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VOLTERRA TYPE INTEGRAL OPERATOR
ACTING BETWEEN FOCK SPACES

SEI-ICHIRO UEKI

(Communicated by J. Pecaric)

Abstract. The boundedness of the Volterra type integral operator acting from the space .%, (e
to the space ﬂg (CV) is characterized. This characterization also indicates the compactness of
this operator.

1. Introduction

Let N be a fixed positive integer and H(C") denote the space of all entire func-
tions on the N -dimensional complex Euclidean space. For each o0 > 0 and 0 < p < oo,
the Fock spaces .4 (CV) are defined by

FUE) = {r e HE) s = [, W@Pe E V(o) <o)
and

Fo(C) = {f EH(CY) ¢ [[flloa = sup |£(2)]e T < w}.

zeCN

Here dV denotes the ordinary Lebesgue measure on CV. Throughout this paper, the
notation A < B means that there exists a positive constant C such that A < CB. More-
over, if both A < B and B < A hold, then one says that A ~ B.

For any f € H(CV) the radial derivative Zf of f is defined by

N 9 f
Hf(z) = ZZjT(Z)
j=1 9%j
For given g € H(CV), the Volterra type integral operator V, is defined as following:

Vel = [ 169e%  (fen(E), e,

This can be regarded as a multivariable version of the operator f — [ f(w)g'(w)dw
in the one variable case. This type operator has been studied by many researchers. As
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has been shown in a series of studies on integral operators (see, e.g., [8, 9, 10, 11]
and the related references therein), the radial derivative operator indicates the relation
Ry f)(z) = f(2)#g(z). Combining this relation with the equivalence condition for
the spaces .74 (CV) via the radial derivative operator, we can investigate the properties
of the operator V. In fact, Z. Hu [4] has given completely characterizations for the
boundedness and the compactness of V, : F%(CV) — 74 (CN) for the both cases 0 <
p<g<e and 0 < g < p <. O. Constantin [1] has considered the case N = 1.
The author [15, 16] has investigated the case p = g = oo, namely the boundedness
and the compactness of V, : Zg(CV) — Z(CN). They do not consider the case
Ve o Zg(CN) — FL(CN) for 0 < p < . By means of their characterizations for the
spaces Fh ((CN ), however, we can find one of sufficient conditions for the boundedness
of V : Z3(CN) — FL(CN). In fact, we can easily obtain the following result.

PROPOSITION 1. Let 0 < p <o, &, 8 >0 and g € H(CV). If the z-variable

function %ea_f‘dz is in LP(CN,dV), then V; is bounded from .Zg(CV) into
ﬂg(CN).

Proof. Since V,f(0) =0, Lemma 4 in Section 2 gives

Vel ~ [ AT, (ff':iﬂ“jﬁ,f" B gy ()
_ o~ Bl 128" | %38z )| ploB)| 2
|#8(2)|"  rab)p
Sl /C el av(z).

This implies that the condition (lljg‘( |))|2 5P e pp (CN,aV) is sufficient for the bound-
edness of V, : Z5(CV) — ﬁg(CN) O

s (2)| o521

(1+2])
LP(CN,dV) characterize not only the boundedness of V, but also its compactness. The

following is the main result.

Our purpose in this short paper is to prove that the condition

THEOREM 1. Let 0 < p < oo, &, >0 and g € H(CV). Then the following
conditions are equivalent:

(@) Ve : Fg(CN) — FL(CVN) is bounded,

m

(b) V,: Fg(CN) -7 13 FE(CN) is compact,

(c) L] "R P

N
e e LP(CY,dV).
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The proof of the theorem is given in Section 3. Since the direction (b)=>(a) is
trivial, it is enough to prove (a)=>(c) and (c)=>(b). In order to prove (a)=>(c), we will
use the result about a positive Borel measure based on the concept of the lattice in CV .
In the proof of (c)=>(b), we show that the essential norm of V, is equal to 0. In both
proofs, Hu [4] and our [16] results about characterizations for the spaces .74 (CV) play
a central role.

When N = 1, we see that Zg(z) = zg(z) for g € H(C) and z € C. Thus we also
obtain the result for N =1 as follows.

COROLLARY 1. Let 0 < p <o, o,3 >0 and g € H(C). Then the following
conditions are equivalent:

(@) Vo : F5(C)— Z5(C) is bounded,

P
B
(b) Vg : Z5(C)— fg(@) is compact,

a— ﬁ
(©) ‘1+\z|| i e Lr(C,av).

If o« =f in Corollary 1, then the boundedness and the compactness of V, :

Zg(C) — F5(C) are equivalent to the condition \f Jr(‘)|| € LP(C,dV). On the other

hand, T. Mengestie [6, Theorem 2.3] shows that V, : % (C) — .#5(C) is bounded or
compact if and only if

foro 5

Our result simplifies this condition.
Let X and Y be two Banach spaces and A : X — Y be a bounded linear operator.
The essential norm of the operator is defined as
[Alle=_inf [JA—=K]xy,
Ke (X)Y)
where 7 (X,Y) is the family of all compact operators from X to Y. Essential norms

of some integral type operators on spaces of holomorphic functions have been studied,
for example, in [2, 7, 9, 13, 14].

2. Preliminaries

For a € CN and r > 0, B(a,r) denotes the Euclidean open ball with center at a
and radius r. The following lemma is a modification of well-known results in theory
on Fock spaces. However we include a proof of it for completeness.

LEMMA 1. Let 0 < p, o < o. For each fGH((CN), R>0 and z € CN, there
exists a positive constant C = C(N, p, o, R) depends on N,p,a and R such that

‘f( )‘p P22 ‘f( )P _pep
(T M e ()
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Proof. Take an r € (0,R). The subharmonicity of |f|? gives
o< [ fg)do (),
2B(0,1)

where dB(0,1) is the boundary of the unit ball B(0,1) and do is the normalized
Lebesgue measure on 9B(0,1). Multiplying both sides by 2Nr*¥N~le="2"* and inte-

grating with respect to r from 0 to R, we obtain
R N!
\

FO)PRN e ER <

| Areore FRave. 1)
B(O.R)

Now we consider the function

F/(w) = fw+2)ema=5F (e,

Z

Then F/ € H(CV) and |f(z)|Pe~ T = |F/(0)P. Since T < Ty for we
B(0,R), it follows from (1) that

FRP e [F O

A +° (T =D
Nle'T R \FS (w)|P T2
< LA vy
U / o) (LT[ )

pa p2
_ Mz (LR /, (f(wi)pe FEav (). @)

(TR2)N or) (L+|w+z)?

An application of a change of variables formula to (2) implies the desired estimation
for feH(CN). O

We cite some result on a positive Borel measure in terms of a lattice. For given r >
0, a sequence {a;} in CV is called an r-lattice if it satisfies the following conditions:

(i) CV=Ug Ba.r),
(i) B(ax,r/2)NB(aj,r/2)=0if k# j,

(iii) For any R > O there is a positive integer M depending only on r and R, such
that every point in CV belongs to at most M of the balls B(a,R).

The following result is appeared in [3, Lemma 2.3].

LEMMA 2. Let r >0 and {a;} be an r-lattice in CN. For a positive Borel mea-
sure W the following two conditions are equivalent:

(@) u(B(-r)) €L (CN,av),
(b) {u(Blag,r)} el
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We shall need Khinchine’s inequality based on the Rademacher functions on [0, 1].
Recall that the Rademacher functions {r;()} ;>0 on [0,1] are defined by

ro(f)_{

1(0<
1(
ri(t) = ro(2/t)

= O

Here [t] denotes the largest integer not greater than 7. The following result is well-
known as Khinchine’s inequality.

LEMMA 3. Let 0 < p < 0. There are constants 0 < A, < By < o such that for
any positive integer m and any complex numbers {cj}’f:l,

m 5 | p m 5
Ap (Z |Cj|2> < / dr < By (Z |Cj|2>
j=1 0 1i=1 i=1

For a multi-index y= (y1,...,yw) where each y; is a nonnegative integer, we write
N
Ml =Xj=1 7 and

irj(t)

o r B o r

o o

for f € H(CV). Furthermore we write %" f(z) = Z[%™ ' f](z) inductively. The
Fock spaces .74 (CN) (0 < p < =) have equivalent characterizations in terms of these
higher order derivatives. The following two lemmas are helpful in proving main parts
of Theorem 1.

LEMMA 4. Let 0 < p, ot < oo and m be a positive integer. Then the following
three quantities are equivalent:

@ Iflpa

2 P 7
(b) Zlngmfl)%?f( >‘ {ZW o |G )(1+|z‘\"” dV(Z)} :
© O]+ {for | irtihe ¢ av @)}

Proof. See Theorem 2.1in [4]. [

LEMMA 5. Let o >0, m be a positive integer and f € H(CN). Then the follow-
ing conditions are equivalent for all f € H(CN):

(@) feZFg(CN),
IY\f

e_%lz‘z

(b) max sup EEE < oo,

[Yl=m N
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(2" f(2)| _app
(¢) sup ———2—¢ 2/ < oo,
zeCN (1 =+ |Z|)2m

Furthermore, we have

e_%lz‘z

(1 [z])™

o
dz¥ ¢

oy

Era

flloo.ce > 3

ly|<m—1

(0)| + max sup
[1l=m ecN

(2" f(2)| _app
~[£(0 LA 1
£ ( )|+Zi‘£(1+|z|)2me

Proof. See Theorem 1 in [16]. [J

Finally, we quote a result on a composition operator on .%; (CV). We will need
the following result in the proof of the direction (c)=>(b) of Theorem 1.

LEMMA 6. Let oo > 0. Suppose that ¢ : CN — CN is an entire mapping which
satisfies |@(z)| < |z| for all z € CV and e3(°QP=L") — 0 a5 |z| — 0. Then the
composition operator Cy : [+ fo@ induced by ¢ is compact from Fy (CN) into
itself.

Proof. Combining the condition |¢(z)| < |z| with Theorem 1 in [12], we see that
Cyp : Fg(CN) — Zg(CN) is bounded. Hence this lemma is a special case of Theorem
8 in [12]. We omit the detail of the proof. [J

3. Proof of result

The proof of (a) = (c). First we introduce the following contemporary notation:

|Z%g(2)|” L))

(1+]2)2r Lav(z) (zech).

dig(z) :=

Then for any r > 0 we obtain

[ Berav @ = [ av) [ zen ) e S P ay
gl e
= L@ [ o0 Qe v

(=Y | Z8W)IP_ ptacBiype
Y /c~(1+|w|) ¢ dv(w).

This relation indicates that the condition (c) is equivalent to iy (B(-,7)) isin L'(CVN,dV).
Hence, by Lemma 2, it is enough to prove that {1, (B(az,r))} €1 foran r-lattice {a;}
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in CV. Take an r-lattice {a;} in CV and let {r;} be the Rademacher functions on
[0,1]. We consider the function F; defined by

re(t)eem =Sl (e N 1 e0,1)).

M s

F(z) =

k=1

As proved in [5, Theorem 8.2] or [3, Lemma 2.4], we see that F; € .#5(CV) and
|| ||oo,c < 1 uniformly in #. Thus the boundedness of V, : g (CY) — ﬂg((CN) and

Lemma 4 show
e E(2)P|%g(2)[
E()|Pe= T g :/ [F ()| %5(2)|”
/CN| 1(2)]Pe 2 e (2) oy (1+ )2
SIVEIL, S 1. )

P av(z)

On the other hand, we put ¢, = e®@a)=%(z’+la®) in Lemma 3. Then Lemma 3 and
Fubini’s theorem give

/(CN (éealzmz) 7a"ug(z) ,S/(CNa’,l,Lg(Z)/O1

1 po
= [[ar [ E@Pre ¥ au ) “)

By relations (3) and (4) we obtain

I P
Y et~ PHaP ()| ar
k=1

- 5
/CN (Z e—az—ak2> due(z) S 1. (5)
k=1

For any R > r the property (iii) of the r-lattice {a;} implies that there is a positive
integer M which depends only on r and R such that

oo o g N p
—o|z—ay|? diL. <M/ — -y JiL(2).
,:21/3(a,,R) (ge ) Ug(z) < o 1;6 L (2)
Hence we obtain
: ;
- | = _ 2
e*a\zfuk\Z dity(2) > — / o Olearl dity (2)
P
Ly S a2
“ M / e MU ) dpg(z
M ,:21 Blaj.r) ,Zl ¢
S LS [ () g
Mj=1 B(aj,r)
2
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Combining this with (5) we see that the sequence {;(B(ax,r))} is in I'. Hence we
have the desired claim, which completes the proof of (a)=-(c). U

The proof of (¢) = (b). Suppose that the z-variable function %ea_gﬁw isin
LP(CN,dV). Then by Proposition 1 we see that V, : Z¢ (CV) — ﬁg((CN) is bounded.
In order to deduce the compactness of V,, we will show that the essential norm ||V,||,
is equal to 0.

For a positive integer k, we consider the following entire mapping:

_(_* k N
P(z) = (H—IZI""’IC—I——IZN) (zeCY).

Then @y satisfies that | (z)| < |z| and

_a(2k+1)\z\2
AU @P-1P) — ,” 22

as |z| — o, uniformly in k. Lemma 6 implies that the composition operator Cy, is com-
pact on .Z (CN). Hence the product operator V,Cy, is also compact from .Zg (CV)
into ﬁl’;(CN). By the definition of ||Vl we have

IVell? < sup (VeI —C )11 5 (©)

[£lles. <1

where I denotes the identity operator on .Zg (CV). Tt follows from Lemma 4 that the
right term in (6) is dominated by

)

sup
[/l <1

[ 2V = Co)S1RNP 1.2
/(CN g(l + |ZT)2P e 2 dv ).

Fix € > 0 arbitrarily. The assumption (c) indicates that we can choose R > 0 such that

M M‘le
/\ZI>R (1+ \z|)217€ : dv(z) <e. )

Take a positive integer k and f € Zg (CV) with || f||e.« < 1. Note that it holds

V(I — Co, ) f1(2) = Z[Ve f1(2) — Z[Ve(f o 1)](2)
f(2)Zg(z) — f(ox(2)) %8 (2).

Thus (8) gives

|f (2)|P| %8 (2) |
>k (1+[2])?P

#8(2)|”
<Wlte 7
Hf” ,O ‘z|>R (1+|Z|)2p

e av (z)

a—p
LT gy (2) < . ©)
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Furthermore the relation |@(z)| < |z| implies

/ |f(‘pk(z))|”\%’g(z)m*@lz\ZdV(z)
|z|>R

(1+[2])?P
i (28RN pecp
< [ e Ener R SR ay () < (10)
On the other hand, we have
|2V (I - Cg, ) f1(2) [P — BBz
Joow e Fave
P
_%|Z‘2 |=%’g( )|p 0‘ pla=B) |Z\2
< (lggvu NCONE ) ot T v
p
[ Z28(2)|7 pteb))p
< <|§u<€€|f( )= f(on(z ))') AN (1+|Z|)2p'€ dv(z). (11)
By using the mean value theorem in |f(z) — f (@« (z))], we see
sup 17(2)~ F((2)] < sup 2 sup [V7().
lz|]<R |z <R [w|<R

Since |Vf(w)| < \/NIH&X]gjgN‘%(W)L Lemma 5 gives
J

ki
< \Y
I;Lg;\f( 2) = floe(2))] < \§|u<13€k+1 |VSVT1<pR| fw)l
CRREDSIR VW) g

S

u

R(R+1)e5F 4L ( )i
< yNRBEDETT o max 2 g
k+1 [w|<RISISN (1+|W|)

R(R+ 1)efF
SVN————||f |l 0
SVN ir Mlea—
as k — co. Combining this with (11) and the assumption (c), we obtain

lim sup / [V (I~ Cor) KZW{%IZVW(Z):O. (12)
k=2 |l <1 /12I<R (L+]z)?

Hence estimates (9), (10) and (12) show that

RV~ Co) QI - spp
fs:5<l/(CN A+=)» ¢ dv(z) Se

if letting k — o in (7), and so ||[V,||Z < €. Since € > 0 was arbitrarily, this implies
|Velle = 0, namely V, is compact from .#g (CV) into fg(CN). We accomplish the
proof. [
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4. Examples

Now we describe examples of g which induces the bounded (and also compact)
operator V, : 75 (C) — .7 g (C). In order to explain the examples briefly, we deal with
the case N =1 only.

The case o > [3. First we observe

\aj\rj aB 2\" / |F(w)|? PleB) 2
7 T < L S [wl 1
(e) s [ oo M Pav i) a3

for F € H(C) with F(z) = ¥;>9a;z’/ and any r > 0. We consider the entire function

Fw) = F(wt 2el e Prmes 5218,

As in the proof of Lemma 1, the subharmonic property of |f|? and the relation

)P TR = [t g) e

(F(Z)e¥|zz>p§/3(. Me’“%—mwzdv(w).

L+ [z 21) (1+|w])P

give

Since this estimate is uniform in z, we also have

14
(SUPlsz(Z”eazﬁrz) </ |F(w)|P P gy (),
147 ~Jc (1+|w|)?

Combining this with the fact |a;|r/ < supp,|—,|F(z)[, we obtain the desired estimate
(13). Henceif [ {riol 2 P 4V (w) < oo, then (13) together with the assumption
o > B shows for any integer j > 0

laj| < P SN

as r — oo, that is F = 0. By applying this argument to g’, we see that g must be the
constant function. However V, = 0 for a constant function g.

The case oo = 3. Since the arguments used to derive inequality (13) are applicable
to this case as well, we obtain

)

for ¢'(z) = 220 ai,'zj and a nonnegative integer j. This inequality and (c) in Corollary
1imply that @; =0 if j > 2, and so g(z) = az® +bz+c. Since |g'(z)| ~ 1 + |z if a £ 0,
we see that the above integral is not finite, so a polynomial g with deg(g) =2 does not
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induce the bounded operator V, from .7 (C) into .#4(C). Thus we put g(z) = bz+c.
If p> 2, then
18'(2)|”

‘/Cmd‘/(Z) %/O mdr< oo,

and so g(z) = bz+ ¢ induces the bounded V, : .75 (C) — Z%(C).

The case oo < 3. We put g(z) = fée‘#gzdg. Since

1§ Q)P = e~ TR o~ MR
we also see .
(a—PB) *°
[ R ety 5 [ <
c (L+1z])? o (1+r)P

if p > 2. Hence this function g induces the bounded operator V, : %5 (C) — 9’[; (©)
when p > 2.
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