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q-HERMITE—HADAMARD INEQUALITIES FOR FUNCTIONS
WITH CONVEX OR /#-CONVEX ¢-DERIVATIVE

PETER KORUS* AND JUAN E. NAPOLES VALDES

(Communicated by S. Varosanec)

Abstract. In this work, using the definitions of convex functions and k-convex functions, new
Hermite—Hadamard type inequalities are presented using the framework of g-calculus. We prove
inequalities for the ¢, - and ¢”-definite integrals of functions which have a convex or general
convex g, - or ¢” -derivative. These inequalities have consequences for g-integrals and classical
integrals, while extending some results previously known from the literature.

1. Introduction

One of the most fruitful concepts in Mathematics is the convex function, not only
because of its theoretical impact in various areas, but also because of the multiplicity of
applications that have been developed in recent times.

A function f : [a,b] — R is said to be convex if f(tx+ (1 —1)y) <1f(x)+ (1 —
t)f(y) holds for all x,y € [a,b], x <y and 7 € [0,1]. And it is said that function f is
concave on [a,b] if the above inequality is the opposite. During the paper, it is always
assumed that a < b.

Readers interested in the aforementioned development, can consult e.g. paper [20],
where a panorama, practically complete, of these branches is presented.

One of the most important inequalities, for convex functions, is the well-known
Hermite—Hadamard inequality:

f(a;b> - a/ £(0) fla );Lf( ) 0

holds for any function f convex on the interval [a,b]. This inequality was published by
Hermite ([13]) in 1883 and, independently, by Hadamard in 1893 ([12]). This inequality
gives a very useful boundedness to the mean value of a function, in this case convex
functions.

More than one hundred years ago, the Reverend Frank Hilton Jackson defined a
new derivative of a function at a point, without the use of the notion of limit, opening
a new direction of work in classical calculus and number theory. He got g-analogs of
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several known results from these areas. Interested readers can consult Jackson’s works
[15, 16], as well as [10, 18] on the basis of g-calculus.
The g-derivative of a real function f(x) is defined for ¢ € (0,1) as
x) — f(x
Dfx) = T =I® g 2
gx—x
and D, f(0) = f'(0) for functions f differentiable at x =0. The g-derivative calculates
the rise of f(x) over the interval (gx,x). As such, it is numerically equal to the slope
of the line going through points (qx, f(gx)) and (x, f(x)).
The Jackson integral of a real function f is defined by the series expansion

[ 10d = (1-0)x 3 ¢ 16 3
0 k=0

provided that the series is finite, e.g. in case |f(x)x%| is bounded on the interval (0,A]
for some 0 < o < 1 (see [10]).
The following expression, defines the g-number (see [18]) and will be used later:

l_ n
[n]g = 1_2=1+q+q2+---+q"‘1, q€(0,1), neN,

eg 2];=1+qgand 3],=1+q+q*
A generalization of the definition of convex function is as follows.

DEFINITION 1. [21, 27] Let h: [0,1] — [0,) and f : [a,b] CR — R. We say
that f is an /i-convex function, if for all x,y € [a,b] and 7 € (0,1), we have

flox+ (1 =1)y) <h()f(x) +h(1—1)f(y).

REMARK 1. Note thatin papers [21, 27], non-negativity of function f is assumed,
but in this paper, this condition is dropped to get more general results.

Special cases of the above definition are the following.

If h(r) =1*, s € (0,1], then f is called an s-convex function ([7, 14]).

If h(r) =t, then f is a convex function.

Generalization of the g-derivative (2) was introduced in [25, 26] and [5] as fol-
lows.

DEFINITION 2. For a function f : [a,b] — R and ¢ € (0,1), the g,-derivative of
f at x € [a,b] is characterized by the expression

J(x) = flgx+ (1 - q)a)

aqu(x) = (l—q)(x—a) , x#a. €]
The ¢”-derivative of f at x € [a,b] is defined by
iy LS —ap) -

(1-q)(x=b) ~
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For x = a, we define ,D,f(a) = lim, «Dyf(x) = f'(a) if it exists and is finite.
Analogously, for x = b, we define D, f(b) = lim,_, *D,f(x) = f'(b) if it exists and
is finite.

REMARK 2. Note that if ¢« =0 in (4), or, if b = 0 in (5), then we obtain the
familiar g-derivative (2) of f at x € [a,b].

The g,-definite integral defined in [25, 26] and the analogous ¢” -definite integral
defined in [5], are generalizations of the g-integral (3).

DEFINITION 3. For a function f : [a,b] — R and g € (0,1), the g,-definite inte-
gral of f is defined by the expression

[ 10w =(1-0) -0 3 15+ (1= ha), v lad],
a k=0

and similarly, the ¢”-definite integral of f is
b oo
[ 10 i = (1-0)6-0 3, a5+ (1= ¢9b), - x€fad],
x k=0
provided that the series is finite, e.g. in case f is continuous on [a,b].

EXAMPLE 1. It is well-known that

/ah(mx—kk) adgx = (b—a) (m((gi}:—b) —|—k> ,

/ah(mx—kk) bdqxz (b—a) (m(cEzi—H—qbq) —|—k> .

Some important properties of the ¢, - and ¢” -derivatives and integrals will be used
later (see [5, 17, 25]):

THEOREM 1. For continuous f : [a,b] — R and q € (0,1), we have

[ 4Dt 0) s = 1)~ 1@, [D4s10) Pt = 110) - 1),

X

Moreover, for continuous f,g : [a,b] — R, integration by parts says
b b
/a g(qt+ (1 —q)a) aqu(t) udqt = [f(t)g(t)]z _/a f(t) qug(t) adq’:
b b
| star+ (1=0)) "Dus(0) "yt = [£0)0]; = | 0" Dygle) P

Some theoretical preambles, on this subject, are the following. In [22], a g-analog
of a classical integral identity is established, from this equality, various g-estimates
are obtained for the Hermite—Hadamard inequality for convex and quasi-convex g-
differentiable functions; in [3] some generalizations of the Hermite—Hadamard inequal-
ity are obtained within the framework of g-calculus for convex functions, but they in-
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corporate the differentiability of the function, which can be omitted, as it was shown in

[5].

THEOREM 2. Let f: [a,b] — R be a convex function on [a,b] and q € (0,1).
Then we have

f<qc[121;b) - a/ £00) f( [)zif(b) ©)
and
() sraf s gt o

Other results can be found in [1, 2, 4, 6, 8, 9, 17, 24, 28] and the references cited
in them.
Considering the proof of [5, Theorem 18], one can deduce the next statement.

THEOREM 3. Let f : [a,b] — R be a continuous, h-convex function and q €
(0,1). Then we have

o [ 106 adgr < (@) 4 111 0) ®)

and

— / F(x) Pdyx < Hyf(a) + Haf (), ©)

where H) = folh(t)dqt and H, = fo h(1—1t)dgt, provided that Hy and H, exist and
are finite.

In this paper, we obtain new inequalities of Hermite—Hadamard type for functions
which have g-derivatives (in the sense of (4) and (5)) h-convex or convex on finite

intervals. As we will see, these results are extensions of some results known from the
literature.

2. Main results
We start with a lemma that will be of benefit later.

LEMMA 1. For continuous f : [a,b] — R, we have

b

[ ) D) s =

/ab( @) aDof (%57) « qxz%((b—a)f(%)—[Z]q/aq[g’bf(x)adqx>.
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Proof. Considering integration by parts for f(x) and g(x) = x—a, by Theorem 1,
we can write

b b b
| @+ (1= 9)a =)Dy £3) sy = (5= a)f )]~ [ £(3) uDyr— ) s

that is equivalent to

q/xaqf)qx—ba /f

The first required equation is obtained.

Analogously, integration by parts for f (qﬁix

)
[ @t (-ga—a it (15575

2]4
_ [[2}q(x—a)f<q?2i:x>}2—[Z]q/ubf<q?2i:x) oDyt — ) adyx

=12 ((b ~a)f ("‘[‘zib ) -2 [ s adqx>

that is equivalent to the second required equation. [

Our first main result reads as follows.

THEOREM 4. Let f :[a,b] — R be such that ,Dyf(x) is continuous, h-convex on
[a,b] and f'(a) exists. The following inequality holds:

b qf(a)+Hif(b)  qH:(b—a) ,
b—a/a ) adgr < q+H; +[2]q(CI+H1) (a

Proof. Writing inequality (8) for D, f(x), substituting x in place of » and multi-
plying by (x —a) yield

[ Dut6) it < (5= a) (Ha uDyf (@) + Hy oD ().

By g, -integrating both sides with respect to x on [a,b], we have

/ (/ aDyf (1) dt) dqx</(x a)(Ha oDy f (@) + Hy aDyf (x)) adyx.

The left-hand side is equal to

/(/ aDqf(1) dt) qx—/f adgx— (b—a)f(a), (10)
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while, by Lemma 1, the right-hand side is

[ ) Dy @)+ Hy Dy () e
(b—ap
e
Combining (10) and (11) yields the required result. [J

(1)

Hy Dy f(a) + 11 ((b— 50~ [ 1 ).

The following results are consequences of considering convex functions instead of
h-convex functions. In this case, h(t) =t, H| = m and Hy = - ],,

COROLLARY 1. Let f:[a,b] — R be such that ;Dyf(x) is convex on [a,b] and
f'(a) exists. The following inequality holds:

: dPlf @) Flb—a)
), S0 et SR g @

A lower estimation for the ¢, -integral reads as follows.

THEOREM 5. Let f: [a,b] — R be such that ,Dyf(x) is convex on |a,b] and
f'(a) exists. Then

22 (%2) - af@) -,
3, ~onE, @<= a/ J)

Proof. Writing the first inequality in (6) for D, f(x), substituting x in place of b
and multiplying by (x —a) yield

a0 (#2) < [

After g,-integrating both sides with respect to x on [a,b], we get

/ab( @) a J("ﬁ’c)udqxs /ab(/aanqf(tndqt)udq)c.

The right-hand side is equal to (10), while, by Lemma 1 and (12), the left-hand side can

be estimated as
b
qga—+x
/ (x—a)q qf< )adqx
a 2]

_ 2] qa+b %
T <(b_a)f (W) - mq/a &) “d"x> (13)
Bla,_g gatby _ a2 @+ (5) g0 '(a
“ b=a) f( 2]4 ) 314 * 212[3], fla)
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Combining (10) and (13) yields the required result. [J

We obtain analogous results for ¢ -integrals. By considering inequalities (9) and
(7) for qu f(x), we get the following results corresponding to Theorems 4 and 5.

THEOREM 6. Let f: [a,b] — R be such that *Dy f(x) is continuous, h-convex on
[a,b] and f'(b) exists. The following inequality holds:

< [ 1t
<3=al. x) dgx.

THEOREM 7. Let f: [a,b] — R be such that *D,f(x) is convex on [a,b] and
f(b) exists. Then

qf(b)+Hif(a) qHx(b—a)

o Rharm) Y

fla) +4q[2l4f(b)  ¢*(b—a)

"(b ’ ba
Ble o, O g, )
25 (52) - af®) gv-a),
ST e Y

By taking a = 0, Corollary 1 and Theorem 5 together imply a new version of the
Hermite—-Hadamard inequality (1) in the framework of classical g-calculus.

COROLLARY 2. Let f :[a,b] — R be such that Dyf(x) is convex on [0,b] and
f(0) exists. Then

2127 (&) —ar0) ’
q ([2]q> qb3 f’(O)S%/O f(x)dyx

Combining Corollary 1 and Theorem 5, also taking the limit ¢ — 17, allows us to
obtain an inequality for classical integrals, which can be also calculated directly from
Corollary 2 and Corollary 4 of [19] (see also [11]).

COROLLARY 3. Let f: [a,b] — R be differentiable on |a,b] such that f'(x) is
convex on [a,b]. The following inequality holds:

4f(i)—f(a) b— a
23 6 b a/f
f()+f()
= 3 6

—f'(a).



608 P. KORUS AND J. E. NAPOLES VALDES

REMARK 3. If in Corollary 3, we additionally assume that f(x) is convex on
[a,b], then we have an improvement of the Hermite—-Hadamard inequality (1), since

a+b\ _4f (%) —fl@) b- a
f( 2 )< 23. 6 b a/f
ng(a);f(b)ergaf,(a)gf( )2 f(b)

by considering the inequality f(x)+ f'(x)(y—x) < f(y) forx=a, y= % and x=a,
y = b, respectively.

REMARK 4. If in the main results, we consider /& -concave and concave functions,
respectively, instead of h-convex and convex functions, then the opposite inequalities
hold.

3. Conclusions

In this article, various generalizations of the Hermite—Hadamard inequality are
obtained in the framework of the g-operators. These inequalities naturally extend some
previously known results from the literature as we showed. The accuracy of our main
results Theorems 4—7 can be highlighted through the function f: [a,b] — R, f(x) =
x> +eorx+ c3, in which case, the inequalities become equalities.

To illustrate the strength of our results, consider the following example. Let f :
[0,%] — R, f(x) = sinx. For this concave function f, Theorem 2 implies

in—" > 2 / " o > (14)

Sin —— > — sinxdyx > ——,

2(14+q) " mJo 7 14q

while Corollary 2 yields the following refinement of the previous inequality
(14 ¢g)?*sin 2 w2
(Hq) — an : — / sinxdyx
1+q+¢? 2(1+q)(1+q+q*) = (15)
1 @n 1 242¢+nqg°

> +
1+q+¢ 20+q9)(1+q+d) 1+q 2+2q+24

by noticing the concavity of

sin(gx)—sinx
————, x#0
Dgsinx = { w0 ¥70

1, x=0,

that can be shown by calculation. One can easily see that the upper bound in (15) is
less than the one in (14), while the lower bound in (15) is greater than the one in (14).

It is clear that the problem of extending the lower estimation for the ¢g,-integral
in Theorem 5 for h-convex functions, or, the generalization of our results for the case
of more general definitions, such as the (h — m)-convex modified functions of [23],
remains open.



g-HH INEQUALITIES FOR FUNCTIONS WITH (GENERAL) CONVEX ¢-DERIVATIVE 609

Acknowledgement. The authors thank the anonymous referee for the valuable com-

ments and suggestions regarding the earlier version of the paper.

[1]
[2]

[3]

[4]
[5]
[6]
[7]
[8]
[9]

[10]
[11]

[12]

[13]
[14]

[15]

[16]
[17]

[18]
[19]

[20]
[21]
[22]
[23]
[24]

[25]

REFERENCES

M. A. ALL, H. BUDAK, M. ABBAS, Y.-M. CHU, Quantum Hermite—Hadamard-type inequalities for
functions with convex absolute values of second q” -derivatives, Adv. Differ. Equ. 2021 (2021), 7.

N. ALP, M. Z. SARIKAYA, Quantum Hermite-Hadamard’s Type Inequalities For Co-ordinated Con-
vex Functions, Appl. Math. E-Notes 20 (2020), 341-356.

N. ALP, M. Z. SARIKAYA, M. KUNT, I. ISCAN, g-Hermite—Hadamard inequalities and quantum
estimates for midpoint type inequalities via convex and quasi-convex functions, J. King Saud. Univ.
Sci. 30 (2018), 193-203.

M. U. AWAN, M. A. NOOR, K. I. NOOR, Some Integral Inequalities Using Quantum Calculus Ap-
proach, International Journal of Analysis and Applications 15, 2 (2017), 125-137.

S. BERMUDO, P. KORUS, J. E. NAPOLES VALDES, On q-Hermite—Hadamard inequalities for gen-
eral convex functions, Acta Math. Hungar. 162 (2020), 364-374.

K. BRAHIM, L. R1AHI, S. TAF, Hermite-Hadamard type inequalities for r-convex functions in q-
calculus, Le Matematiche 70, 2 (2015), 295-303.

W. W. BRECKNER, Stetigkeitsaussagen fiir eine Klasse verallgemeinerter konvexer funktionen in
topologischen linearen Rdumen, Publ. Inst. Math. 23 (1978), 13-20.

H. BUDAK, Some trapezoid and midpoint inequality for newly defined quantum integrals, Proyec-
ciones 40, 1 (2021), 199-215.

H. BUDAK, S. KHAN, M. A. ALIL, Y.-M. CHU, Refinements of quantum Hermite-Hadamard-type
inequalities, Open Mathematics 19, 1 (2021), 724-734.

T. ERNST, A Comprehensive Treatment of q-Calculus, Birkhduser/Springer, Basel, 2012.

1. FRANJIC, Hermite-Hadamard-type inequalities for Radau-type quadrature rules, J. Math. Inequal.
3,3 (2009), 395-407.

J. HADAMARD, Etude sur les propriétés des fonctions entiéres et en particulier d’une fonction con-
sidérée par Riemann, J. Math. Pures Appl. 9 (1893), 171-216.

C. HERMITE, Sur deux limites d’une intégrale définie, Mathesis 3 (1883), 82.

H. HUDZIK, L. MALIGRANDA, Some remarks on s-convex functions, Aequationes Math. 48 (1994),
100-111.

F. H. JACKSON, On q-functions and a certain difference operator, Trans. Roy. Soc. Edin. 46, 2 (1909),
253-281.

F. H. JACKSON, On q-definite integrals, Quart. J. Pure and Appl. Math. 41 (1910), 193-203.

S. JHANTHANAM, J. TARIBOON, S. K. NTOUYAS, K. NONLAOPON, On q-Hermite-Hadamard In-
equalities for Differentiable Convex Functions, Mathematics 7, 7 (2019), 632.

V. KAc, P. CHEUNG, Quantum Calculus, Springer, New York, 2002.

P. KORUS, Some Hermite—Hadamard type inequalities for functions of generalized convex derivative,
Acta Math. Hungar. 165, 2 (2021), 463-473.

J. E. NAPOLES VALDES, F. RABOSSI, A. D. SAMANIEGO, Convex functions: Ariadne’s thread or
Charlotte’s Spiderweb?, Advanced Mathematical Models & Applications 5, 2 (2020), 176-191.

M. A. NOOR, K. I. NOOR, M. U. AWAN, A new Hermite-Hadamard type inequality for h-convex
functions, Creat. Math. Inform. 24, 2 (2015), 191-197.

M. A. NOOR, K. I. NOOR, M. U. AWAN, Some quantum estimates for Hermite—Hadamard inequal-
ities, Appl. Math. Comput. 251 (2015), 675-679.

M. E. OZDEMIR, A. O. AKDEMIR, E. SET, On (h—m)-Convexity and Hadamard-Type Inequalities,
Transylv. J. Math. Mechanics 8, 1 (2016), 51-58.

J. PRABSEANG, K. NONLAOPON, S. K. NTOUYAS, On the refinement of quantum Hermite-
Hadamard inequalities for continuous convex functions, J. Math. Inequal. 14, 3 (2020), 875-885.

J. TARIBOON, S. K. NTOUYAS, Quantum calculus on finite intervals and applications to impulsive
difference equations, Adv. Differ. Equ. 282 (2013), 1-19.



610 P. KORUS AND J. E. NAPOLES VALDES

[26] J. TARIBOON, S. K. NTOUYAS, Quantum integral inequalities on finite intervals, J. Inequal. Appl.
2014 (2014), 121.

[27]1 S. VAROSANEC, On h-convexity, J. Math. Anal. Appl. 326 (2007), 303-311.

[28] W. YANG, Some new Fejér type inequalities via quantum calculus on finite intervals, ScienceAsia 43
(2017), 123-134.

(Received October 27, 2021) Péter Korus
Institute of Applied Pedagogy

Juhdsz Gyula Faculty of Education, University of Szeged

Hattyas utca 10, H-6725 Szeged, Hungary

e-mail: korus .peter@szte.hu

Juan E. Ndpoles Valdés

UNNE, FaCENA

Av. Libertad 5450, Corrientes 3400, Argentina
and

UTN-FRRE

French 414, Resistencia, Chaco 3500, Argentina

e-mail: jnapoles@exa.unne.edu.ar

Mathematical Inequalities & Applications
w ele-math.com

mia@ele-math.com



