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A NOTE ON THE GENERALIZED HAUSDORFF AND PACKING
MEASURES OF PRODUCT SETS IN METRIC SPACE

RIHAB GUEDRI* AND NAJMEDDINE ATTIA

(Communicated by S. Varosanec)

Abstract. Let 1 and v be two Borel probability measures on two separable metric spaces X and
Y respectively. For /,g be two Hausdorff functions and ¢ € R, we introduce and investigate the

generalized pseudo-packing measure %ﬂ’h and the weighted generalized packing measure Qﬁ’h
to give some product inequalities :

A E X F) < A7 E) RYE(F) < RS (E X F)

“uxv
and
P (ExF) < 25"(E) 248 (F)

forall EC X and F C Y, where J“fif{‘h and ;@ﬁ‘h is the generalized Hausdorff and packing
measures respectively. As an application, we prove that under appropriate geometric conditions,
there exists a constant ¢ such that

AL (E % F) < e A1 (E) 24 (F)
AN E) PV (F) < c 2" (E < F)
PUGEXF) < e P4 (E) PL(F),

These appropriate inequalities are more refined than well know results since we do no assump-
tions on i,v,h and g.

1. Introduction

Let X and Y two separable metric spaces with metrics p and p’ respectively and
that the Cartesian product space X x Y = {(x, y); x € X, y € Y} is given the metric
p x p’, defined by

pxp! (. ). 03)) = max{p(x, ¥).p' (3 ) .

For u € &(X), the family of Borel probability measures on X, and a > 1, we write

. 1 (B(x,ar))
P,(u)=limsup | sup ——
N0 \xEsuppu u(B(x,r))
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We will now say that the measure p satisfies the doubling condition if there exists
a > 1 such that P,(it) < e. It is easily seen that the exact value of the parameter a
is unimportant : P,(it) < e, for some a > 1 if and only if P,(1t) <o, forall a > 1.
Also, we will write #2p(X) for the family of Borel probability measures on X which
satisfy the doubling condition.

Let .# denote the family of all Hausdorff functions, that is, the set of all contin-
uous, increasing functions /, defined for r > 0, with #(0) =0 and h(r) > 0, for all
r> 0. We will say that a Hausdorff function 4 is of finite order if and only if % satisfies

limsup h(2r) <7y
™0 h(r) s

for some constant y. We denote by .% the family of all Hausdorff function with finite
order.

LetgeR, hyge F, ue Z(X) and ve 2(Y). Let ffjjf’h and 2* denote
the generalized Hausdorff and packing measures respectively. When h(r) = ', for
some ¢ > 0, then %ﬂq (resp. 224"} will simply denoted by S (resp. 2Y).
These measures were ﬁrst introduced in [27] and then investigated by several authors.
In particular, in [28] the author proves that there exists a number ¢ > 0 such that, for
any ECR"and FCR", nm>1,

AT EXF) < ¢ A (E) PE(F) (1.1)
S (E) PE(F) < e PLL(EXF) (1.2)
PEVEXF)<c PEE) P (F), (1.3)

provided that u and v satisfy the doubling condition. When g = 0, the measures %‘”
and ,@ﬁt do not depend on p and they will be denoted by 7" and 27" respectively.
The corresponding dimension inequalities for products of these measures are estab-
lished in [23, 31, 16], the reader can be referred also to [20, 33]. In this case (¢ = 0),
these three inequalities are stated explicitly in [16, 14, 15, 18]. A special example, when
we take s =7 =1og2/log3 and E = F be the middle third Cantor set, then [8, 19]

H(E) P'(F)=1x4 < PTEXF)=4" = PE) Z'(F).

To prove these inequalities the authors in [28, 18] managed to construct a net mea-
sure equivalent to the packing measure and more easy to investigate. This construction
is similar to that of packing measure but it uses the class of all half-open Semi-dyadic
cubes in the definition rather than the class of all closed balls. Therefore, we must have
doubling condition to compare these measures and get the desire results.

In addition, we strong believe that the inequalities (1.1), (1.2) and (1.3) are true by
considering a general Hauddorff function h,g € .%, that s,

HI(E x F) < A8 E) PEE(F) (1.4)

AN E) PYF) < e PR (E X F) 1.5
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PUE(E x F) < cPLME) PUE(F), (1.6)

provided that y and v satisfy the doubling condition. Similar results were be proved
for the Hewitt-Stromberg measures [1, 10, 35] (see [1 1, 12, 9] for more details on these
measures).

In this paper we take the conventions 09 = co for ¢ < 0 and 0 X o =0. We
will introduce and investigate the generalized pseudo-packing measure %f[h to give
some product inequalities similar to the above inequalities but without any restriction
on h,g,u and v. More precisely, our purpose, in section 3 is to prove the following
theorem.

THEOREM A. Forany ECX, FCY, ne ZX), ve Z(Y) and h,g € 7,
we have,
AL (E X F) < A8 E) BYE(F) < AL (E X F), (1.7)

Uxv

provided that the product on the medium side is not of the form O X oo or oo x 0.

In general, we have 2" < %’Z’h. Then the first inequality of (1.7) is more re-
fined than (1.4) since we do no assumptions on (,v,h and g. Therefore it is worth to

compute sufficient condition to get the equivalence between ,@Z’h and %ﬁ’h, that is,
¥ ¥
R < a2y, (a>0)

In this case, the inequality (1.5) can be deduced from (1.7). It is well known that
@ﬁ’h and %‘Z’h are not equivalent in general [32]. As mentioned above, we have in
general @q’h < %Z’h . We will construct, in section 2, a compact, separable and totally

disconnected metric space 2 to prove that 24" (%) < #4"(2) (Theorem 2). This
construction is due to Davies [3] to prove that there exists a compact metric space, and
two distinct probability Borel measures v and u with u(B) = v(B) for every closed
ball B. This ultrametric product space 2~ was also considered later by others authors,
for example in [6] to prove that strong vitali property fails in general metric space (see
section 4 for the definition of the strong vitali property).

In section 4, we will modify slightly the construction of the pseudo-packing /-
measure Z{" to obtain new fractal measure %" equal to 2", in a general metric
space which satisfy some appropriate geometric conditions and without any restriction
on i and . This new measure is obtained by using the class of all pseudo-packing such
that the intersection of any two balls of them contains no point of E. More precisely, our
aim is to prove the following theorem (see Definition 2 for the definition of amenable
to packing).

THEOREM B. Assume that X is amenable to packing and suppose that every
finite Borel measure on X satisfies the strong-Vitali property. Then, for any E C X,
ue Z(X) and h € F, we have,

2N E) =M E).
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Similarly, we may prove more refined result than (1.6) by considering the pseudo-
packing measure. More precisely, we have,

PV (E x F) < ZY"(E) 2L4(F),

forany ECX, FCVY, ue Z2(X), ve Z(Y) and h,g € .. In section 2, we
introduce the weighted generalized packing measure Qﬁ’h < %Z’h and we will prove,
in section 4 the following result.

THEOREM C. Forany ECX, FCY, une (X)), ve () and h,g € F
we have,

h J .
PiEXF) < 207 (E) 274(F),
provided that the product on the right-hand side is not of the form 0 X oo or oo x 0.

Now, we are able to give an interesting application of our study which is a conse-
quence from Theorems A and C. More precisely, we will prove that under appropriate
geometric conditions, the inequalities (1.4), (1.5) and (1.6) remain true without any
restriction on h,g, 1 and v. In other words, we have the following corollary.

COROLLARY 1. Let ECX, FCY, ue #(X), ve 2(Y) and h,g € F. As-
sume that X and Y are amenable to packing, then there exist a constant ¢ > 0 such
that

HI(E x F) < A8 E) 2E4(F)
HHMNE) PIE(F) < cPIM(E X F)
P (E x F) < cPLME) PUE(F),

provided that the product on the right-hand side of the first and the last inequalities is
not of the form 0 x oo or oo x 0.

2. Generalized fractal measures

2.1. Generalized packing /-measures

Let u e (X), geR, he F and E C X. We start by introducing the generalized
packing measure @ZJ' then we define a variant of this measure %’Z’h. Let 6 >0,
a sequence (x;,7;);, x; € E and r; > 0, is a J-packing of E if, and only if, for all
i,j=1,2,... we have

175] — p(x,-,xj) >ritr;

and r; < 8. We denote by Ys(E) the set of all & -packing of E. Now, write, if E # 0,

@qh sup{Zu( (xi, 7)) "h(2r:); (xm’i)iETa(E)}

q;h _ qh q:h
PhG(E) = inf PUG(E) = lim P15 (E).
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The function @q’_g is increasing but not o -additive. By applying now the standard
construction [30, 34, 26], we obtain the generalized packing & -measure defined by

PINE) = inf{ Y PUNE): EC UE,-}.
=1 i=1

If E =0 then gzﬁ’h(@) = 0. The function gzﬁ’h is of course a generalization of the
packing measure &' [29, 21]. Now, a sequence (x;,r;);, x; € E and r; >0, isa §-
pseudo-packing of E if and only if, for all i,j =1,2,... we have

i#j = p(xi,x;) > max(r;,7;)

and r; < 8. We denote by Y5(E) the set of all §-pseudo-packing of E. Similarly, the
pseudo-packing /-measure %f[h is defined by

%qh Sup{Z”( Xi, i ) 27‘,) (xi,r,-),- EY'g(E)}
, i h
ZiolE >—gf;%=%’? (E) = Jim #,15(E)

R E 1nf{2%’q’ - QOE}

Il
-

if £+ 0 and %’Z’h(@) = 0. The function ,%’Z’h is of course a generalization of the
pseudo-packing measure %" [16, 6].

REMARK 1. A sequence 7 = (x;,ri)i, xi € E and r; > 0 is a 0 -relative-packing
of E if, and only if, forall i,j =1,2,..., i # j = B(x;,r;) \B(xj,rj) =0 and r; < §.
Note that a J -packing 7 of a set E may be interpreted in Euclidean space as 8 -relative-
packing. But this is not the case in general metric space, then we may consider a new
generalized measure ,@‘L by using relative-packing of E. The function ,@‘L is a
generalization of the (b) -packing measure introduced in [5]. In addition, we have

Pt < P, 2.1)

Now, we will prove that the generalized packing and pseudo-packing /-measures
can be expressed as Henstock-Thomas “variation” measures (Theorem 1).

DEFINITION 1. Let E C X, a sequence 7w = (x;,7i);, x; € E and r; >0 and A
is a gauge function for E, that is a function A : E — (0,c0). 7 is said to be A-fine if
r <A(x) forall (x,r) € .

Let /& be a Hausdorff function and A is a gauge function for a set £ C X. We
write,

RLE)=sup > u(B(x,r))? h(2r),

(x,r)erm
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where the supremum is over all A-fine pseudo-packings w of E. As A decreases
pointwise, the value %Z':Z (E) decreases. For the limit, write

) . )
Ay (E) = int %3, (E),
where the infimum is over all gauges A for E. Similarly, we define
h . h
@f“(E) = 1rAlf<@Z# (E),
where we use in the definition of ,@Z’Z the A-fine packings.

PROPOSITION 1. Let u € Z(X), ge R and h € F. Then @fﬁ and %Zﬁ are
metric outer measures on X and then they are measures on the Borel algebra.
Proof. The proofis straightforward and mimics that in Proposition 3.11in [6]. [J

Identifying the generalized packing (or pseudo-packing) /-measure with the full
variation does not require any assumptions (such as finite order, doubling condition or
Vitali property).

THEOREM 1. Let p € (X)), he .7, ge R and E CX. Then
PINE) = 2Y(E) and Z4(E) = ZY (E).

Proof. We will only prove the first equality and the others are similar. Let £ C X
and & > 0. Then, the constant function A(x) = § is a gauge for E. Therefore,

¥ . ¥ ¥
PLNE) = inf P (E) > PI(E).

. ho.
If E=J, E, then, since @f:“ is an outer measure, we have

oo oo

PINE) < Y, PILE) < Y, PLh(E).

n=1 n=1

Since, this is true for all countable covers of E, we get
PINE) > PIL(E).

Now we will prove that @fﬁ (E) = @zh(E) Let A be a gauge on a set £ and
consider, for each positive integer n, the set

1
= N > — .
E, {er, AM) > -~ }
For each n,
PENE) > P (E) > 20 m(En) > PIEn) > PR (Ep).

Since E, /' E then @Zjﬁ (E) > gzﬁh(E ). This is true for all gauges A, so @fﬁ (E)>
ZME). O
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PROPOSITION 2. Ler i € Zp(X), q € R and h € F. Then there exists Y such
that

P < R <y, (2.2)

Proof. Let E C X. Since any 6 -packing of E is also a 6 -pseudo-packing of E,
the left side of the inequality (2.2) follows. Now, if (x;,7;) is a §-pseudo-packing of
E then (x;,r;/2) is a §-packing of E and we get the right side of the inequality (2.2)
since h € %y and u € Zp(X). O

In fact, we can prove the inequality (2.2) without any restriction on y and s but
with adding a suitable geometric assumption on the metric space X.

DEFINITION 2. A metric space X is said to be amenable to packing if there exists
an integer K > 1 such that if w = (x;,r;); is a pseudo- packing of aset E C X, n e N
and y € X satisfying

p(yaxi)gri’
forall 1 <i<nthenn<K.

In particular R? equipped with the Euclidean distance satisfies this condition. In-
deed, assume for any xp,...,x, € R? and positive numbers r1,...,r, that

xi & B(xj,r}) for j#£i

n (2.3)
n B(xi, r,-) 75 0
i=1

we will prove that n < K. We may assume, without loss of generality, that x; # 0,
i=1,...,n,and 0 € ", B(x;,r;). Therefore, ||x;|| < r; < |xi—x;|| for i # j, where
|| -|| denotes the Euclidean norm. Hence, using elementary geometric arguments, we
deduce that the angle between x; and x; for i # j is at least 60°, that is,

Il
ol Tl

for i # j [24, Lemma 2.5]. Then the conclusion follows by compactness of the unit
Euclidean sphere. Moreover [29, Lemma 10.2], one can prove that

K < 3% (2.4)

PROPOSITION 3. Let g€ P (X), g€ R and h € & . Assume that X is amenable
to packing. Then, there exists a constant K such that

A" < KPP (2.5)
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Proof. Let 6 > 0 and 7w be a §-pseudo packing of a set £ C X. Since X is
amenable to packing, we can distribute the constituents of 7 into K sequences m; =
{(xix,rix) k€ N} C 1 <i< K such that each i we have ; is a 6 -packing of E and

SO
K

S uB)) )<Y, Y uBxr)h2r) < gﬁyEy

(x,r)enm i=1(x,r)em;

Therefore %’Z% (E)<K @Z}é (E), from which it follows (2.5). O

2.2. Example

In this section, we will construct a separable and compact metric space 2~ such

that

PINX) =0 <1< BX).

Fix an integer N > 1 and let G(N) be a finite graph where the vertices are labelled as
pairs of integers (i, j) with 1 <i< N and 0 < j < N. Vertices (i, ),j # 0 are called
peripheral vertices and vertices (i,0) are called central vertices. A peripheral vertex
(i,J) is joined only to (i,0) called its central neighbour. The central vertices are joined
to each other. Let u,v be two vertices u,v. we write u ~ v if u =v or u is joined to v
by an edge. We will write u ~ v if not u ~ v.

For a given sequence Ni,N,,... and g € [0,1) such that Zn 7 <o, we consider
the space 2" =TI;_|G(Ny,). Let u = (uj,up,...) #v= (vl,vz, ) € Z with u;,v; €
G(N;). We denote by n be the least integer such that u, # v, . We define the metric p
as follows :

p(u,u) = forevery u € 2
p(u,v) = (1/2) if uy, ~ vy
p(u,v) = (1/2)""1 if u, v,
This metric makes X into a compact, separable and totally disconnected metric space.
Given a finite sequence w; € G(N;), wa € G(N2),...,w, € G(N,) define a cylinder

[wl,...,wn}z{ueﬁi/' DU =wi Uy =wy,. un:wn}.

The diameter of [wy,...,wy] is 1/2". A cylinder will be called peripheral or central
according as the last coordinate is peripheral or central. For u € 2" and r €]0,1[, we
define the closed ball B(u,r) as follows

B(u,r) = {v: UL = VI, U =V2,... , Up_1 = Vy_1,Upn an},

where n be the integer such that (1/2)" < r < (1/2)"~!. Therefore, if u, is central
then B(u,r) is the union of N, central and N, peripheral cyhnders Moreover, if u, is
peripheral then B(u,r) is the union of one central and one peripheral cylinder.

Let u = (uy,up,...) € & . u is said to be peripheral if all of the components u;
are peripheral. Let % =1, 7 = %—1/(Na(Na +1)). We define a set function on the
collection of all cylinders as follows:

‘LL([Wl,Wz,...,WnD = Yl’h
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with u(2") =y = 1. This set function may be extended to a Borel measure u on 2~

in the usual manner. Let u € 2" and r € (0,1), we choose n such that 27" < r < 2+l

If u, is a central vertex then B(u,r) is the union of 2N, cylinders, half central and half

peripheral. Then u(B(u,r)) = 2N, Y, . Moreover, if u, is peripheral vertex then B(u,r)

is the union of two cylinders, one central and one peripheral. Then u(B(u,r)) =2,.
Let & be a Hausdorff function such that

h(z—n+2)

72qu 2.6
2 D (2Na) (2.6)

converge. Under this hypothesis we have the following result.

THEOREM 2. Let h be a Hausdorff function satisfying (2.6). Then 9z7h(%) =0.
In addition, if we choose h such that h(27"+2) = 117 then %Zh(%) > 1.

Proof. Using (2.1) we will prove that ,@ﬁh(%) =0. Let § =271 where
m € N and let 7 be a §- relative packing of X. 7 contain, inside a given cylinder
[Wi,...,w,—1] among the ball B(u,r), at most one central ball B(u,r) or at most N,
peripheral balls B(u,r) with 27" < r < 2-"+1 [4, Proposition 3.4]. Therefore,

oo

n—1
3, (B h2n) < 3 (TN 1) )Nosa(Buor)) 020
n=m =1

(x,r)erm
S h(2r)
< ———— (2N, W)
n;m(N +1)Yn( ")
o —n+2
< 27}1(2 ) (2N,,)1.
i (N + 1)

ah o _h(272) . .
It follows that 32#7 s(2) <X, TR 7(2N,)? (a tail of a convergence series).

Thus, as m — 0, we get ﬁﬁh(%) =0.

Now, we will prove that %ﬂ%% ) > 1. Let fi the outer measure generated by L.
Let € > 0 and A be a gauge on 2. Since A(u) > 0, for all u, we can choose m € N
so that

ﬁ{u €2 :Au) > 2"““} >1-¢/2.
‘We consider the set

B= {u :uy is peripheral and A(u) > 2_"“}.

Then f(B) > 1 — €. Let A, = {(wh..., wa) Wi, wn]ﬂB;«é@} and let M, be
the number of elements of A, . There exists A-fine pseudo packing 7, of 2~ such that



344 R. GUEDRI AND N. ATTIA

#m, = M, and M,Y, > [I(B) > 1 — € [4, Lemma 3.2]. Therefore, for r =27""! we
have,

RENZ) =Y u(Bx,r)Th(2r) > My 7
(x,r)emy,

:MnYn>1_8

Since this is true forall & > 0,50 Z%(2)>1. O

2.3. Weighted generalized packing /-measure

The generalized packing measure is “dual” to generalized Hausdorff measure.
Now, we will introduce the weighted generalized packing h-measure which may be
“dual” to weigted generalized Hausodorff #-measure. The reader can be referred to
[7,22, 17, 16] for more details of weighted Hausdorff mrasure. For E C X, we say that
(ciyxiyri) with ¢; > 0,x; € E and r; > 0 is a weighted 0 -packing of E if, and only if,
for all x € E we have,

Z{Ci, p(xi,x) < ri} <1

and r; < & for i =1,2.... We denote by Yg(E) the set of all weighted & -packing of
E . The weighted generalized packing /-measure may be defined as follows

2(E) = sup{ it (Bl ) B2 (e € Y5(E))

[bh — [b — |1 qvh
e =t 213 = i 27

2ME) = inf{ ZQq’ (E;}); EC OEi}7

i=1 i=1
if E#0 and 24"(0) =0.
THEOREM 3. Let u € #(X), g€ R and h € .F. Then

P < 20t < R, 2.7)

Proof. Let 6 >0 and E C X. Since any & -packing is a weighted 6 -packing then
we obtain the first inequality. Now, we will prove the second inequality, for this, we
may assume that %ﬁ’h(E ) < eo. Suppose that we have shown

¥ )
QZ7S(E) < '%)Z,S(E)' (2.8)
Then, for € > 0, choose a sequence of sets E; such that

EC|JE: and Z%% ) < ZY(E) +e.

i
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It follows, using (2.8), that
) ) h h
DI E) < X 200(E) < X %0 (E) < Zj (E) + €
1 1

and we get the desire result by letting € to 0. Let us prove (2.8). Let [ < QZ% (E).
Choose {c;,x;,ri}i a weighted & -packing of E. By choosing N large enough we may
approximate ¢; by rational o;/N suchthat o;/N < ¢; and Y7 | 0 /NU(B(x;,ri))7h(2r;)
> [. In addition, by relabelling and choosing n sufficiently large we may assume that

Za,/Nu (xi, 7)) 7h(2r;) > 1. (2.9)

Now, we define the function myq : {1,...,n} — Ny by mg(i) = o;, where Ny is the set
of the natural numbers including 0. We consider the set of indices

Ji={ie{l,...,n}, m(i) > 1}.

It follows, using Lemma 4, that we can choose I; C J; so that {(x;,7;),i € I; } is maxi-
mal pseudo-packing from the family of pairs { (x;,7;),mo (i) = 1} that covers {x;,mg(i)
> 1}. Inductively, for j > 1, we choose 1 7 € J; and define

m(l) . mj,l(i)— 1 ifiEIj
! mj_y (i) otherwise

where
Ji={ie{l,....,n}, mj_1(i) > 1}.
Now, we define the function, for j >0, {;: X — Ny by
=2 {m;(i); p(xix) <rj}

It is clear, since I; covers {x;,m;_;(i) > 1}, that, for i € J;, there exists k € I; such
that p(x;,xz) < ry. It follows that, for each i € {1,...,n}, we have

Gilxi) < Gj—1(x) — 1,
provides that m;_(i) > 1. Suppose that Jy # 0 and let k € Jy C Jy_;... C J;. Thus
Go(xx) = N+ Cnv(xx) = N+my(k) >N+ 1. (2.10)
By definition of the weighted packing, we have
Solxe) = X {0, plv) <rif <NY {on plxi) <rif <N

contradicting (2.10). Then Jy = 0 and

(mj—1 (i) —m;(i)) = o

M=

1

J
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As a consequence, since for each j > 1, Xiey, 1 (B(xi,ri))7h(2ri) < %‘qh( E), we have

1< i 0 /N1 (B(x;,r;)) h(2r;) Z Z mjl—()H(B(xn ri))?h(2r;)

i=1 j=li=

=

1
q;h _ op9h
< lﬁ‘@uﬁ(E)_‘@u,é(E)’

N
T

as desired to get (2.8). U

2.4. Generalized Hausdorff /1-measures

Let u € Z(X), he #, g R and E C X. In the following we define the general-

ized centered Hausdorff #-measure ,%”q'h Let § > 0, a sequence of (x;,r;); is called a
centered §—coverofaset E if, forall i > 1, x; € E, 0<r; <0 and E C U2 B(xi,ri).
We write

,%”qh —mf{zl.t( xi,71)) "h(2r); (xi,r7)i is a centered
d-cover of E }7
if E # 0 and %‘15}1((])) =0. Now we define,
HLYE = fim L) = s AL

and
A E) = sup AL (F).
FCE
The function ,%”#’”h is metric outer measure and thus measure on the Borel family of
subsets of X. The measure %%h is of course a multifractal generalization of the
centered Hausdorff measure 47 and generalized Hausdorff measure %’” [29, 27]. In
addition, if 4 € %, then ,%”#q’h < @ZJ' [27, 29]. As a consequence, by Proposition 2,

we get ffjjf’h < %‘Z’h . Bellow, in Proposition 4, we will prove that this inequality is true
even h & F.

PROPOSITION 4. Let 4 € (X)), geR and h € F . Then

q,h q,h
I g%ﬂ.

Proof. Let E C X, we may assume that %Zh(E) < oo, Therefore, for € > 0,
consider {E;}, such that

EC|JE and 2%% ) < ZY(E)+e. 2.11)

i=1



HAUSDORFF AND PACKING MEASURES OF PRODUCT SETS IN METRIC SPACE 347

For each i = 1,2,..., and 8§ > 0 let E- C E; and choose, by Lemma 3, a maxi-
mal pseudo-packing (xi,8)i>; (see definition in section 5) from the family of pairs
{(x, 0); x€ E,-} that cover E;. It follows that

Ms

AINE) < Y 1(B(x,5))"h(28) < FLh(Er).

k=1

Thereby, by letting § — 0, we obtain %qg'(g,-) < %ZJ(’)(E) < %ZJ(’)(E,-) and by arbi-
trariness of E; we get
A" (En) < Ao (E).

Hence, summing over i and using (2.11), we have
HPMNE) < RY(E)+e

and the result follows by letting € — 0. [

3. Proof of Theorem A
We start by proving the first inequality of Theorem A,
SIS (E x F) < A8 E) #E4(F). (3.1)

We may assume that %’jf’h(E) < oo and ZL¥(F) < . Let € > 0 and we consider a
sequence {F;} ;> such that

FQUFJ- and 2%‘“’ < RAVE(F)+e.
] =1
Now, fix j > 1. For § > 0, we consider (x;,7;);>1 a §-cover of E C E and we set

B;:=B(x;,ri),i>1.Let F C F;. By Lemma 3 we can find a maximal pseudo-packing
(Y, ri)x from {(y, ri); y €F; J} that covers F Therefore,

Ms

A (B x F}) <

x5 W(Bi)Th(2ri)v(B(y,ri))8(2r:)
1

(B))h(2r) %55 (F))

':k"

<

and then

oo

S (E X Fj) < ZYE(F;) Y, 1(B))Th(2r;).

uxv,o v,
i=1
Now, by taking the infimum over all §-covering of E and letting 6 — 0, we get

AL (E X Fy) < A8 (E)REG(F)) < A" (E)RL (Fy).
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Since E and F; are arbitrarily we obtain
h h :
Hyises (E x Fj) < A (E) R (F)

and the result follows since E x F C U7, E X Fj.
Now, we will show the second 1nequahty of Theorem A,

R E) AP (F) < BUWS (E X F). (3.2)
First, we will prove the following lemma which will be useful to prove (3.2).

LEMMA 1. Let ECX, FCY, h,g€.% and (I); a sequence such that E x F C
Ui T For oo < S8(F) and 8 > 0 such that 5 (F) > o, we consider

n
E, = {x €E, Zﬁff;(l’f(x)) > a}
where FF {y €F, (x,y) el } Then,

2%5725;0 O‘%qh( Ep).

Proof. Let n be a positive integer and 0 < y < 8. We consider (x;,7;)j>1 a y-
pseudo-packing of E, and we define, foreach i =1,2..., the set

{721 () £ 0)

so that (x;,7})jer() is @ y-pseudo-packmg of the projection of I'; onto X. Now, fix
i=1,2,..., then for each x; such that j € L(i) we can find, by Lemma 3, a maximal
pseudo packmg H(i,j) from {(y,r;), y€T¥(x;)} that covers I'¥ (x;). Doing this for
each j € L(i) provides a pseudo-packing of F Therefore,

Y V(B )8 (2r) = A (T (x)) = 275 (T (x)))

(vr)€H(i.f)
since r; € (0,7] and r; =r if (y,r) € H(i, j). Now define
I(j,n)={i>1,x; €T;and i <n}.
Then,

ST T Bl VB h2r)s(2r)
=5 B S ) B 2
=) S, s A )

1(j.n)

B(xj,r;))"h(2r;).

R
e 5
=
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Thereby,

=3

Z‘@Z{ﬁ')’ i 2 x/ar/ (2r,)

and by taking the supremum over all y-pseudo-packing of E,,,

;%’ii"’v (T0) > 0B (E,) > atlh(E,).

Finally we get the result, by taking the limitas y— 0. [

Now, we may assume that %’Zﬁﬁ, (EXF) <ooand ¥(F)>0. Let € >0 and
consider {T';}; of subsets of X x Y such that

ExFC|JT; and Z%Z’f”vo %ﬁ’;’;(E xF)+e (3.3)
i=1

Fix o < ;" (F) and choose & > 0 such that .7,"¥(F) > o.. we consider the set

n
E = {xeE, ¥ AT () > e},
=1
where I'f (x) = {y € F, (x,y) € T;}. Therefore, we have

2 VST () = A (F) > 1,

i=1

forall x € E. Then, E, /' E and, by Lemma 1, we have

2%“55 (T)) > 028 (En).

uxv,0
i=1
Taking the limit as n — oo, we obtain, using (3.3), that
RIS (EXF)+e> oy (E).

Since this is true for arbitrarily o < 2%, (F) and € > 0 we deduce the desired result.

4. Proofs of Theorems B and C

Let E C X and f3 is a collection of constituents such that x € E foreach (x,r) € 8.
The collection f3 is said to be fine cover of E if, for every x € E and every & > 0, there
exists r > 0 such that r < 0 and (x,r) € 3.

LEMMA 2. [6, Theorem 3.1] Let X be a metric space, E C X and B be a fine
cover of E. Then there exists either
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1. aninfinite packing {(xi,r;)} C B of E such that infr; >0,

2. a countable centered closed ball packing {(x;,r;)} C B such that for all n € N,

n

E C UB()C,‘J’)’)U U B(xia3ri)'
i=1 i=n+1

Let v e Z(X), we say that v has the strong-Vitali property if, for any Borel set
E C X with V(E) <  and any fine cover 8 of E, there exists a countable packing

n C B of E such that
v(E\ |J B(x,r))=0.

(x,r)em

We say that the metric space X has the stong-Vitali property if and only if every finite
Borel measure on X has the stong-Vitali property. If X is the Euclidean space R”
then every finite Borel measure has the strong-Vitali property [2, 5]. Unfortenatuly,
the strong Vitali property fails for some measures in some metric spaces. For this, we
will assume this property when required which is not a restrictive assumption. The
interested reader is referred to [25, 13] for more discussion.

Recall that 24" < K23" if X is amenable to packing by Proposition 3 or if
u € Zp(X) and h € %, by Proposition 2. In the following, we will modify slightly
the construction of the pseudo-packing #-measure %‘Z’h to obtain new fractal measure

ﬁ’ equal to gzﬁh This new measure is obtained by using the class of all pseudo-

packing such that the intersection of any two balls of them contains no point of E.
More precisely, (x;,ri)i, x; € E and r; > 0, is a §-weak-pseudo-packing of E if and
only if, for all i, j = 1,2,..., we have r; < 6 and for all i # j,

p(xi,x;) >max(r;,r;) and  B(x;,r;)NB(xj,r;)) NE=0.

We denote by Y’% (E) the set of all 6-weak-pseudo-packing of E. Then, the weak-
pseudo-packing i -measure rﬂ’h is defined by

sup{z;,t( (x;,71)) h(2r7); (xhri),-EY’%(E)}

h a.h
rZ’p(E) :ér;gr 5(E)_(%li%r S(E)

P 1nf{2r E); EQUEi},

i=1
if £ #0 and rﬁ’h((b) = 0. The weak-pseudo-packing measure was first adopted in [29].

4.1. Densities

In the following we establish a new version of density theorem with respect to the
generalized packing measure which will be useful to prove or main result in this section
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(Theorem B). Let v, u € Z(X), x€supp(i), g€ R and h € .7, we define the lower
(g,h)-density at x with respectto u by

: T V(B(x, r))
Dyt (x, v) = limint e =S

THEOREM 4. Let (X,p) be a metric space, g e R, he F, u,ve P(X) and E
be a Borel subset of supp L.

1. We have i i
P4 (E) inf D" (x,v) < V(E), 4.1)

where we take the lefthand side to be 0 if one of the factors is zero.

2. If v has the strong-Vitali property, then

v(E) < 2}"(E) supDf (x,v), (4.2)
xeFE

where we take the righthand side to be < if one of the factors is oo.

3. Assume that u € Py(X) and h € F, then even V fails the strong Vitali-property,

v(E) < C2{ME) supDf (x,v), (4.3)
xeFE

for some constant C > 0, where we take the righthand side to be o if one of the
factors is .

Proof.

1. We begin with the proof of (4.1). Assume that infycg ijt (x,v) > 0. Choose y

such that 0 <y < Q’Z{h(x7 v) for all x € E and let € > 0. Then, there is an open
set V such that E CV and v(V) < v(E)+e¢€. For x € E, let A(x) > 0 be so

small such that
V(B(x,r))

W (B(x,r))? h(2r)
forall r < A(x) and A(x) < p(x,X\V). Then A is a gauge for E. Now, consider

7 to be a A-fine packing of E. Then U B(x,r) is contained in V and
(x,r)enm

>

3 ;,L(B(x7r))‘1h(2r)<%Zv(B(xJ))g v(V).

(x.r)em
This shows that
1 1

PHNE) S PLLE) < JvV) < (V(E) +e).

Let € — 0 to obtain y@ﬁ’h(E )< V(E). Since ¥y is arbitrarily small then Qﬁ’h(x, V)
we get the desired result.
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2. Suppose that v has the strong-Vitali property and we will prove (4.2). For this,
we may assume that sup, .y Q’Z{h(x7 V) < oo. Let A be a gauge on E and y < e
such that D" (x,v) < y forall x € E. Then

v(B(x,r))
= ; E7 A T NN 7 A\ g }’
B { (x,r);x €E, r < A(x) and LB )T hr) Y
is a fine cover of E. By the strong-Vitali property, there is a packing 7 C  of E
such that V(E\ U B(x, r)) = 0. Therefore,

(x,r)em

V(E) = v(Eﬂ U B(x7r)> <;V(B(x r

(x.r)em

<y 2 u(B(x,r)? h(2r).

T

Thus V(E) < y@Z:Z (E) and, by arbitrariness of A, we obtain v(E) < y 24" (E).

Since 7v is arbitrarily large then Qz’h()@ v) we get the desired result.

3. Since u € Zp(X) and h € %, then, for small r, there exists two positive con-
stants C; and C, such that

W(B(x,3r)) < Ciu(B(x,r)) and h(6r) < Ch(2r).

Assume that sup, g ijh(x7 V) <eoo. Let A be a gauge on E and y < o such that
Q’,ﬂ’h(x7 v) < 7y for all x € E. We must show that, there exists a constant C such
that V(E) < yC 24" (E), for this, we must show that v(E) < yC ,@Z:Z (E). We
assume that @ZL (E) < e and we consider the set

v(B(x,3r)) . }

B= { (x,r);x € E,r <A(x) and L (B30 h(6r) S Y

Since B is a fine cover of E and @Zjﬁ (E) < oo, it follows, using Lemma 2, that
there exists a packing { (x;,7;)}; C B such that

E g B(xl-,3r,-).

s

1

Hence, if h € %, then,
E) < 2v(B(x,-,3r, )/E,LL (xi,3r;))9 h(6r;)

CiG Y 1 (B(xi,r:))T h(2ri); g >0and u € ¥p(X)

N
\<

Gy ¥ u(B(xi,ri))? h(2r:); q<0.
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Take C = max(C,,C1C;) to get

V(E) <y C Y (Bl ) h(2r).

Thus V(E) < yCﬁZjﬁ (E). Since 7y is arbitrarily large then Qﬁ’h(x, V) we get
the desired result. [

For a Borel set E C X we denote by ,@Z’hL ¢ the measure ,@z’h restricted to E.
We can deduce also the following result.

COROLLARY 2. Let (X,p) be a metric space, g€ R, he F, pe€ P(X) and E
be a Borel subset of supp W such that BZZ’h(E) <o, Let v= @ﬁ’hLE.

1. For @ﬁ’h -a.a. x € E, we have Qz’h(x,v) <.

2. If v has the strong-Vitali property, then
Qﬁ’h(x,v) =1, @ﬁ’h-a.a. on E.
3. Assume that u € Zp(X) and h € Fy, then
1/C< Qﬁ’h(x,v) <1, @ﬁ’h—a.a. onE,

where C is the constant defined in (4.3).

Proof.

1. Put the set F = {er; Qﬁ’h(x,v) > 1}, and for m € N*
q;h 1

Fp=qx€E; Di"(x,v) > 14— ).
m

1
Therefore inf QZ’h(x, v) > 1+ —. we deduce from (4.1) that
n m

xXE€F,
1 q:h _ opah
1+ - Pi"(Fn) < V(Fn) = 25 (Fn).

This implies that 2" (F,,) = 0. Since F = {J,, Fn, we obtain 24" (F) =0, i.e.

DY'x,v) <1 for P%"-aa xcE. (4.4)

2. Now consider the set F = {x €E; QZ’h(x,v) < 1}, and for m € N*

- 1
Fm:{er; Qﬁ’h(x,v)<1—z}.
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Using (4.2), we clearly have
VB = 21 < (1- 1) 280(Fn).

This implies that 22" (F,,) = 0. Since F = U, F, we obtain 2" (F) =0, i.e.
QZ’ (x,v)) =1 for gzﬁ -aa.x€E. (4.5)

The statement in (2) now follows from (4.4) and (4.5).

3. The proof of this statement is very similar to the statement (2) when we use the
set F = {x €E; Q’Z{h(x7 V) < l/C} and the inequality (4.3) instead of (4.2). [

4.2. Proof of Theorem B
Since any packing 7 is a weak-pseudo-packing, we have the first inequality
2N E) <M E).

Now, we will prove the converse inequality. Since X is amenable to packing we have,
using (2.5),
rME) < KPIME),

for some positive constant K . It follows that ,@z’h (E) < rZ’h(E )< K @ﬁh(E ) and then

PIME) =0 /4" (E) =0 and P"(E) = o0 <= r§"(E) = .
Therefore, we may assume that @ZJ'(E ) < e and then, by Corollary 2, we have

D (x, v)=1 for PL" almostevery x € E.

For B < 1, we set

Gy = {x €E, r<1/k= PIENB(x, r)) > Bu(B(x, r))qh(2r)}
and let G}, = E\Gy. Therefore,

lim 2MGy) = 27 (E), lim rfy "(Gy) =ri"(E)

and
lim PG =0= lim M GY).

For any 1/k-weak-pseudo-packing 7 of Gy, we have

Y Bu(B(x, r)?h(2r)

(x,r)em
< Y 28ME 0 B(x,r)
(x.r)em

< Y 26 N B+ Y PG N B(x,r)).

(x,r)em (x,r)em
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As 1 is a weak-pseudo-packing of Gy, the (Gy N B(x,r))’s are disjoint, therefore

3 24MGy 0 B(x,r)) < 28M(Gy).

(x,r)em
But, the (G|, N B)’s may overlap. Therefore, since X is amenable to packing, we have
> 26 N Bx,r) <KL (G))
(x,r)enm

and so
Bri (Go) < 25" (Gi) + K2 (Gy).
Letting k — oo we get

BrM(E) < 24" (E).

Since 3 < 1 was arbitrary, the proof is complete.

4.3. Proof of Theorem C

We may assume that ,@Zh(E ) <o and PVE(F) < . For € >0, we choose
sequences of sets {E;};>1 and {F;};>1 such that

EC|JE and ZQ < 2Y(E)+e

i=1

FC|JF and Z PIE) < PENF) +e.
j=1

Now, we will prove that

P S(EXF) < 2U5(E) PU(F). (4.6)

Let 6 >0 and [ < 927th s(E X F). Choose {(x;, yi),ri}i a 8-packing of E x F such
that

=

N 1 (B(xi,ri))Iv(B(yi, ri))Th(2ri)g(2ri) > L. 4.7)
i=1
Let N,n € R and, foreach i=1,2,...,
a; =Nu(B(x;,r:))?h(2r;)—n and b; =Nv(B(y;,ri))?g(2r;) —n.

We can choose N big enough and 1 small enough, so that

— a;b;
2
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In addition, by relabelling and choosing n sufficiently large we may assume that Y L;v i
> [, with a; >0 and b; > 0. Let x € E, then

{0i), plainx) <1}
is a 0-packing of F. It follows that

S0 o) < i < NVIBO ) e(2r)
\N?fzg( )-

Thus, (b;/N, x;, r;) is a weighted 0 -packing of E. Hence (4.6) follows. Therefore,
forall i,j=1,2,---

hg h N
P v o Eix Fy) < 204 (Ei) ZJG(F)). (4.8)

Thus summing over i and j, we have

> P (E X F) < 3,204 (E) P58 (E)

i,j i,j
< (2t'®)+e) (2" E) +e).

The result follows on letting € — 0.

5. Appendix

DEFINITION 3. A set G is said to be a maximal pseudo-packing from &7/ =
{(x,r), x€ X, r> 0} if, and only if,

e GC ./,
e forall (x,r) # (v,5) € G we have p(x,y) > max{r,s},
e forall (x,r) € o7, there exists (y,s) € G such that p(x,y) < max{r,s}.

That is, the set G is a maximal subset of ./ such that G is a pseudo-packing of
{x,(x,r) e }.

LEMMA 3. (lemma4, [16]) Let 6 >0, E C X and & be the family of pairs
{(x,8); x€ E}. Then, there exists G a maximal pseudo-packing from < that covers
E.

LEMMA 4. (lemma 5, [16]) Let E C X and let F be a family containing finitely
many pairs (x,r) with x € X and r > 0 such that E C {x;(x,r) € F for some r > 0}.
Then, there exists G a maximal pseudo-packing from F that covers E.
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THEOREM 5. (Besicovitch covering Theorem) [24]. There exists an integer & €

N such that, for any subset A of R" and any sequence (ry)cea satisfying

1.

>0, VxecA,

2. supry < oo.

that

x€A

Then, there exists y countable finite families By, ...,By of {Bx(r,()7 X e A}, such

1. ACUiUpep, B.

2. Bj is a family of disjoint sets.
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