then, by virtue of the formulas

1+e 2 2
1ed 1-en ©

- =01 1\
_|nz+/0 (v 1—eV>e dv, %R(2)>0

in [21, p. 140, 5.9.13], and

cothv =

i_i “ w—1 —2zv
zW_F(W)/o Wle gy, Ri(z), R(w) >0

in[1, p. 255, 6.1.1], we derive that
* =11 1 v & B
n —tV 4y L4 M 2k 2k—1| ,—tv
1)/0 fa(v)e dv_/0 [v 2coth2+:§ (2k)!v ]e dv

—/ l ;+Z ] e dv

B By 1
= y(t)— |nt+2t+22kt2k

for n > 0. This means that
(1) :/ fa(v)eVdv, n>0. 3.3)
0

The inequality (2.3) tells us that the remainder Rn(t) for n > 0 is completely
monotonic in t € (0,e0). Then, by definition of completely monotonic functions, it is
ready that the remainder —R/,(t) for n > 0 is completely monotonic on (0, o).

Since the function 7“5 —1+ 3 isevenin v e R, by virtue of the equation (1.1),
it follows that

) " B
fo(y) = [1— — +%+k§l(2—2§!v2k]
(=" v v L B
= v [—(ev 1—1+§>+k21(2—|i)|V2k‘|
_( )n+l ﬂ 2k—1
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for |v| <2z and n > 0. Accordingly, we have

lim f1" (v) = (=1)"lim Y B

2k (-1 _
lim i 3 G (2k — 1) v =0 (3.4)

for 0 <4< 2n or £ =2m with m,n > 0, where

_n—l _Jole—1)---(x—n+1), n>1
<Oc>n—k13)(06—k)— 1, n=0

is called the falling factorial of o«. For more information on the falling and rising
factorials, refer to the papers [30].

Recall from [9, Theorem 2.1], [10, Theorem 2.1], and [38, Theorem 3.1] that,
when ¥ >0 and t # —'"Tﬂ orwhen ¥ <0 and t € R, we have

k k+1 p
(5a) -V S vk in) (o) @9

p=1

for k > 0, where

S(k, L k
ol , lsps
P (q) P
are the Stirling numbers of the second kind. Taking ¢ = 6 =1 in (3.5) leads to
d- 1 kk+1 1 \P
R - — (— _ '
dtk<et_1> (=1 pg,l(p 1)-S(k+1,p)<—et_1> (3.6)

for k > 0. Utilizing (3.6) results in

dt 11 vy df 11 0, 2L
JL@W(T?““E)_V'LTQW[T<eV——1+§>]_{_% r—o. &7

Making use of (3.7) and

yields

3.8)
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for /,n >0 and t > 0. Consequently, by the limits (3.4) and (3.8), integrating by parts
inductively 2n — 1 times in the equation (3.3) gives

RL(t) = _% Ow fo(v)de v

1 _ _
:__{ tva /f tvdv]

/f ye Vdv

t

= - 1/ " Y vye v

(_1)n -1 B (2n—-1)
= / l_ _Zcothy + z 2k y2k= 1] ety
0

t2n-1

—1)n
:—(tZH*)l/o KZn,l(v)e_tVdv

for n > 1, where

¢t 11 v\ B
Kzn,]_(V) = W (v - ECOth E) + %7 V> 07 n 2 1 (39)

Using the relation

—————dx=(-1)"—-— | 5 coth - >
/0 eX—1 dx=(-1) dazn+l [200 (ar) Za]’ a>0, n=0
in [6, p. 48, (D20)], [7, p. 506, 3.951.13], and [36, p. 2], we arrive at
et /11 v w2 L cos(wy)
dVanl' <V — ECOth 5) = (—1) 2 o W dw (3.10)

for v>0 and n > 1. Using the relation

o 121
/t_dt:(_l)k—1%7 k>1
0

e —1 4k
in[3, p. 29, (1.6.4)], [4, p. 220], and [34, p. 19], we obtain
o Wanl B2
n n
J— _— = — — > . .
(=1"2 ; eZ”W—ldW o n>1 (3.11)

Substituting (3.10) and (3.11) into (3.9) reveals

w211 — cos
Kon—1(v i 12/ eznw 1( ) dw, v>0, n>1.
Consequently, we have

2n— 1
20 LRt 2/( v eiﬂwcof( ”dw)ewdv, N1 (3.12)
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Hence, the function t2"~1[—R/(t)] is completely monotonic on (0,<). This means that
deghy, [-RA(t)] >2n—1, n>1. (3.13)

If the function t*[—R}(t)] were completely monotonic on (0,e), then its first
derivative is negative, hence
t=Ra®)) _ _tRa(t)

TR RO

From

and

tI_i}r(P+ |:t<l{/(t)—|nt+%>:| :tLr(‘)q |:t<l[/(t+1) Int — %)} = —%,

it follows that

im [ BHO) gy VO 2 ]
lim |——; =— lim 2 A
t—0+ RA(t) t—0+ [y/(t)—lnt—f—ﬁ_yzk 12_2kk_k']

) CO— ] 3

This means that
degt[—Rh(t)] <2n, n>1. (3.14)

We now prove that the inequality (3.14) is strict for n > 2, or say, when n > 2 the
equality in (3.14) can be removed off. This proof is provided by an anonymous referee.
In the formula (3.12), the integrand is non-negative and it is therefore permitted to
interchange the order of integration. Doing so we obtain

wan-1
Ry =2 [ (/ 1— cos(wv)] e —‘Vdv> S dW (315)

for n € N. Computing the inner integral in (3.15), which is a Laplace transform, we
acquire

oo 2n
2 . w w

for n € N. The right hand side of the relation (3.16) is a smooth function of t > 0.
Straightforwardly differentiating under the integral in (3.16) with respect to t > 0 gives

us
o g [T W 3w
(t*"[—Ru(1)]) —4/O eZ”W—l(t2+W2)3W dw (3.17)
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for n € N. We want to let t — 0" in (3.17) using dominated convergence, and thus
need an integral majorant

2 w2 2n
3t —we o,

2wt o W
553 W
2 2\3

(t24+w?)

W g 37 2n—4.
(t24+w2)3 (t2+w2)?

< 3w

For n > 2, we thus have a suitable bound of the integrand and the Lebesgues theorem
can be applied and gives

lim [(tZ“[—R’n(t)])”] - —4/: ezﬂ\\fvv_lwzn“‘dw <0.

t—0+

Since the second derivative is negative at t = 07, it must also be negative for all t > 0
sufficiently close to 0. Consequently, for n > 2, the inequality (3.14) is refined as

degem[—RA(H)] <2n, n>2. (3.18)

Combining (3.18) with (3.13) gives the double inequality (2.10). The proof of
Theorem 2.1 is complete.

4. Remarks
Finally we list several remarks on main results and Qi’s conjectures in this paper.

REMARK 4.1. As in the derivation of (3.9), integrating by parts Ry, (t) inductively
2n > 2 times in (3.3) yields

MRt / Kaon(v)e Y dv

for n > 1, where, by (3.6),

2! 2n+1 1 p
= \(/m)l -y (p—l)!S(2n+l,p)(ev_l>
p=1

for v>0and n> 1. Itis easy to see that

2 2 3 1
v o(ev—1)3  (e¥—-1)2 ev-1
_2e¥—e?(v¥+6)—e'(V*—6)—2

K2 (V) =
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(8" —1)3v3Ky(v)] = €' [6e? —Vv® —3v2 + 6 —e"(2v® + 3v2 + 12)]
—0, v—0T,
([("—1)°*Ko(v)] ') = 12€? —e"(2v® + 9v? + 6v 4 12) — 3v(v +2)
—0, v—0T,
([(e"—1)**Ky(v)]'e7")" = 24 —e"(2v® + 15v* + 24v + 18) — 6(v + 1)
—0, v—0"
([(e"~1)33Ky(v)]'e ) ®) = 4862 —e¥(2v3 + 21v2 4 54v + 42) — 6
—0, v—o0t

([(e" 133Ky (v)]'e ) = 96" (e —1—v—gf—£ﬁ>
>0

for v € (0,00). Therefore, the function K;(v) is positive on ( ). By Theorem 12b
in [35, p. 161] stated in (1.2), we conclude that the function t [ Ri(t)] is completely
monotonic on (0,eo), that is,

deger Ry ()] > 2.

This supplies an alternative and partial proof for the second equality in (2.6).

REMARK 4.2. Making use of (3.12) and integrating by parts lead to

R (t _2/[ Wez,:vn l)dw]e“"dv, n>1. (4.1)
0

When n = 1, the second equality in (2.6) means that the function t?[—R/ (t)] is com-
pletely monotonic on (0,0). By Theorem 12b in [35, p. 161] stated in (1.2), from the
equality in (4.1), we conclude

= u?sin(su)
— " du> o).
/0 1 du>0, sec(0,00)

Since the right hand side of the double inequality (2.10) in Theorem 2.1 is strict,
when n > 2, the function t?"[—R}(t)] is not completely monotonic on (0,0). Again
by Theorem 12b in [35, p. 161] stated in (1.2), again from the equality in (4.1), we
conclude that the function

oo 112N of
ooo)H/O *i(lsu)du, n>2 4.2)

attains negative values somewhere on (0,). Consequently, the function

SE(O,M)D—)/ONWdU
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is increasing on (0,<<) and the function

= u?"~1[1 — cos(su)]
se(O,oo)»—>/O T du, n>2,

is decreasing on some subinterval | C (0,0).
From the negativity somewhere on (0,<) of the function in (4.2) for n > 2 and
from the formula

o0 2N gi 2n
/L”(ax)dx:(_l)”d Ecoth(an)—i], a>0, n=0
0

ex—1 da2n 2a

listed in [6, p. 48, (D19)], [7, p. 506, 3.951.12], and [ 36, p. 1], we see that the functions

n 1) nf 1 1)@V
S € (0,00) — (—1) (coths—;) and se€ (0,00) — (—1) <e5—1 _§>
for n > 2 attain negative values on some subinterval | C (0,).
REMARK 4.3. From (3.10), we conclude that
oo \p2N—171 _ oo 2n—1 oo \n2N—1
/ w [; cos(wv)]dW:/ w dw—/ w cos(wv)dW
0 e2nw _1 0 e2nw _ 1 0 e2nw _1
0o \p2N—1 _1\n 42n-1
= ! / i dw—( " d E—lcothX
(2m)an Jo ew—1 2 dva-llv 2 2

r@2ng@n (" d! (1 1 1 )

(2m)2n 2 dv-1\v 2 e-1
_1)\n _ 2n p
rengan e 8 o sysen (5L )]

where {(z) denotes the Riemann zeta function [21, Chapter 25]. Consequently, we
obtain three inequalities

n (2n-1)
(-1) G 1 thy) Y _T@ng(n)

2 23 2n)
(-1 /1 1 \®Y r@n)gen)
2 (V S —1) ST

and

_ 2n p
%[(Zn -$ st p)< 11> ]<r(%23£2(3n)

forn>1andve (0,00).
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REMARK 4.4. From the proof of Theorem 2.1, we can deduce that

lim Ry (t) =0, lim [t 1R (1)] =0,
. Boni2 . Bon
lim [t 3R] (1)] = (—1)"H lim [*"R,(1)] = (—1)"
Jim h(0)] =(-1) ot 2’ Jim [ n(®] = (1"

forne N.

REMARK 4.5. The conjectures in (2.5), (2.8), and (2.9) posed by Qi in [29] are

still kept open. Theorem 2.1 does not give a full answer to the conjecture in (2.7), but
it still demonstrates that these open conjectures posed by Qi should be true.

sites

and

REMARK 4.6. This paper is a revised version of electronic preprints at the web
https://hal.archives-ouvertes.fr/hal-02415224

https://arxiv.org/abs/1912.07989.
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