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LOGARITHMICALLY COMPLETE MONOTONICITY
OF A MATRIX-PARAMETRIZED ANALOGUE
OF THE MULTINOMIAL DISTRIBUTION

FREDERIC OUIMET* AND FENG QI

(Communicated by M. Praljak)

Abstract. In the paper, the authors introduce a matrix-parametrized generalization of the multi-
nomial probability mass function that involves a ratio of several multivariate gamma functions.
They show the logarithmically complete monotonicity of this generalization and derive several
inequalities involving ratios of multivariate gamma functions.

1. Preliminaries

Recall from [9, Chapter XIII], [22, Chapter 1], and [23, Chapter IV], that an in-
finitely differentiable function f is said to be completely monotonic on an interval [
if it has derivatives of all orders on I and satisfies (—1)"f(")(x) > 0 for all x € I and
neNy=1{0,1,2,...}. Recall from [16, Definition 1] and [22, Definition 5.10] that an
infinitely differentiable and positive function f is said to be logarithmically completely
monotonic on an interval / if

n

(—1)'~—Inf(x) >0

dx"
forall n € N={1,2,...} and x € I. The property of being logarithmically completely
monotonic is stronger than being completely monotonic, see [3, Theorem 1.1], [16,
Theorem 1], and [18, p. 627, (1.4)]. When I = (0,c0), Bernstein’s theorem (see, e.g.,
Theorem 12b in [23, p. 161]) states that a function f is completely monotonic on (0, o)
if and only if

s = [ e o) (1)

and the integral converges for all x € (0,), where o(s) is nondecreasing on (0,c0).
The integral representation (1) equivalently says that a function f is completely mono-
tonic on (0,e) if and only if it is the Laplace transform of &(s) on (0,e). This is one
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of many reasons why researchers have been investigating (logarithmically) completely
monotonic functions.

The literature on this topic is far too extensive to cite here, but one specific kind of
(logarithmically) completely monotonic functions, functions involving ratios of gamma
functions, has attracted a lot of attention lately. Recent contributions for this type of
completely monotonic functions include [2, 4, 6, 13, 15, 17, 20, 21, 19, 24].

Let m,r € N and let M be a matrix of order m. We use the notation M > 0 (or
M > 0, respectively) to indicate that the matrix M is positive semidefinite (or positive
definite, respectively). According to [5, Definition 6.2.1], the r-tuple of real symmetric
matrices, (Mj,M>,...,M,), is said to have the (type I) (m x m)-matrix-variate Dirich-
let distribution with parameters (a1,as,...,a,11) € (0,0) "1 if its density function is
given by

a1 —(m+1)/2
T, (2:+ l) +1—(m+1)/ ﬁ \Mi|ai_(m+l)/2
rH Ui (ai) i=1

when M; >0 forall 1 <i<rand I,—Y;_ M; > 0, and is equal to O otherwise,
where

Im - EMi

T(z) = /S gy (1520 |S|F= D 2 exp(—tr(S)) d S
"t - N )
'n(m—l)/4Hr<Z_ u), R(z) > m—1
i 2 2

denotes the multivariate gamma function, see [12, Section 35.3] and [10], and

Iava
[(z) = lim ———,
(= [Tio(z+k)

is the classical gamma function.

Given the ties between the Dirichlet and multinomial distributions, a function that
naturally generalizes the multinomial probability mass function is the following matrix-
parametrized analogue

ze C\{0,—1,-2,...}

n=|lkr |1

r

Im - EML'

i=1

r

H|Mi‘ki7

i=1

rm(n+ m-2&-1)
H{i_ll 1—‘m (ki“l‘ mTH)

Pn7k,~(Mla~~~7Mr) =

where n € N, k, = (ki,k2,... k) € NyN (n), kyi1 = n—||k/||1, the matrices M;,
aswell as I, — Y} M;, are assumed to be symmetric and positive definite, and

P
t%: {xr: (xlax2a"'7xr) € [071]r: ||erl = fo < 1}
(=1

denotes the r-dimensional unit simplex.

In this paper, we will show that x +— Py, &, (My,...,M,) is a logarithmically com-
pletely monotonic function on (0,0). Hereafter, in Section 4, we will derive some
inequalities involving ratios of multivariate gamma functions.
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2. A lemma

To reach our goal, we need to prove the following technical lemma.

LEMMA 1. Let .77 denote the interior of .7, u, = (u1,uz,...,u,) € %°, and
ury1 =1—||uyl|y > 0. Then, for B >0 and y > 1,

1 r+1 1

() = _ 0. 3
B, (¥) Bo—1) ;yﬁ/u,—(yl/u,-_l)> )

First proof. Fory>1, B >0, and u € (0,0), let

1
Hyp(u) = Wi 1) “4)

Then straightforward calculations yield

d? Iny ‘2 . ‘
WHv7ﬁ(u):m{[ﬁ2(yl/ — 1) 2B —1)yY

(1 )5y 2y 1) [B 51 1) 517}
— o B D428l e 4 1
=2~ DB 1)-+11)

T )

[l

where 7 = y'/* > 1. Direct computations show us that

(1= DBt — 1) —2B1— 3]

H (1) = p +[2B%(t — 1)+ B(4r —2) + 2t + 1] Int,
W) = (t_l)[B2(3t;;1)+2ﬁt_t]+2(ﬁ+1)21nt,
W) = 2B2( +t+ 1)+ 2Bt (2t + 1) +1(2t — 1) 0,

13

and
lim hﬁ( )= lim hﬁ( )= lim hg(t) =

t—1t t—1t t—1t

Accordingly, for any fixed y > 1 and 8 > 0, the second derivative H y’ ! 5 (u) is positive on

(0,00). Hence, the function u — H,, g(u) is strictly convex on (0,0) and the function
u Hyg(u)+ Hy g (1 —u) is strictly convex on (0,1). From the limits

1
Jm Hyp(u) =0 and - lim Hyplu) = S5
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we conclude that )

H,g(u)+H,g(l —u) < ——,
v.B v.B B y—1)
which is equivalent to

1 1 1
W= 1) yB/Tel (Tl 1) 3B/ Twl) [y (=Tarl) — 1]

>0. (5

The general case will follow by induction. Indeed, assume that, for some integer
r > 2, the inequality

1 r 1
- >0 6
Bz—1) Z{zﬁ/vi(zl/"i—l) (6)

is valid, where § >0, z> 1, (vi,v2,...,vr—1) 65” > .and v, =1— Zl {vi>0.0n
the other hand, we can rewrite the functlon B4 i} ur ) defined in (3) as

1 a 1
S ) = Lﬁ/url /Tl —1) ; BTyt 1)

1 1 1
* [yﬁ(y_ 1)~ B/l (Tl — 1)~ BTl [y /=TT — 1] |

By the inequality (5), the quantity in the second bracket is positive. By the induction
hypothesis (6) with z = y!/I* i and v; = Hu H , the quantity in the first bracket is
positive. This ends the first proof of Lemma 1. [

Second proof. A function ¢(x) is said to be super-additive on an interval [ if the
inequality @(x+y) > ¢@(x)+ ¢(y) holds for all x,y € I with x+y € I. A function ¢ :
[0,0) — R is said to be star-shaped if @(vt) < vo(t) for v €[0,1] and 7 > 0. See [8,
Chapter 16] and [11, Section 3.4]. Between convex functions, star-shaped functions,
and super-additive functions, there are the following relations:

1. if ¢ is convex on [0,0) with ¢(0) < 0, then ¢ is star-shaped;
2. if ¢ :]0,00) — R is star-shaped, then ¢ is super-additive.

See [8, pp. 650-651, Section B.9]. Shortly speaking, if ¢ is convex on [0,c0) with
¢(0) <0, then ¢ is super-additive.
For y>1, B >0, and u € (—oo,o0), define

0, u=20;
(py,ﬁ (M) = 1 u 7é 0.

YT

From the facts that the function H,,g(u) defined in (4) is strictly convex on (0, o), that
the limit
lim Hyﬁ( ) 0

u—0+t
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is valid, and that @, g(u) = H,g(u) for u > 0, we conclude that the function u —
@y, p(u) is convexon [0,e0) with ¢, g(0) = 0. This means that the function u € [0, ) —
@y,p(u) is star-shaped and super-additive. Accordingly, it follows that

r+1 r+1
2 @p(i) < @y p (2”:) =¢,p(1),

i=1

that is,
r+1 1 1

< .
;yﬁ/”i(yl/”i—l) yB(y—1)

The inequality (3) is thus proved. The second proof of Lemma 1 is complete. []
Third proof (due to Gérard Letac). Since u; >0 for 1 <i<r+1 and Z’+l ui=1,
it is sufficient to show that

1 u;
< :
yPlui(yle—1) " yB(y—1)

I<i<r+1.

By writing

1 Si
Si= - an g(si) T

it is sufficient to show that
g(s) <g(l), s>1

But this readily follows from

d 1 1 1
= Ing(s) = Iny=(-— —B)Iny<0
as &0) In(y$) y*— } we ( l—e™ ﬁ) =

where we made the substitution x = In(y*) > 0 for s,y > | and we used the inequality
e > 1—x for x € (0,). The third proof of Lemma [ is complete. [J

3. Logarithmically complete monotonicity

Now we are in a position to state and prove our main result.

THEOREM 1. Let m,n,reN, a, = (01,0,...,0,) €Ens?’, o1 =n—||e]|; >
0, and let M; for 0 < i < r be symmetric matrices of order m, satisfying M; > 0 and
M, =1,—-3%/_,M;>0. Then the function

1—~ (Xl’l—|- m+l) r+1

M, X0 7
1 T (0 + 250 [T -

2(x) =

is logarithmically completely monotonic on (0,0).
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Proof. Without loss of generality, we can assume that M; >0 forall 0 <i<r+1.
By taking the logarithm on both sides of the equation (7), we have

r+1 m-1 r+1
In2(x) =InT, (xn—i——) Elnl" (xa,—i—T) +x Y oiln|M;|.

i=1

Denote
Yn(z) = —dzlnl"m(z) = Z l//(z = )

Then a direct differentiation gives

r+1 r+1
[In2(x)] = ny, (xn+ mTH) A (xal + T+l> + Z o;1n |M;|
i=1

m 41 .
:2{71 (xn—i———i— ) ZOC, <xai+%+l)} ®)
=

r+1
+ 2 o;In|M;|.
i=1
Using the special case ¢ = 1 of the integral representation

(O () = (1)1 wﬂd R 0. feN
V0@ =) [ S %0, ren,

listed in [1, p. 260, 6.4.1], we obtain

m r+1
In2(x)]" = {nzl// (xn—|——+ ) 2 l//(th,—i———Fl)}
=1 =1
ZZ{nz/wett 1exp[ (xn—l——)t}dt
= 0 —
r+1 oo _
_Z{%Z/O ett_lexp[ (xocﬂ—%)t] dt}
m o go S m—j
= exp( )

r-‘rl i ]
/ e\/OCI _ ( 2 , S) dS
j=1 /0 /(mij)/lar/n (e“'/")sefxs dsa
Jj=

where Zg , (y) is defined in (3). Applying Lemma 1 yields

n+1
1 d

(=" g In 20 2/ Honpran(€)s" e ds >0 (9)
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forn € N and x > 0.

To prove the logarithmically complete monotonicity of 2(x) on (0,ee), it remains
to verify that the positivity in (9) is also valid for n = 0. From the positivity of (9) for
n =1, it follows that the function x — [—In2(x)]" is decreasing on (0,0). Therefore,
it is sufficient to show that limy_...[—In2(x)]' > 0

For k € Ny and a > 0, the first result in [14, Lemma 2.4] reads as

lim (! WO (x+a) — P x)]) = (1) kla. (10)
Hence, the case k =0 and a = 5 in (10) implies the asymptotic formula

1 (2) 1
— ~ — .
WZ+2 WZ+21’ Z— 00

Therefore, we have
m—j m—j+1 1
= 1)~
R R e
( +m_j>+ - :
~ Y| xn .
v 2 2n(x+20)  2n(x 25t

as x — oo. By induction, we obtain

m—j 1 m—j+1 1
l//(xn+—+1>~l[/(xn)+— Y ——, x—e (11)
2 2n =0 x—|—%

Similarly, we derive

l[/(xoci—i-m;j—l—l)Nl//(xa,)—k—miﬂ%, X — oo, (12)
2 20; i—0 x—|—2—di

Substituting (11) and (12) into (8) and simplifying lead to

r+1 r+1
[~ 1n2(x)] Nm[Ea, (xo) —ny xn] 2a,1n|M\

i=1 i=1

Using the asymptotic formula

1
Nl —_ — oo
y(z) ~1Inz 2 T

derived from [1, p. 259, 6.3.18], we conclude that

r+1 r+1
[~In2(x)] ~m lz o;In(x0;) — nln(xn ] Y oiln|M;|

i=1 i=1
lmm/+l

3 (S ) e

i:1x+2_a’_ x+ﬂ
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Consequently, we have

r+1 o o r+1 o
. N I ig et q1/m
lim[—In2(x)]" = mn [2 In . . ln(|Ml\ )

e i=1 i=1

r+l oy Ml/m
S <| )

=1 oi/n

r+1
> —mnln(E |Mi1/m> (13)
i—1
r+1 l/m
—mnln ZM

= —mnln(\lm\l/m)

= 0’
where we used Jensen’s inequality for the concave function Inx on (0,e), see [9,
Chapter I, p. 6], and Minkowski’s determinant inequality for the symmetric positive
semidefinite matrices M; of order m, see [7] or [9, Chapter VIII, p. 214, Theorem 2].
This ends the proof of Theorem 1. [J

A trivial modification at the end of the last proof yields the following corollary.

COROLLARY 1. Let mn,r €N, o, = (011, 0,...,0,) EnS’, Opy1 =n— |0
>0, andlet (p1,pa,...,pr) € S with pyy1 =1 =35 pi. Then the function

~ r’n(xn+ m_H) r+1

Q(x) Hr+11—~ (xOC,+’n+1) H l

(14)

is logarithmically completely monotonic on (0,0).

Proof. In the proof of Theorem 1, replace |M;| everywhere by p;. On the third
line of (13), simply use Jensen’s inequality,

1/m
o l/m 1/
> Epl =1m=1, (15)
i=1
to obtain the desired conclusion. [

4. Inequalities involving ratios of multivariate gamma functions

Considering the factor involving the gamma functions in (7) and making use of
the formula (2), we denote and write
l"m(xn—l—m“) - 1F(xn+ —|—l)

R = - .
(x) Hr+l (xal+m+1) ﬂrm(m 1/4Hr+1 F(.XOCI‘—Fm;j _|_1)

/ 1
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We are now ready to derive several inequalities for R(x) involving ratios of multivariate
gamma functions I, .

THEOREM 2. Let ¢ € N and let (Ay,...,0) € (0,00)/3 such that 2£:1 M =1.
1. For (xi,...,x;) € (0,00)!, we have
!

14
R (2 Akxk> < JTIR G
k=1

k=1

(16)

where the equality holds if and only if x; =x, = -+ = xy.

2. For (x1,...,x7) € (0,0)¢, we have

{ l
TTR() <R<2xk>. (17)

k=1

3. For £ =3 and (x1,x2,x3) € (0,%0)3, if x; < x3, then
R(x1 +x2)R(x3) < R(x1)R(x2 +x3), (18)

where the equality holds if and only if x| = x3.

Proof. The logarithmically complete monotonicity in Theorem 1 implies that the
function 2 is logarithmically convex on (0, o). Consequently, we obtain

4 L r+1
Q(Z Akxk> =R<Z Akxk> H |M; ‘thk 1 M
k=1 k=1

i=1

V4 14 0 [ r+1 M
< Ti2ts) = [Tires m[nmw]

k=1 k=1 1]i=1

which can be simplified as (16). Due to the logarithmic convexity, it is trivial to see that

the equality in (16) holds if and only if x; =x, = -+ = x;..
Lemma 3 in [2] states that, if &: [0,e0) — (0, 1] is differentiable and the logarithmic
' (x)

derivative 775 = [Ina(x)]" is strictly increasing on (0,0), then the strict inequality
h(x)h(y) < h(x+y) is valid for x,y € (0,%0). By the way, we notice that this lemma is
a special case @(x) =Inh(x) of the result concluded in the first paragraph in the second
proof of Lemma [ in this paper. From this, we can inductively derive

j=1

ﬁhx, <h<ﬁ ) (19)
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The logarithmically complete monotonicity in Theorem | implies that 2(x) is decreas-

2k

ing on (0,0) and that the logarithmic derivative 20 = = [In.2(x)]’ is strictly increasing
on (0,e0). Since

and

m+1 (m—1)m/4
E& 2) Hr1+
(m=1)m/4 T K
T i1+
,Eo( 2)

> n.(m—l)m/4 >1
for m € N, from the decreasing property of 2(x) on (0,), we deduce that
0<20)2 lim 2(x)< 1

x—0t

Consequently, by applying the inequality (19) to 2(x), we have

j:

which can be reformulated as the inequality (17).

As done in the proof of Theorem 3.5 in [20], the inequality (18) and the equality
case follow by using the logarithmically complete monotonicity of the function 2(x)
in Theorem 1 and by adapting the proof of Corollary 3 in [2]. The proof of Theorem 2
is complete. [l
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