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FRACTIONAL INTEGRAL OPERATOR WITH ROUGH KERNEL
ON VARIOUS CLOSED SUBSPACES OF MORREY SPACES

DANIEL SALIM*, DENNY IVANAL HAKIM, YUDI SOEHARYADI
AND WONO SETYA BUDHI

(Communicated by I. Peri¢)

Abstract. In this paper we investigate fractional integral operators with rough kernel on certain
closed subspaces of Morrey spaces. We prove that the operator maps vanishing Morrey spaces
into themselves. In addition, we discuss the behavior of this operator on the closure in Morrey
spaces of essentially bounded functions, compactly supported functions, and essentially bounded
and compactly supported functions.

1. Introduction

Let 1 < p <o and 0 < A < n. The Morrey space P (R™) is defined to be the
setofall f €Ll (R") for which

loc
1
sip — [ @) ay
xeR >0 I JB(x,r)

is finite. This space is a Banach space equipped with the norm

1 » 1/p
flsi= s ([ roway)

xeR™ r>0

Morrey spaces were introduced by C. B. Morrey in the study of elliptic partial differ-
ential equation (see [18]). Recently, there are many results around the boundedness of
integral operators on Morrey spaces. These results are related to the Hardy-Littlewood
maximal operator, fractional integral operators, and fractional maximal operators. For
instance, Liu et al. [16] studied fractional integrals on Morrey-type spaces over Gauss
measure spaces. In addition, Liu et al. [17] study fractional Laplace equations via char-
acterizing the Morrey spaces as well as their preduals by quadratic functions related
to the Taylor remainder of the kernel of the Riesz potential. In addition, some related
boundedness of the fractional integrals on Riesz-Morrey spaces can be found in [14]
and these spaces were introduced in [15, 21, 25].

In this paper, we investigate fractional integral operators with rough kernel. Let us
recall some definitions and notation. Let 0 < & < n and Q: R" — R with the property
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Q(kx) = Q(x) forevery k >0 and x € R". The fractional integral operator with rough
kernel Tg ¢ is defined by
Q(x—y)
oart = [ 2 1)
Q.,Otf( ) Rn \x—y\"—o‘f(y) y

for every suitable function f. It is known in [20, 12] that the operator is bounded

kol _ nh g and
o b q p b
Qels(S"1), s=>p'. Here, " ' ={x e R": x| =1} and s’ := 5. We will refine
this boundedness result by investigating the operator acting on certain closed subspaces
of Morrey spaces. First, let us recall the definiton of vanishing Morrey spaces following
the notation in [ 1, 4].

DEFINITION 1. Let xe R", r >0, 1 < p <eo,and 0 < A < n. Forevery function
feLL.(R"), letus set

1 1/p
Mysifixr)i= ([ voras)

We define the vanishing Morrey spaces VoLP* | Voo LPA | and V) LPA by

VoL = {fELWL lim suﬂgfml,l(fxr) 0},
€ n

Vo LP* = {fELp’ lim sup M, ; (f5x,7) = O},

r—oo XERn

and

vt {f ez lim sup | ()7 gre mo) (v) dy = 0} :
N_’NXER” B(x,1)
In addition to vanishing Morrey spaces, we discuss the following closed subspaces
of Morrey spaces.

DEFINITION 2. [5,19,24]Let 1 < p<ooand 0 < A < n.

1. The space LP-* is defined to be the closure with respect to Morrey norm of the
set of essentially bounded functions in L” A

*
2. We denote by LP* the closure with respect to Morrey norm of the set of com-
pactly supported functions in LPA

e *
3. LpA = LpAn Pt

These subspaces were investigated in the research related to the predual of Morrey
spaces (see [13, 19, 26]) and also complex interpolation of Morrey spaces (see [7, 8, 9,
10, 11, 23, 24]).

Our main result is that the operator Tg , maps each subspace in Definitions 1
and 2 into the same type of subspaces of Morrey spaces. More precisely, we have the
following theorems as our main results.
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—A
THEOREM 1. Let 0 < A < U <n, L <p<*7, and

that Q € L*(S*™1), s > p'. Then

n—p __ n=%
q p

—o. Assume

(i) To.a(VoLP*) CVoLIH;
(i) Too(VelP?) CVLLI*;
(il) Toq(VHLPA) CVEILaR,

REMARK 1.

1. We note that for the case of u = M, Theorem 1 point (i) is already obtained in

[6, Corollary 5]. g

2. Related results on the (classical) fractional integral operators on vanishing Mor-
rey spaces can be found in [1]. An extension of this results into generalized Mor-
rey spaces can be seen in [2]. In addition, the preservation of certain vanishing
properties of commutators of fractional operators is investigated in [3]. Although
the idea of the proof of Theorem 1 is adapted from [ 1, 3], our proof includes the
estimates related to the non-constant rough kernel Q.

Our result about the operator Tg ¢ on closed subspaces of Morrey spaces in Defi-
nition 2 is given in the following theorem.

nA apd "HE = n=A

—o. Assume
o q P

THEOREM 2. Let 0 <A <u<n, 1<p<
that Q € L*(S*™1), s > p'. Then

() TQ,oc (Lp"l) - LaH,

(i) Too(LP*) C LOF.
(iii) To.q(LPA) C LEH.
REMARK 2. Note that Theorem 2 point (iii) is an immediate result from Theorem
2 point (i) and (ii).

We also remark that there are recent research on the boundedness of fractional
integral operators on the congruent Riesz-Morrey spaces [22] and related results on
special John-Nirenberg-Campanato spaces in [15].

2. Preliminaries

2.1. On vanishing Morrey spaces and characterization of subspaces in
Definition 2

In this section, we take a closer view to the relation among subspaces (of the
Morrey spaces). For instance, intersection of all those subspaces is non-empty, xp(o,1)
being inside that intersection.



718 D. SALIM, D. I. HAKIM, Y. SOEHARYADI AND W. S. BUDHI

Let &, ¢ be non-negative, and deﬁne
\x\ € forlx| < 1
Jep(x) =
|x| ~? forlx| > 1
For € >0 and ¢ =0, we have f¢o € VoLP* but feo ¢ VNLP’A. For e =0 and ¢ >0,
we have fo ¢ ¢ VoL but fop € Vi LPA

* —
We now recall the following characterization of Lr2 P+ ,and LP* . Ina way
then, the characterization is more explicit.

LEMMA 1. [7,8,10] Let 1 < p <ooand 0 < A <n. Then
LA = {f c P i 7 xgssrylla = 0},

k= {rerr: tim | /2 sl =0},

and

Lrh = {f eLP? sl (£ x> ryoensoR) s = 0}~

According to Lemma 1, We can verify that LP* is a proper subset of LI’ 2 and

Of LP2. In fact, f(x) = \x\ 3 %{x =1} € P2\ Lp and g(x) := \x\ 3 %{x w<1} €

L 0 \ LP: Lr . Tn addition, we have f ¢ Lp7 and g & LP* . Moreover, Lp7 and L are

proper subsets of LP* because h(x) := \x| belongs to LP* but it is not a member
*

of both LP* and Lr+*
By Lemma 1, we have the following inclusion relation.

LEMMA 2. Let 1 < p < oo and 0 < A < n. Thean7 c vELPAOVLLP* .

*
Proof. According to Lemma 1, we immediately have LPA c VILPA - We now
* *

need to verify that LP* C V.LP* . Let f € LP*. Given £ > 0, by Lemma 1 we can
find K such that for any R > K

€
1 xR |2 < 5-
P

5 P
Fix R > K and choose R* > R (M> * , then
My 4 (f32,R) < | famm0.R) |l o + D2 (fFXBOR):ZRT)

A
€ R*\ »
<5+ (%) "Ml <e

This shows that f € V.LP*. [
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*
In fact, LP* is a proper subset of V(*)LP* . For example, in dimension one, the
*

Al
function f(x) =x 7 ¥|g.) With 0 <A <1 belongs to V) LPA but it is not in L2+
Moreover, the function is neither in Vo.LP* nor in VOLWI.

2.2. On Ty, and Rough maximal operators

The rough maximal operator Mg plays an important role in this article. Let us
recall the definition of Mg . Let Q : R” — R with the property Q(kx) = Q(x) for every
k>0 and x € R". The rough maximal operator Mq is defined by

1
Mof(x) :=sup— Q=) f(v)|dy
>0 1" B(x,r)
for any suitable function f. It is well known that Mg is bounded on L? for 1 < p < oo
if Q€ L1(S* 1), in the sense
IMafllzr S 1l L1 [1f |-

By [20, Theorem 3.1], we have a pointwise estimate of Tg o f in term of Mqf as

follows.

A, Assume that Q € L*(S"™') with

s = p'. Then, for almost every x € R",
‘T.Q,Otf( )| S HQHLY sn— l ||f‘ Lpl(MQf( ))

where u = P
n—A

3. Proof of Theorem 1

3.1. Proof of Theorem 1 (i) and (ii)

Fix z € R" and r > 0. Let f = fi + fa, where fi = fXp(.2r), and fo = f — fi.
By the linearity of Tg o and the Minkowski inequality for the Lebesgue norm,
Mo u(Taefsz,r) < Mgu(Toafizz,r) + Mg u(To,efriz.r).
Let us first work on Ty o f1 - By Lemma 3 with u = 1 — -%£-, the Holder inequality with
order p/uq, and the boundedness of Mg on Lebesgue spaces, we have

Myp(Taafisz, )<r7HQHU o 115 Mo aace

<ra 7 1015 &) 11 3 M.l

L Lo P [V [V s

,Sr

Since || f||zr(B(z,2r)) 18 increasing in r,

—1-1
My(Taafiizr) <53 QoIS [0 1 o de

<N 7158 [T @) )
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Let us now work on Tg ¢ f2 By the Fubini Theorem and the Holder inequality with
order p, for any x € B(z7

ToafsIS [, Q=IO [ s iy
< [t / Q=) LA ) dyr
2r B(xt)
SRyl f g [Ty iz

Hence,

My (Taafsizr) S0 Qe A1 [ 15
Thus, from (1) and (2), we have

My (Toafizr) S0 1@y lFILE [ 7 My (ranrar @
Let f € VoLP* . Forany € > 0, we can find § < 1 such that for any 7 < §,

£
pl(f <5 t) Hf”Lp?L HQHLS(Snfl) < E

', (frze)tdr. (2)

Therefore, from (3)

My u(Taefiz,r) S

5u_1 .
oMy [T My frzayar
p=n g u

R Py Pl A SR

n—u

< S 19l I s (5)
Hence, we can choose a small r such that MM, ;i (To.af32,7) < €. We conclude that
Toof € V()Lp’)L .
Let f € V..LP* . For any € > 0, we can find K > 0, such that for any 7 > K, we
have E)ﬁpﬂl(f;z,t)”HfH;;‘ ||Q||L_s (sn-1) < €. Therefore, for any r > K, we have
g
My(Toafizr) 77 QU fILE [ 17 M iz dr S e

We conclude that Tg o f € V..L?*, and this proves part (ii). [

3.2. Proof of Theorem 1 (iii)

For any f € LP* and N > 0, let us define
()= sup [ F)rdy
xeRn JB(x,1)NB(O,N)
where B°(0,N) = R"\ B(0,N) for N > 0. Itis clear that f € VI LPA if ey ,(f) — 0
as N — oo,
From [1], we note that M, (V(*)Ll’v’l) c vELPA for p > 1 and we extend this
result as follows.

THEOREM 3. For p>1, s> p/, and Q € L*(S"™ "), Ma(VLPA) c v Lpi,
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Proof. Let f € V®LPA be not equivalent to zero. For x € R” and N € N, we
decompose [ into fi and fo, with fi = fXp(x2)nBe(on/2) @and f2 = f — fi. Since Mg
is a sublinear operator,

G p(Maf) S oy p(Mafi) + 9y p(Maf).
Let us treat 7y ,(Mqf1) first. By the boundedness of Mg on L7,

Lo MafG)ySIAlG = [
B(x,1)NB(0,N) B(x,2)NB¢(0,N/2)

Note that we can cover B(x,2) with a finite number of open unit balls. Thus,

Ko
c JB),1)
j=1

[F )P dy. )

Hence, from (4), we have

/B(x.,l)va(o,N) )ABE(0.N/2)

(Mafi(3))dy S 2 - Sy
B(xj,1
S ﬂfzv/z,p(f)- (5)
Since the right-hand-side of (5) is independent of x, we conclude that .27y, p(MQ f1)—0
as N — oo,

Let us now handle .7y ,(Mq f>) . For any given € > 0, we can choose #; > 1 such
that tl_"Hf||prl < ¢ forall > 1. Then,

(Mafa(y)?dy
P
sfo <sup o Q(y—Z)Ifz(Z)IdZ> dy
B(x,1)NB(0,N) \ 0<r<z, B(yt)

p
+/ . (supt‘”/ Q(y—Z)Ifz(Z)IdZ> dy
B(x,1)NB¢(O,N) \ r>1, B(y.t)

=1 (x,N)+L(x,N). (6)
For I)(x,N), we note that z € B(y,7) and also z € R"\ (B(x,2)NB°(0,N/2)). If z €
B(0,N/2), then ¢ > |z—y| > |y| — |z]| = N/2. Since we can choose N > 2t;, we can
ignore the case of z € B(0,N/2). For z € B°(x,2), wehave t > [z—y| > [z—x| — |y —
x| = 1. These results tell us that the supremum part of I;(x,N) only takes places in
1 <t <1t;. By the Holder inequality,

1\ P
WM s | ( swp 15 ([ ) ) dy
B(x,1)NB¢(O,N) \ 1<r<z, B(y;r)

s -2 ey
B(x,1)NB¢(0.N) JB(0.11)

St sup , |f() [P dy.
weRn JB(w,1)NB(O.N—17)

Hence, I;(x,N) — 0 as N — oo,

/B(x.,l)ﬂB"(O,N)
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For L(x,N), we can use the Holder inequality to obtain

1\ P
NS [ <supz2 ( / f(Z)”dZ)p> dy
B(x,1) \1>1 B(y;r)
N 14
5/ (suptTllpr,x> dy S €.
B(x,1) 1>t

Therefore, by (6), we conclude that .y ,(Mqf>) — 0 as N — co. This completes the
proof of Theorem 3. [

By Lemma 3 with u =1 — — , and the Holder inequality with order p/ug, we
have

Ay g(Taf) SN g1 117,53 g (Maf)

—qu uq
SR @1y 117,53 (v p(Maf))

Followed by Theorem 3, the proof of Theorem 1 (iii) is now complete. [J

4. Proof of Theorem 2

4.1. Proof of Theorem 2 point (i)
Let f € LP* . We will prove that Tq o f € L. According to Lemma 1, it suffices
to show that
Jim (|27 or15 0y T.0f |00 = 0. (7
Let 0 < Ry < R < . Note that,
124170 0 r1>R Tosof Lan < (70 o r15 Ry T (F X p <Ry ) | L00

1700 (2715 R, ) Lo (8)
According to Lemma 3 and the boundedness of Mg on L™, we have

124 0o f1> R T (F X <y 0w
< HQHD o1y N 1 7 o 1 Y M (£ <))
HQHLv sn-1 ||fHka||X{‘Tg‘af‘>R}||L‘I<H. ©)]
The inequality (9) and the boundedness of Tq o from LP* and L9* yield
X700 >R Too (FX 1<) lLan S 1||Q||Ls s 1N i 1121 T 15 R R | e

_IHQ”LS s 1) 11 1 Tl o

1||£2||U sy 1175 (10)
Using the boundedness of Tg ¢ from LP* and L4* once again, we get
| T (Fxgfsr) len S FXG 7R 0 (an
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Combining the inequalities (8), (10), and (11), we obtain
RY —u
121170 0 f1>m To.of Lo S ;1||Q||is(gn—1)||f\\ip,x 2155 R0 o
Taking R — oo, we get

liglsup"X{|Tgvaf|>R}TQ,afHLq>/‘ SIExgssr o 12)

By f € LP* and Lemma 1, we have Rlim £ %¢171>R0} | o2 = 0. Thus, (7) follows from
ppares
this limit and the inequality (12). O

4.2. Proof of Theorem 2 point (ii)

Let f € LP*, then by Lemma 2 f € V..LP* . According to Theorem 1 point (ii),
Toof € VoL Given € > 0, we can find K such that for any » > K and x € R”

My u(Ta,afsx,r) <€
Hence,

| xBeo.r) T.of llLan < sup Mg u(xpeo.r Taefsx,r) + €.
xeR" r<K

Let fi = fxB(O £) and f> = f— fi. By the linearity of Tq ¢, we now only need to show
that

sup My (Xpeo.p) Toafisx,r) <€
xeR" r<K

forbothi=1 and i =2.
Let us now work on i = 1. For z € B°(0,R) and y € B(0,%), we have [z—y| > .
Therefore, for z € B°(0,R), by the Holder inequality, we have

_n=h
Toafi QSR [ 10Oy SR T s

Hence, for sufficiently large enough R, we have

R
0,5

_n—A n—p
sup My (Xpeo.p) Ta.af13%,7) S R 7 £l o2 supr—a
xeR" r<K r<kK

Ao n-2
<K 4R 7| fllpar <e.

*
For i = 2, by boundedness of Tq 4 : P — LH | and the fact f € LWL, we can find
large enough R, such that

sup My u (Xpe(o.p) Taaf23%,7) < |Taaf2llion S Xpeo,8)llrr <&
xeR" r<K 2

This proves Theorem 2 (ii). [
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