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SPACEABILITY ON SOME CLASSES OF BANACH SPACES

ALIREZA BAGHERI SALEC, STEFAN IVKOVIC
AND SEYYED MOHAMMAD TABATABAIE *

(Communicated by S. Varosanec)

Abstract. In this paper, we study spaceability of subsets of generalized Orlicz and Lebesgue
spaces associated to a Banach function space. Also, we give some sufficient conditions for
spaceability of subsets of a general Banach space which improves an important result on this
topic. As an application, it is shown that the set of all bounded linear operators which are not
positive semidefinite on a separable Hilbert space is spaceable.

1. Introduction

A subset of a topological vector space is called spaceable if its union with the
singleton {0} contains a closed infinite-dimensional linear subspace. This concept
was introduced in [11, 1] and so far has been considered by many researchers. As
a useful tool, L. Bernal-Gonzélez and M.O. Cabrera in [5, Theorem 2.2] give some
sufficient conditions for spaceability of the complement of a cone in a Banach function
space. This result covers some important ones proved in [8, 9]. By this tool, in [21, 22]
it is shown that the set ./ (R")\U,<,<,-#F (R") is spaceable in the Morrey space
AMP(RY), if 0 < g <p<eo. Also, technically it is also proved that w.Z} (R")\
MY (R") is spaceable in the weak Morrey space w.Z} (R"). In [14, Theorem 3.3]
D. Kitson and R. M. Timoney present another nice sufficient condition for a set to be
spaceable in a Fréchet space. This topic has been studied in the context of some special
sequence and function spaces in several papers (see [3, 4, 7, 8, 9, 12, 24] for example).

In this paper, we focus on generalized Orlicz and Lebesgue spaces X® and X?
associated to a Banach function space X, where @ is a Young function and p > 1.
These structures were studied in [10, 13, 19, 23] and contains usual Orlicz and Lebesgue
spaces. Let X be a solid Banach function space on the measure space (Q,.<7, ) and
oy:={E € o/ :0<u(E)and yg € X}. Inspired by [8, 9] and as an extension of [5,
Theorem 3.3] we prove that if inf{||yz||x : E € 9%} =0 and sup{||xz||x : E € e} <
oo, where o, :={E € o/ : yg € X}, then foreach p > 1, XP\Up<qX‘1 is spaceable
in X?”. This result is concluded from the technical Lemma 1 which is a generalization
of [16, Theorem 14.22]. In the sequel, we provide a necessary condition for inclusion
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of two generalized Orlicz spaces (as a generalization of [20, Theorem 3, page 155]),
and then prove that if the Young function @, is not stronger than the other one @,
then X®2\ X®! is spaceable in X®2. Finally, we give an abstract improvement of [5,
Theorem 2.2]. To emphasize the capacity of the obtained result, we apply it to show
that if X is a solid Banach function space on Q and inf{||yz||x : E € <%} = 0, then for
each 1 < p,g<r,theset {(f,g) € XP xX%: fg ¢ X"} is spaceable in X? x X9. As
another application, we prove that the set of all bounded linear operators which are not
positive semidefinite on a separable Hilbert space is spaceable. Moreover, it is shown
that if K is a two sided ideal cone in B(7#) and there exists a sequence of mutually
disjoint subsets {J, },en of N satisfying the condition Py, KPj, # P;,B(¢)P;, for all
n € N, then B(s)\ K is spaceable in B(.%), where . is a separable Hilbert space
with an orthonormal basis {e;} jen, and Py, is the orthogonal projection on the closed
linear span of {e;} jey, .

2. Preliminaries

In sequel, (2,7, 1) is always a o -finite measure space, and .#,(2) is set of all
o/ -measurable complex-valued functions on Q.

A linear subspace X of .#(£2) equipped with a given norm || - ||y is called a
Banach function space on Q if (X,]-||x) is a Banach space. It is called solid if for
each f € X and g € #,(Q2) we have g € X and ||g||x < ||f|lx whenever |g| <|f] a.e.

A convex function @ : [0,00) — [0, 00) is called a Young function if ®(0) = )1651(1) D(x)
=0 and lim ®(x) = .

X—00

Let X be a Banach function space on Q. For each f € .#,(Q2) we put

/1 CD(%‘) Xgl}. (1)

17 l® ::inf{/l >0: Q(T) €X,
Then, the set of all f € .#y(Q) with || || < e is denoted by X®.

As in [10, Theorem 4.11], (X®,||-|l¢) is a Banach function space on Q (two
functions in X® which are equal almost everywhere are considered the same). For
each p > 1, the function @, defined by @g(x) := x? for all x > 0 is a Young function.
Then, we denote X? := X% and |||, := || |lo, In particular, if X := L'(1), then
X® =L®(u) and X? = LP(u), the classical Orlicz and Lebesgue spaces.

3. Main results

A subset S of a Banach space Y is called spaceable in Y if SU{0} contains a
closed infinite-dimensional subspace of Y. In this section, first we study the space-
ability of special subsets of X”. As in [23], for each function f in My(2) we denote
E;:={xe€Q: f(x) # 0}, the set-theoretical support of f.

REMARK 1. Recall from [5] that a Banach function space (&,|-]|) on Q is a
PCS-space if for each sequence (f,) with f, — f in &, there is a subsequence (f;, )
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of (fu) such that f,, — f a.e. This property plays a key role in the subject space-
ability. For instance, see Theorem 1 below as a main result on this topic. A Banach
function space X on a o -finite measure space (Q,.o/, 1) is a PCS-space if and only
if the embedding of X into .#,(Q) is continuous, where .#,(Q) is equipped with the
topology of convergence in measure on finite measure subsets. If X is a solid quasi-
Banach function space on a o -finite measure space then the embedding X in .#(2)
is always continuous, see [ 17, Proposition 2.2 (i)] for the finite measure case.

Next, we recall a result which was proved in [5, Theorem 2.2]. In this paper (as in
[5]) a subset B of a vector space is called a cone if for each scalar ¢, cB C B.

THEOREM 1. Let (&,]-||) be a Banach function space on Q and B be a nonempty
subset of & such that:

1. & is a PCS-space;

2. there is a constant k > 0 such that ||f +g|| = k|| f]| for all f,g € & with EfN
E =0,

3. B isacone;
4. if f,g€ & suchthat f+ge€ B and EfNE, = @ then f,g € B;

5. there is a sequence { [y}, C &\ B such that for each distinct m,n € N, Ez N
Efm =ad.

Then, &\ B is spaceable in & .

For the sequel, we need the next result which is a generalization of [16, Theorem
14.22]. The main idea for the proof comes from [16, Theorem 14.22] but details are
different. The item (a) in this theorem is a more general version of the relation (o) in
[5]. Denote

y:={E€o/:0<u(E)and yg € X}.

LEMMA 1. Let X be a solid Banach function space. Then the following properties
are equivalent:

(a) inf{HxEHX E 6%} =0.

(b) There exists a sequence {A,};_, in < such that A, A, =@ for all distinct
m,n € N and

1
0<lallx < 55 (nEN).

Proof. (b) = (a): Let {A,}7_, be a sequence in </ which satisfies in (b). Let
1 < p < g <eo. We claim that X ¢ X7. By the assumptions, we can write

)Y
n=1

oo

_r
lq

= Zn”XAnHX
X

n=1

-p o P R
nl[xallX" - xa, <Y n(2i ) <. )
n=1
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Set

- 1 2 N =1
fr=2nvlxally xa, and - Syi= 3 nllxa, |y - xa,
n=1 n=1
for all N € N. By the relation (2) the sequence {Sk}%_, is Cauchy in X and so it
converges to some g € X in the norm topology, because X is complete. Now, by
Remark 1, there exists a subsequence of {S}}%_, that converges to g a.e. Therefore

=

P
P 21 -1
g = Z n”xAn”Xq .xAn = (2 nre HxAnHXq XAn> = fp a.c.
n=1

n=1

This implies that |f|? € X, and so f € X”. On the other hand, in contrast, let f € X9.
Then, since X is solid we have

1/ 1lg =I171911x
=1 X7 lxally - xa,
n=1 X
1 -1 q
> | a2 | = 7

for all k € N, and this implies that || f||, = e, a contradiction. Hence, f € X7\ X9.
Now, thanks to [23, Theorem 2.1] we have inf{||yg||x : E € %} =0.
(@) = (b): Let inf{||xz|lx : E € o} = 0. Foreach A € & put

H(A) = inf{||xsllx : B € o, B CA}.
Clearly, we have
1. if Aj,Ay € o and A C A;, then JZ (Ay) < # (A1), and
2. foreach C,B € & with BC C, if J#(B),.# (C\ B) > 0, then .# (C) > 0.

Note that (2) holds since for each E € %, if E C C, then ||xg||x = min{# (B), . # (C\

B)}.
For each A € o/ we put

H'(A) := sup{||xsllx : B € %, B CA}.
Similar to the proof of [16, Theorem 14.22] with different details, one can prove that

o if C €./ and #(C) =0, then for each € > 0 there exists A € <% such that
ACC, 0<|xallx <min{e, #"(C)} and £ (C\A)=0.

Indeed, let Z(C) = 0. Then, there exists a set B C C such that 0 < ||xs]lx <
min{e, 7" (C)}. If #(C\B) =0 we set A:=B. If #(C\B) >0, by (2) we have
 (B) =0, and so there is a set D € % such that D C B and 0 < ||xp||x < |[xs]lx - In
this situation, because of (2) we have .# (D) =0 or .# (B\ D) =0, and then by (1) it
would be enough to set A := B\ D or A := D, respectively.
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Now, since inf{||xz||lx : E € o} =0, we have # (Q) = 0. So, there exists A| €
o/ such that 0 < |[a, |[x <min{},.#"(Q)} and ¢ (Q\A;) =0. Setting C:=Q\ A;
in the above fact, there exists A, € o7 such that A, C Q\ A,

. 1
0< Jlzasllx < min{ 55,27 (@\ A |,

?a
and 2 (Q\ (A1 UAy)) = ((Q2\ A1) \A,) =0. By continuing this method, the desired
sequence in (b) is obtained. [

Now, we can give one of the main results of this section.

THEOREM 2. Let X be a solid Banach function space and inf{||xg||x : E € &} =
0. Also, assume that sup{||xe||x : E € e} < oo, where ooy :={E € o/ : yp € X}.
Then, for each p > 1, the set er—strict :sz\Up<qX’1 is spaceable in XP.

Proof. We shall show that the conditions of Theorem 1 hold with & := X” and
B =,<,X4. Note that since Q € o, for each ¢ > p we have X7 C X? thanks to
[23, Theorem 2.4]. Clearly, B is a cone because each X9 is a linear space, and X? is a
PCS-space by Remark 1. Also, the condition (2) in Theorem 1 holds since X is solid.
For the condition (4), let f,g € X? with EfNE, = & and f+g¢ € B. Then, there exists
g > p such that f+ g € X9. We have

1918l < A1+ gl = |f + el € X,

and this implies that f,g € X9 C B. At the end, we show that the condition (5) in
Theorem 1 hold. The main idea for the proof of this part comes from [5, Theorem 3.3].
Since inf{||xz||x : E € <%} =0, by Lemma 1 there exists a sequence {A,};_, in </
with pairwise disjoint terms such that 0 < || x4, ||lx < 3» forall n € N. Asin[5, Theorem
3.3], for each n € N, we choose a strictly increasing sequence {p,};_, of natural
numbers such that k < p,,x forall n,k € N and the elements of family {{p,«};_,:n €
N} are mutually disjoint. For each n,k,m € N we put

l m
T and Sn,m = Z anakxAPn#k'
(k(log(l+k))2H7(Apn‘k”X)p !

an,k =

Since Yy, Hoc,ﬁk)(A,,mk Ix =X m < oo, the sequence {|S,,|”}_, is Cauchy

and so convergentin X for all » € N. Now, we have
lim [S, P =Y af
m—>o<>| n.,m| kz,l "7kXAPn,k

in X because X is a PCS-space (see Remark 1). In particular, we have fJ =37 | O‘f KXAp,
€ X, where

oo

fni= Z O‘mkxApnk (n S N)
k=1



664 A.B. SALEC, S. IVKOVIC AND S. M. TABATABAIE

In fact, we have {f,};_| € X? with Ef, NE;, = & for all distinct m,n € N. On
the other hand, for each g > p, if f, € X9, then

1l =<H|fn\q||xﬁ

WV

< 2(%71)17)1.k ) é
q 2q
krlog(l1+k)»

> <2(%—1)k>5

So, since k € N is arbitrary, we have | f, || xs = e, a contradiction. Therefore, {f,}7" | C

X" i and the proof is complete. [

Next, an extension of the main part of [20, Theorem 3, page 155] is proved.
Motivated by the definition of a diffuse set for a measure (see [20, page 46]), we
initiate the following concept. For each E C Q, denote o7 :={ACE:A € o}.

DEFINITION 1. A set E € & is called diffuse for a Banach function space X if
xe € X and for each Y € o and each o with 0 < o < ||xy||x there exists some
F € ofy such that ||XF||X =q.

The main idea for proof of the next result comes from [20, Theorem 3, page 155],
but the details are different because the situation is more general. Recall from [20,
Definition 1, page 15] that a Young function @, is stronger than the other one ®; (and
we write @ < @,) if there are constants a > 0 and xy > 0 such that for each x > xp,
D) (x) < Dy(ax).

THEOREM 3. Let @1, D, be two strictly increasing continuous Young functions.
If there exists a diffuse set E € ., for X with WW(E) >0, then the inclusion X®> C X®1
implies that ®, < @;.

Proof. Let the assumptions hold and X®2 C X% In contrast, assume that ®; 4
@, . Then, there exists an increasing sequence {a,}>_; in (0,00) such that lim, ...a, =
oo and

@ (ay) > n2"®y(n’a,)  (nEN). (3)

Since ¥, % < |lxellx » there exists Eg € .27 such that
i s (a1l xellx

||XEO||X = 2"®2(n2an) )

n=1
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because E is a diffuse set for X . Inductively, one can find a pairwise disjoint sequence
{E.};7_, in o7, such that

e [x = D (1) xellx
" 21®, (n2ay,)
So, setting f := Y, na,xg, we have

3 o O
3. @) e, I = 3, Tl

(neN). “)

n=1 n=1

=Dy (a))|xellx < e

This implies that the sequence

k
(2 (o)) (nzan)xEn>
k

n=1

is Cauchy and so convergentin X . But, by Remark 1, the convergence pointis @, (f) =
> Do (nay)xE, - So, f X2,

On the other hand, let o > 0 be arbitrary. In contrast, let ®;(of) € X. Fix a
number m € N such that % < « for all n > m. Then, thanks to the relations (3) and (4)
we have

[@1(eef)lx = Z (anan) xE,

n=1 X
>y (ockay) || e, || x
=@ (ar)|| X |1x

>k D (ar)| xellx-

for all k > m, and so ||®(a.f)||x = o, a contradiction. This shows that f ¢ X®!, and
the proof is complete. [J

COROLLARY 1. Under the assumptions of Theorem 3, if ®; 4 ®,, then X®2\
X® is spaceable in X®2.

Proof. Letforeach n € N, N, be a strictly increasing sequence of natural numbers
and {N, }*_, be a partition of N. Then, similarly to the proof of Theorem 3 it would be
routine to construct a sequence (f,) in X®2\ X®1 such that for each distinct m,n € N,
Er NEy, = @. Now, the statement follows easily from Theorem 1. [

4. Some new sufficient conditions with applications

In this section, first we give an abstract version of Theorem 1 and then present
some applications regarding Cartesian product of X” spaces and also the space of
bounded linear operators on a Hilbert space. For this we need to initiate the next con-
cept.
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DEFINITION 2. Let & be a topological vector space. We say that a relation ~ on
& has property (D) if the following conditions hold:

L. If (x,) is a sequence in & such that x, ~ x,, for all distinct index m,n, then for
each disjoint finite subsets A,B of N we have

2 Ol Xy ~ 2 ﬁm-xma

neA meB

where o, and 3, s are arbitrary scalars.

2. Ifasequence (x,) convergesto x in & and forsome y € &, x, ~y forall n € N,
then x ~ y.

We recall that a sequence (x,) in a Banach space & is called a basic sequence if
for each x in span{x,xs,...}, the closed linear span of {x|,x,,...}, there are unique
scalars o, 0, ... such that x =1lim, Y7 ogxx in &. Note that, by [2, Proposition 1,
Chapter II], (x,) is a basic sequence if and only if there is a constant k > O such that

Y ijxjH Sk HZ'}Ll %’x/H-

for each m,n with m > n and each scalars «,..., 0y, ’
THEOREM 4. Let (&,]-||) be a Banach space, ~ be a relation on & with prop-

erty (D), and K be a nonempty subset of &. Assume that:

. there is a constant k > 0 such that ||x+y|| = k||x|| for all x,y € & with x ~y;

. K is acone;

. if x,y €& suchthat x+y € K and x ~y then x,y € K;

AW N~

. there is an infinite sequence {x,};._; € &\ K such that for each distinct m,n € N,

Xy ~ X .

Then, &\ K is spaceable in & .

Proof. The main idea of the proof comes from [5, Theorem 2.2]. Indeed, applying
condition (D) in Definition 2 and thanks to [2, Proposition 1, Chapter II] one can see
that the sequence (x,) in assumption (4) is a basic sequence, and this shows that (x,) is
linearly independent. Let 0 # x € Span{x|,xz,...}. Then, from the definition of basic
sequences, there exist unique scalars ¢, 0p,... such that x = X" | ox,. Put N :=
min{n € N: o, # 0}. So, x = oyxy +y, where y 1= limy, ..o ¥y, | OuX,. Again,
applying both conditions in Definition 2 we have xy ~ y. In contrast, if x € K, then by
the assumptions (3) and (2) we have xy € K, a contradiction. Therefore, (& \ K) U{0}
contains the closed infinite-dimensional space span{x;,xz,...}, and this completes the
proof. [

REMARK 2. We mention that this theorem is a generalization of [5, Theorem 2.2]
(Theorem 1). Just note that for each Banach function space X, the relation ~ defined
by

f~gifandonlyif EfNE, =@

forall f,g € X, has the property (D).



SPACEABILITY ON SOME CLASSES OF BANACH SPACES 667

Applying Theorem 4, we give the next result which could not be concluded from
[5, Theorem 2.2].

THEOREM 5. Let X be a solid Banach function space on € and assume that
inf{||xellx : E € o} = 0. Then, for each 1 < p,q <r, the set {(f,g) € X? x X9 :
fg & X"} is spaceable in XV x X1,

Proof. Let 1 < p,q <r. By Lemma 1, there is a sequence {A,};_, in . with

disjoint terms such that 0 < ||, [|x < 2 forall n € N. We define

> =1
Ji =2 IaallX - xa,-
n=1

Then, similarly the proof of Lemma 1, one can see that j € X? N X?. In contrast, if
j2 € X", then we would have

172 1xr = 11721 11x
=) ) r
= (Z XA,IXT'XAn)
n=1 X
> [l 2] 2

for all k € N, a contradiction. This implies that setting
K:={(f,g) e X’ xX?: fgeX"},

we have (j,j) € (X? x X9)\ K. Put h:= j2. By the above relations, it would be
standard to find a sequence (F,) such that for each distinct m,n € N, F,NF,, = &, and
hyxr, ¢ X". This implies that (jxr,,jxr,) € (X? x X9)\ K for all n € N. Finally, note
that the relation ~ defined by

(f1,81) ~ (f2,82)

if and only if
Ep NEp =Eg NEg =9

forall f; € X? and g; € X7 (i = 1,2), satisfies the condition (D). Applying Theorem
4, the proof is complete. [

Let J# be a separable infinite dimensional Hilbert space and {e;}jen be an or-
thonormal basis for 7. For each non-empty subset J/ C N we let P; denote the or-
thogonal projection onto Span{e;};c;. Also, we set P; =0 for J = @. For each
T,S € B(7), the space of all bounded linear operators on ., we say that T ~ S if
there exist two disjoint subsets Ji,J> C N such that Py, TPy, =T and Pj,SP;, = S. With
these notations, we give the next lemma.
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LEMMA 2. The relation ~ on B(S€) defined above has the property (D).

Proof. Suppose that {T; },en is a sequence in B(.#) such that for each distinct
m,n we have T,, ~ T,,. Let A :={ny,...,n;} and B := {my,...,m;} be two disjoint
finite subsets of N. Then, for each n € A and m € B, there exist some disjoint subsets
J(n7m),J(’n7m) C N such that

Py

(n,m)

TPy,

(n, m)

Without loss of the generality we assume that 7;, # 0 for all index n. By [6, Chapter 2,
Section 8, Theorem 4], we have

P [/ Py By - Fta 6)

for all n € A. Then, (5) implies that

Pﬂi:l‘l(nﬁmr L Pﬂf’* n myr) = Tn (7)
for all n € A. Indeed, by (6) we have
Pﬂ£:1 ‘I(n mp) T Pﬂi 1‘, (n,my)
= PJ(n.ml)PJ(n.mlfl) e PJ(n.ml) T"PJ(n.ml)PJ(n.mz) e P‘I(n‘ml)
=Ty

forall n € A. Hence, since T, # 0, we have ﬂlrzl J(nmy) #+ . Put

l
m (nismy)

||
T Cw-

Then, by [6, Chapter 2, Section 8, Corollary 5], we have

PEPmlr— ’11 mp) = ﬂi’:l'](ni.my) PE = Pﬂﬁ":l‘]()‘li‘nlr)
forevery i € {1,...,k}. Because of (7),
PE’T}’Z,'PE = Tn,-

forall i € {1,...,k}. This implies that Pe (3% | 04 T;,,)Pe = X5, o4 Ty, forall o, ..., 0%
€ C. Similarly, setting F :=J\_, "L, JEni’mr) we have Pr (3!, Bi T )Pr =3 _, Bi Ty,
for all By,...,B € C. Now, since J,, ) ﬂ]{nhm,) = ¢ foreach i € {1,...,k} and
re{l,...,l}, easily we have ENF = &. Therefore, ~ satisfies the condition (1) in
Definition 2. Next, suppose that S € B(#) and {T,},cn is a sequence in B(.#) such
that 7, — T, in operator norm, for some T € B(), and T, ~ S for all n. We can
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assume that S # 0 because the proof for the case S =0 is trivial. Then, for each n € N,
there are disjoint subsets J,,J,g C N such that

P, T,P;, =T, and Py SPy =S. (8)
Again, by [6, Chapter 2, Section 8, Theorem 4] for each n € N we have

Prp_ 5 SPry i =Py PySPy .. Py =S. 9)

m=1
Now, the sequence {Pﬁ’é A }nen is a non-increasing sequence of orthogonal projec-
tions, hence by [6, Chapter 2, Section 8, Theorem 6],

S_llmpmfnzl‘lr,n:PmW J

N—o0 m=1vm

where s — lim means the limit in the strong operator topology. From (9) and thanks to
[6, Chapter 2, Section 5, Theorem 2] we have

S=s—lim (Pmrr;t:l‘]'/"SPmrr;t:l‘]',")

n—o0
=(s—lim Py 0 )S(s— lim Pryr 1)
= P P .

mm:l']'/"S mm:l‘lfln

By (8) and [6, Chapter 2, Section 8, Corollary 5] we have

By TPz g, = T

oo
m=1

forall n € N. Letting n — o we get

PUW Im TPUwZIJm = T7

m=1 m

and this completes the proof because (U Ju) N (g J)) = 2. O
DEFINITION 3. Let K be a cone in B(.7). We denote

K:=J PKP,, (10)
JCN

where PjKPj := {PJTPJ : T e K}

Note that if K is a cone, then K is a cone as well. Moreover, P;JKP; C K for all
J C N, and in particular, K C K.
In the sequel, Bo(5¢) is the space of all compact operators on 7.

THEOREM 6. Let K be a cone in B(J¢). If there exists a sequence of mutually
disjoint subsets {J,}nen of N satisfying that Pj,KP;, # P;,B(S)P;, for all n € N,
then B(¢)\ K (and consequently B(#)\ K ) is spaceable in B(¢). The statement
holds if we consider By(F¢) instead of B(F).
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Proof. We show that the relation ~ defined before Lemma 2 satisfies the condi-
tions in Theorem 4 regarding the cone K. Suppose that T,S € B(#) with T ~ S.
Then, there exist disjoint subsets J,J' C N such that P,TP; = T and PySPy = S.
By disjointness of J and J’, from [6, Chapter 2, Section 8, Theorem 2] we have
PSPy = PiPpSPpP; = 0. We get

| T +S[| = [|1B|| [IT+ S| [|17]]
> [|Py(T +S)Py||
= ||P TP

=Tl

This shows that the relation ~ satisfies the condition (1) of Theorem 4. Now, if in
addition T+ S € K, we have

T =P TP
=P (T+S)P; € K.

Similarly, S € K. So, the condition (2) in Theorem 4 holds with respect to the cone K.
Finally, consider the sequence {J,} of mutually disjoint subsets of N which was de-
scribed in the assumptions. So, for each n we can choose an operator T;, € P;, B(.7) Py, \
P;,KP,. Then, easily one can see that {7,},cn C B(5#) \ K and for each distinct
m,n € N we have

T, = P, TyPy, ~ Py, TnPj, = T,

and this completes the proof. [J

COROLLARY 2. The set of all bounded linear operators on 7€ which are not
positive-semidefinite, is spaceable in B(JC).

Proof. Let K be the set of all scalar multiples of positive semidefinite operators
on . Then K is a cone and P;JKP; C K for all J C N and so K = K. By some
calculations one can see that the assumptions of Theorem 6 hold in this situation, and
therefore B(7) \ K is spaceable. This implies that B(#) \ B4 () is spaceable as
well, where B (.%) is the set of all positive semidefinite operators on 7. [

The following result is directly concluded from Theorem 6.

COROLLARY 3. If K is a two sided ideal cone in B(7¢) and there exists a se-
quence of mutually disjoint subsets {J,}nen of N satisfying the condition Pj,KPj, #
P;,B(A)P;, forall n € N, then B(¢)\ K is spaceable in B(J).

EXAMPLE 1. By(.7) is a two sided ideal cone in B(.%#°) which satisfies the re-
quirements of Corollary 3. So, the set of all non-compact operators is a spaceable subset
of B(J€).
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REMARK 3. By the same argument, Bo(¢) \ (B+(5¢)(\Bo(.#¢)) is spaceable
in By(#), where B (7€) is the set of all positive semidefinite operators on .7#. One
can also replace By(.#Z’) by the real Banach space of all Hermitian operators on 57 .

REMARK 4. Let (B;(J€),|-]1) and (B2(57),| - |l2) denote the Banach space
of all trace-class operators equipped with the trace norm and the Banach space of
all Hilbert-Schmidt operators equipped with the Hilbert-Schmidt norm, respectively.
Since for every T € B(5), S € B1 () and G € By() we have ||ST||1,||TS|1 <
IT|IISIli and ||TG||2,|GT |2 < ||T]||Gl|2, it is not hard to see that a similar argument
as in the proof of Lemma 2 and Theorem 6 can be applied to deduce that By (J¢)\
(B (22)YNB1(o2)) and By () \ (B+(5)\B2(H)) are spaceable in By(°) and
By (S7), respectively. Also, Bo(5)\ B1(#) and Bo(H)\ Bo(¢) are both spaceable
in B()(jf) .
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