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TRIANGULAR CESARO SUMMABILITY AND LEBESGUE
POINTS OF TWO-DIMENSIONAL FOURIER SERIES

FERENC WEISZ

(Communicated by I. Peri¢)

Abstract. We prove that the triangular Cesaro means of two-dimensional functions f € L;(T?)
converge to f at each strong (1, ) -Lebesgue point. Moreover, if f € L,,(Tz) with 1 < p <eo,
then the Cesaro means converge to f at each (p,®)-Lebesgue point. This generalizes the well
known classical Lebesgue’s theorem.

1. Introduction

It is known that the Fejér means

o= 3 (1-11) e

k=—n n

of a one-dimensional integrable function f converge to f(x) at each Lebesgue point
(see Lebesgue [11]), where f(k) denotes the kth Fourier coefficient. The generalization
of this theorem to Cesaro means is due to M. Riesz [15]. These means were considered
in a great number of papers (see e.g. Gat [4, 5, 6], Goginava [7, 8, 9], Simon [16, 17],
Nagy, Persson, Tephnadze and Wall [13, 14], Weisz [19, 20] and Zygmund [26]).

Here we investigate the triangular Cesaro means

1 Iy 1(kyx X
ol f(x) = — Z Az‘_l_‘kl‘_lkz‘f(k)e(kl 1 +kox2)

n=1 [k |+|k2|<n

of two-dimensional functions. These means were also sudied e.g. in Berens, Li and
Xu [1, 2, 12, 25], Szili and Vértesi [18]. In [19], we proved that 6*f — f almost
everywhere if f € L;(T?).

In this paper, we partly characterize the set of this convergence, which is a general-
ization of the result of Lebesgue and Riesz just mentioned. We introduce two new types
of Lebesgue points, the (p, ®)- and strong (p, ®)-Lebesgue points. The author proved
in [21] that almost every point is a (strong) (p, ®)-Lebesgue point of f € L,(T?) with
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632 F. WEISZ

1 < p < o. We show that if the maximal function .#” f(x) is finite and x is a strong
(1,®)-Lebesgue point of f € L;(T?), then

lim o f(x) = £(x).

n—oo

For 1 < p < e, we get a simpler result: the convergence holds for all (p, ®)-Lebesgue
points if f € L,(T?). A more complicated version of the first result can be shown for
higher dimensional functions with another method (see [23]). In [22], we verified sim-
ilar results for triangular 0 -means of Fourier transforms. However, the 0 -summability
does not contain the Cesaro summability and the proof for Fourier series is more com-
plicated than for Fourier transforms, so new ideas are needed here. An analogous result
for another type of summability, for the so called rectangular summability was proved
in [24].

2. Maximal functions and Lebesgue points

We briefly write L,(T?) instead of the L,(T?,A) space equipped with the norm

1/p
Ifloi=([Lirar) " a<p<e),

where T = [—m, 7] is the torus and A the Lebesgue measure.
For some @ >0, 1 < p < oo, x = (x1,X2) and f € L;(T?), we introduce the next
Hardy-Littlewood maximal functions:

AP F () 2 AP F()

where

1/p
2ip 2’2h

MO f(x) = sup 27@0FR) / / (x—1)|Pdt ,
b i1,i2€N, >0 4. 2’1+’2h2 2ty 2’2h

i1,i €NA>0 20 Jty—22h

w2 oliy+iy) 21 t1+2’2h I/p

3 - 1Ty _ V4

MY f(x) = sup 27 1. 2n+zzh2/ / )| dt, dty ,
ll,lQEN,h>0 211]1 2'2}1

; i 1/p
///w,3f(x) - su 2~ o(ij+iz) 2 _t1+22h —t)‘pdt dt
Ay = p 4. 211+12h2 240 ’

i i 1/p
///w’4f(x) — su 2~ o(ij+is) e [2+21h x—t |Pdt dt
P : p 4. 211+12h2 h 1452

i1,i€N,A>0 —202p Ji,—2ith
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and

; i 1/p
MOSf(x):= sup 2 Olth) Y lh (x—1)|Pdt dt
» = p 4. 211+12h2 182 '

i1,ipENA>0 —202p —2i1p

Note that in ./, 15" 1 S, we take the supremum over rectangles with sides parallel to the
axes and in .Z, If’ o f (j=2,3,4,5), over parallelograms with one side parallel to one of
the axes and with the other side parallel to one of the diagonals of the square [0, n}2. If
® =0, then ./, ,5” 5 [ is exactly the strong Hardy-Littlewood maximal function, if ® =0

and i} =iy, then ///I?’ 5 f is equal to the usual Hardy-Littlewood maximal function (see
e.g. Feichtinger and Weisz [3]). The next two inequalities were provedin [21]. If @ >0
and 1 < p < oo, then

suppk(///“’f>p>”” Clifl,  (f€Lp(T?). (1)
p>0

Moreover, if p < r < oo, then

221, <Gl (F € L(TY).

In this paper the constants C and C,, may vary from line to line.
Using the above maximal functions, we define the next operators:

w,1 o —olii) [ L
Ur,p ()C) . Sup 2 4. 2i1+i2h2
i1,i€N,A>0,2"k h<rk=1,2

2it ’2h 1/p
L[ e —seorar)
2ih ) =272k

i 1
USf W= s 2 "’“‘*‘”(m
- : )
i1, ENI>0,2k h<rk=1.2
2] t1+2’2h 1/p
/ / ) Pdndn |
2i1p —2i2jp
o 1
U8 ) = sup 2l (m
N : )
i1, NS00k h<rk=1.2

2itp —t1+2’2h I/p
/ / 1) = )P dndn |
201 —2i2p

04 £( ) —olii+i) 1
UK,P fx)= sup : 4 . Qi1+ 2
i1, €NA>0,20kh< k=12

2 12+2’1h 1/p
I ~fWlrdnds |
225 J1,—2ith
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®,5 . —w(i1+i2) l
UFP [ = Sup 2 4 .20+ 2
i1.€NA>0.2'kh<rk=1,2

22h 14201 h I/p
Ll ~0 - fErdnds |
202h —21p

- st

If p =1, then we omit the index p and sunply write A ®, U?®
For 1 < p < and @ >0, a point x € T? is called a (p,®)-Lebesgue point of
f €L,(TY) if

and

If

then x is called a strong (p,®)-Lebesgue point. If @ = 0, then the (p, ®)-Lebesgue
points are the same as the well known strong Lebesgue points, if @ =0 and i} = i,
then the (p, ®)-Lebesgue points give back the usual Lebesgue points, i.e.,

) 1 hy rhy

fim /4” [hz Flx—1) = f(x)]de =0
L b

tim oz [ [ =0 = £l =0

(see Feichtinger and Weisz [3]). Since Uyt f < Uy f, every (strong) (p, @,)-Lebesgue
pointis a (strong) (p, @;)-Lebesgue point (0 < @y < @ < o). If f is continuous at x,
then x is a (strong) (p, ®)-Lebesgue point of f. The next theorem was proved in [21].

and

THEOREM 1. For 1 < p <o and @ > 0, almost every point x € T? is a (strong)
(p, )-Lebesgue point of f € L,(T?).

3. The kernel functions

The kth Fourier coefficient of a two-dimensional integrable function f € L;(T?)
is defined by
1

G hinthw) gy (ke Z?).

flk) =

For f € L;(T?) and n € N, we define the nth triangular partial sum s, f of the Fourier

series of f by
suf(¥):= Y, flk)etnthen)
[y [+ 2| <
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It is known (see e.g. Grafakos [10] or Weisz [20]) that for f € Lp(’]I‘z), 1< p<oo,

lims,f=f  inthe L,(T?)-norm and a.e.

n—o0

To extend this convergence to p = 1, we need to consider the Cesaro summation.
For o¢ # —1,-2,... and n € N, let

A% <n—|—a> _ ((X+1)(a+2)~~~(0¢—|—n).

ne n n!

Then A =1,A%=1and Al =n+1 (neN). Let f€L;(T?),neNand a >0.In
[19], we investigated the triangular Cesaro means ¢,* f given by

1

. k x1+kox
ol f(x):= i 2 AY | \kzlf( ) 1x1 ko)
n=1 k| +ky|<n

If oo =0, we get back s, f, if o = 1, then the triangular Fejér means

G}if(x) = Z (1 o |k1 | + |k2‘ ) f(k)el<k1xl+k2x2).
et k< "

It is easy to see that

1
O S = gz [ S DKL)
where
1 1 X X
Ki() == 2 AL e

Au 1ty £l <n

are the triangular Cesaro kernels. Zygmund [26] verified the next lemma.

LEMMA 1. For o > —1 and h > 0, we have

oc+h h—1
Oy a+h ZA WAL-10
n 1 k=1

The next two lemmas were proved by the author in [19].

LEMMA 2. Supposethat 0 <o <1, 0< B <1 and > x; >x, > 0. Then

K (x1,x2)| < Cn?, )

K& (x1,%2)| < Cloxp —x2) ' (x1 +x2) ™ Ly <0
+C(x —x) (T —x2) M yomay- 3)
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If x, > 1/n, then
L2y K (o) < Oy —x0) P~ 1y @)
and
sy <n/oy K (x1,22) < Cn' =% My, oy Q)
If t—xy > 1/n, then
Loy K (x1,20)| < Cn () —x0) " P (m—x0) P~ Mooy (6)
and

l—a(

Lyonoy K (x1,20)] S Cn' ™% (m—x2) "%y ) (7

LEMMA 3. If 0 < a < 1, then

sup [ |K¥|dA <C.
neNJT?

4. Convergence of the Cesaro means at Lebesgue points

Now we are ready to prove our main theorem.

THEOREM 2. Suppose that 0 < ot < oo, 0 < @ < min(a,1)/2 and A? f(x) is
finite. If f € Ly(T?) is periodic with respect to © and x is a strong (1, ®)-Lebesgue
point of f, then

lim o f(x) = £(x).

n—o0

Proof. By Lemma 1, it is enough to prove the theorem for 0 < o < 1. Since

1 o
e Jo 041
we have

0109~ (8| < G 1706 —1) = FOOIKEG) .

Let 0 < o < o¢/2 and fix a number r < 1 such that U®f(x,x) < €. Suppose that
2/n < r/2. Let us introduce the sets

N '—[—K K}x[—z K} s ’—[TC—KTC—FK]X[TE—I n—i—q
2722 2020 /2 27" 2 272
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and
Ap = {(x1,x):0<x; <2/n,0<x, <x; < 7x < /2},
Ay = {(x1,x2):2/n<x; <m,0<xy < 1/n,xp < /2%,
Az = {(x1,x0):2/n<x; <m1/n<xp<x1/2,x < )2},
Ag = {(x1,x2) 1 2/n<x) <mx1/2 <xy <x1—1/n,x0 < w/2},
As = {(x1,x2) :2/n<x; <mx;—1/n<xp <x1,x <7/2}
Ag i ={(x1,x2) 2 >7/2,r—2/n<xp < w,0<x <x1 <7},
A7 ={(x1,x2): /2 <xa<m—2/n,m—1/n<x; <m},
Ag = {(x1,x2) /2 <xa<7m—2/n,("+x2)/2 <x; < w—1/n},
Ag = {(x1,x2) /2 <xy<m—2/nx+1/n<x; < (T+x2)/2},
A = {(x1,x2) /2 <xp <m—2/n,x <x; <x2+ 1/n}
(see Figure 1). It is enough to integrate on the set {(¢;,12) : 0 <t <t} < 7},
T2 A
(3
2 Srra/As
-
A i
r/2 Ag d
Ay
2
Ay
A
Sr/Z As
1
n | /A1 Ay _
2 ¢ N ™
0 B 2 o G4 1
Figure 1: The sets A;.
in other words, on
5 5 10 10
U@ins.n),  U@insg,),  UJ@ins,,  J@ins,).
i=1 i=1 i=6 i=6

Since A; C S,/ and Ag C S /25 inequality (2) implies

2/n 2/n
/|f ) — f) K% () |dt<Cn/ / X—1)— f(x)| dirdty
<CU® f(x) < Ce
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/\f — 1) — f()| K% (1) df < Cr /ﬂ z/n/n =)= £ disay

<Cn2/ / lf(x—u—m)— f(x)| dup duy
—2/nJ=2/n
<CU' f(x) < Ce.

Let us denote by rg the largest number i, for which r/2 < 2+ /n < r. By (3),

/A s [f(x—1) — fO0)] K (1)] dt
208,/2

ro i L hiN =L ot s

<cX(3-3) (3) L, 0= reldnan
2((0120)1 2l+1/" 1/n

<c3 (%) [, [ - anan

< CZ2(w_1)iU,“”1f(x) <Ce.
i=1

Similarly,

| 10— FlIKEO)]
A0S

2
oo /oi -1 i -1 n-2i/n ,m
<cX(3-3) (3) [ 0=l
—2/n 0
<C2260 1)i 2—(01(21) / / |f(x—t—7t)—f(x)‘dl1dlz
—1/n

< 022<w*1>"u,wvlf(x1,x2) <Ce.
i=1

2’+l/n

It follows in the same way that

Jose Va0 = SOIREO s [ e = fl K 0] d
NS r/2

r/2
<C 320V (3 1) +C Y 27 f(w,v2)

i=rg i=rg
<207 f(xy,x0) + C270| £ (x1,x2))|
< C(nr)w_l'%a)’lf(xh-xa) +C(nr)_1|f(xl7x2)| —0

as n — oo. Observe that 1; — 7, >t /2 and 1} —1, > t, on A3. We use (4) to estimate
the kernel as follows:

K2 (1)) < Cn%(ty — 1)1~ (1) — 1) PHo/2 Pt  opog 12 1m0
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if B > o/2. Hence

[ =0 flKE@) dr
A3OS,/2
ro i—1 i l—a/2 l—a/2 2'+l/n 2j+l/n
cexyae(2) (2 / — ) dndn

i=1,j=0 n i/n i/n
ro izl 2\ 2 2f“/n

<c 2<wa/2><z+.r>zw<z+.r>( n ) / ity di
;Z& 2i+j i/ 2i/n — Sl dizdn
70 i—1 PR

<CY Y 202Ny O f(x),xy) < Ce.
i=1,j=0

Similarly, 1 —t, > (m —12)/2 > (T —11)/2 on Ag. By inequality (6),

K (1) < Cn (0 —12) 7' =P (1 — 1) PP ()P

< Cn’“(rc—tl)’l""/z(rc—tz)’l""/z

if B > /2, which implies

/A ;=0 = FOIIKG (1)) dr
gNS

r/2

ro i—1 Zl 1— oc/2 1— oc/2 T— 2i/n T— 2]/n
CZ Zn—“< ) ( ) / , — f(x)| dty dt,

21+1/n T— 2/+1/n

LS w—o/2)(i+ o(i+ ~2fn 2]/n
<Cy, 22 o J) (wj) /_ (x—t—m)— f(x)| dt,dt

i=1j=0 2z+l/n 2J“/n

o i—
<cy Z 200Ny O £(xy,x,) < Ce.
i=1j=0

Similarly,
Jog =S s [ ) = £l 0 d
A3NS¢), A§N(S, )

<Ci Ez(wfaﬂ)(zﬂrj)//lwl —|—C2 22 (i+j /2‘f |

i=rg j=0 i=rg j=

< C2(w7°‘/2)’°¢///w71f(x) +C270¢r0/2‘f(x)| —~0

as n — oo. It is easy to see that 7, > /2 on A4. We apply (4) with f = «/2 and
conclude

|Krtlx(t)| < Cn_o‘(tl —1‘2)_1_0‘/2[27170(/2 < Cn—atlflfa/2 (tl _tz)—l—oc/2
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and so

|0 - flIKE@) dr
A4NS, 2

ro i—1 21 1—a/2 1—0/2 2’+l/n H— 2//n
MO A S

i=1j=0 ’/n 2/“/n

o i— o 2 246 ity — 2//n
w—a/2)( l+/ o(i+j) n /
C222 <2i+j> " 2/+1/n —1)—

i=1j=0

ro i—

<cy 2 2@ @Dy @2 £(x),x5) < Ce.
i=1j=0

The inequality
K2 (1) < Cn=%(ty — 1) 17 (m—1p) 172

follows from (6) with 8 = o//2. Hence

| A== fwlKE@) dr
9057

/2
ro i—1 0i —1-0a/2 0J —1-0/2 n—2i/n +2/ /n
“CHE ) G) L, e
© N 002 ii)y-0li+) [
i (5)
—2i/n t2+2f+1/n
/ v [2 s =) — f(x)| dnndt>
< Ci i 2lO= DY O4 (1) xy) < Ce.
i=1=0

We conclude in the same way that

[l diydny

f)|drydn

— S| drdry

/W, =)= @ISO dr+ [ 1) — f) K (1) de

r/2 Agm(sr/Z)

o [—1
<C2 Zz(wfa/2)(i+j) (///w,zf(x)+///w4 )—FCZ 22 (i+j /2|f ‘

i=r0j:0
< C2(wia/2)r0//wf(x) + szar0/2|f(x)‘ -0

lro]

as n — . On As, we get
K (1) < Cn' o
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from (5). Then

| ==Kz ar
5MS,/2

o 24 ey
<cyn'” 0‘( ) ’ / y |f(x—1) — f(x)| dr,dr
t/n t1—1/n

i=1

’0 . . (n 2i+l/” 1
ccSae e (D) [0 e - gl ana
i/n t1—1/n

i=1

o .
<C Y 207 Vige2 £(y) < Ce.
i=1

Similarly, by (7),

[ A== Ik @) dr
A10nS,

1—-o T 2i/" th+1/n
CE" ( ) /2l+1/n/ |fx—1) = f(x)| dtydt;
) i— 2l/n [2+1/n
CEEzw a)in- wl(zt)/ / et ) s
2t+l/n 1

i=1j=0
ro i—1 )
<CY Y 2@ Mig»a £y x;) < Ce.
i=1j=0
Finally,
/ [fOe=1) = FOIIKG (1)] di + o =) = fIK ()| de
AquE/ Aloﬁ(S/ )¢

<C22wa (///wa() //0)4f )—I—CZZ_al‘f

lI’Q lI’Q

< C2O=0 g f(x) 4 C27%0| f(x)| — 0
as n — oo, which finishes the proof. [

Theorems 1, 2 and (1) imply
COROLLARY 1. If0 < & < o0 and f € L (T?) is periodic with respect to 1, then
limo)f=f ae

This corollary was also obtained in Weisz [19]. For 1 < p < e, we can prove the
theorem for (p, ®)-Lebesgue points.
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THEOREM 3. Suppose that 0 < o < e, 1/(min(o,1) < p <eo, 1/p+1/g=1,
0< o< (1+gmin(e,1)—q)/2q and ///ﬁ”lf(x) is finite. If f € L,(T?) is periodic
with respect to T and x is a (p,®)-Lebesgue point of f, then

lim 6 f(x) = £(x).

n—o0

Proof. We prove the theorem again for 0 < o < 1. Note that 1 /o < p < oo implies
I<g<1/(l1-0o) andso 14 og—q > 0. Moreover, (14 oqg—q)/(2q) < a/2. Fix
anumber r < 1 such that Urf‘;,’l f(x1,x2) < €. We have seen in in Theorem 2 that

J 1= = Fl K@) i =0,

fori=1,2,3,6,7,8,as n — o and @ < /2. So we have to estimate the integrals on
A4, A5, A9 and Al().
Since 7, > 11 /2 on A4, (4) with B =0 implies
K ()] <Cn~%(t; — 1) 't
By Holder’s inequality,
/ £ =1) = £ K 0)]
A4ﬁ5r/2

2/+l

D) /22' L — FONKEO] La,0)drz iy

i= 1] i—1
2ty 20 I 1/p
( Lo b ~ fWIY d. dn)
i/n 2]

i
200/ oty —1/n 14
( , /21 % —1)" qtl_q(l+a)lA4(t)dt2dt1> .

0

i=1 j=i—1
l/n i l/n

We compute the last integral as follows:

24 ity —1/n
n=% (1 — 1) "9 "D, () dndr
e =) ds

1— i+l
<Cn— ( ) o 2 /n (l-&-oc)dt1
2i/n

SNOROI

C<21> 22 i(1+ag—q)
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and so

/A s [f(x=1) = fI K (1)] dt
408,/2

pz 2 o (0—(1+ag—q)/2q)(i+))

i=1 j=i—1
o 2 211 /p 2f+l/n 1/p
o)) [ / p
<2i+/ in i — f(x)] dfzdh)
<Y Y 2O 1026 yO () < .
=1 j=i1 '

By (6) with § =0,
| 1= = O]
AgNS’

r/2

i -2 /n 2//n 1/p
>3 (/) I —fIP drydy
1 2’+l/n T— 2j+l/

i=1 j=i—

n—2'/n =217t /n .
/. ) () O an |
=241 /nJiy+1/n 4

The last integral is equal to

T et — ) () H O ) iy
t —t T—1 t)dt dr
-2 /nJty+1/n 1 : : 44 1
1\ 19 pr—2i/n
<Cn~ ™ (—) / ) (m— tz)_q(H_a)dtz
n

n ,2z+1/n

1=q /4i\ 1—q(1+a) _
<Cn~%a (1) (2_1) <C <£>2f1 22_i(1+aq—q).
n n 2!

Consequently,

| ==l di
A901S). ),

0

CI’E i p(0—(1+aq—q)/2q)(i+])y—o(i+))

i=1j=i—1

n2 n—2'/n =2/ /n » 1p
ol A ; Lo e = disdy
<G,

211 2 —(1+o0q—q)/2q)(i+)) Ua) lf( )<Cp8.
i=1j=i—1
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Similarly, we can see that

/Am o) = FONKEW de+ [ 1) — F) K () di

/2 A9m(sr/2)
<sz Z 2 —(1+o0q—q)/2q)(i+)) %wlf( )
i=ry j=i—1
+Cp i i 2*(1+aqfq)(i+./’)/2q|f(x)|
i=rg j=i—1

< Cp2r0(2w7(1+aq7q)/q)%1§o,lf(x) +Cp27ro(1+aqfq>/q|f(x)|
< Clnr s 0/a g2 £ () 4 Clnr)~ 19| f(x)] - 0

as n — oo, The fact that 1, > 1, /2 on As and (5) imply

/A s [f(x=1) = fKG (2)] dt
58,2

i 2’+l/n 2f+1/n l/p
) ( /2 — ) e dn)

i=1j=i—1 i/n I /n

i+1 1/‘1
it /n/ ‘1(0‘+1)dt2 dty .
i/n tH— l/n

For the last integral, we have

2+l i\ l—gq(o+1)
/ / 1=, gy, gy < -~ (2_)
i/n tH— l/n n

<cC (—.)2q ! p-ili+ag-g),
21
Then

/A o M=) = fOIK )] ar
58,2

2 2 7(0—(1+aq—q)/2q)(i+j)y—o(i+}))
i=1j=i—1

; 1/p
I’l2 2’+1/n 2/+1/n
A p
<2i+j ” /2]/n — f(x)|? dty dr

<CPZ Z 2 (0—(1+aq—q)/2q)(i+)) Uw lf( )<C£.
i=1j=i—1
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By (7),
[ 10— el dr
AqpNnS
nod n=2'/n  pm—2//n ) 1/p
< x—t)— f(x)|" dndt
! Z ~/7r—2"“/n/ﬂ_2j+1/n|f( ) f( )| 1412

=1j=i—1

o ) 1/q
/” _2/ /t2+l/ nq(la)(n—tz)q(aﬂ)dlldfz) :
/s

*2’*1/n th

Then

i/ n i l—q(OH-l)
/n 2!/ /t2+1/ nq(l_a)(n—tz)_q(a+l)dll dt, < n—lnq(l—a) (2_)
T

_2i+l/n th n
C (E) 242 o —i(l+0ag—q)
X 21'
and

| = lIK )] d
A1oNS.

/2

Z Z »(0—(1+0g—q)/20)(i+ )y~ (i+))
i=1j=i—1

n? n—2'/n n—27/n » 1p
557 . et o a0 =S dird

< Cp . zl{ 2 —(14+aq—q)/2q) (l+J)Uw lf(x) < Cs.
i=1j=i—1

Finally,

/ CfGe=1) = FOOIKG (1)] de + o fae=1) = fI K (0)] at
AsNS¢ ), A10N(S; )¢

<Cp Z Z —(1+o0q—q)/2q)(i+)) ///w lf( )

i=ry j=i—1

+C, i i 2~ (Haa=a)(i+))/24) £(x)|
i=rg j=i—1
< Cp2r0(2wf(l+aqfq)/q)///;hlf(x) _|_Cp27ro(1+aqfq)/q|f(x)| -0
as n — oo. The proof of the theorem is complete. [J

Note that for the Fejér means, i.e., if ¢ =1 oreven o > 1, in Theorem 3 we have
I<p<eoand 0< < 1/2q.
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