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ON CONVEX AND CONCAVE SEQUENCES AND THEIR APPLICATIONS

GABOR M. MOLNAR AND ZSOLT PALES*

(Communicated by C. P. Niculescu)

Abstract. The aim of this paper is to introduce and to investigate the basic properties of ¢-
convex, g-affine and g-concave sequences and to establish their surprising connection to Cheby-
shev polynomials of the first and of the second kind. One of the main results shows that g-
concave sequences are the pointwise minima of g-affine sequences. As an application, we
consider a nonlinear selfmap of the n-dimensional space and prove that it has a unique fixed
point. For the proof of this result, we introduce a new norm on the space in terms of a g-concave
sequence and show that the nonlinear operator becomes a contraction with respect to this norm,
and hence, the Banach Fixed Point theorem can be applied.

1. Introduction

In the theory of convexity, the investigation of convex functions play a fundamental
role. We refer to the following monographs for the details: Hardy-Littlewood—Pdlya
[1], Kuczma [3], Mitrinovié¢ [4], Mitrinovié-Pecari¢-Fink [5, 6], Niculescu—Persson
[71, Popoviciu [1 1], and Roberts—Varberg [12]. The investigation of convex sequences
probably started in the book Mitrinovi¢ [4]. This subfield is still very active, some
recent results and applications have been obtained by Krasniqi [2], Niezgoda [8, 10, 9],
Sofonoea-Tincu—Acu [13], Tabor—Tabor—Zoldak [14], Wu—Debnath [15], Yildiz [16].
In this paper we introduce the notions of g-convex, g-affine and g-concave sequences
and we present some basic results on them and we establish their surprising connection
to Chebyshev polynomials of the first and of the second kind. Finally, we present an
application of them to fixed point theory.

Let R, Ry, Z and N denote the sets of real, positive real, integer and positive
integer numbers in this paper. Given n,m € Z with 2 < m —n, let .(n|m) denote
the linear space R{-m} of all real sequences, i.e., the collection of all functions p :
{n,...,m} — R. It is natural to define the notions of concavity, convexity and affinity
for the elements of .7 (n|m). A sequence p = (pu,...,pm) € -7 (n|m) is called convex
if, forall ie {n+1,...,m—1},

2p;i < pi—1 +Piy1- (D
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If, forall i € {n+1,...,m— 1}, the reversed inequality holds in (1), then the sequence
is termed concave. Finally, if a sequence is simultaneously convex and concave, then it
is said to be affine. If the inequality (1) holds with strict inequality sign, then we speak
about strict convexity and concavity, respectively.

In what follows, we extend the above definitions and introduce the notions of ¢-
convex, g-concave, and ¢g-affine sequences with respect to a positive number g. A
sequence p = (pu,...,pm) € 7 (n|m) is called g-convexif, fori € {n+1,....m—1},

2qp; < pi—1+ Pis1- 2)

If, forall i € {n+1,...,m— 1}, the reversed inequality holds in (2), then the sequence
is termed g-concave. If a sequence is simultaneously g-convex and g-concave, then it
is said to be g-affine.

We can easily see that the strict convexity of a positive (or negative) sequence
implies its g-convexity for some ¢. Indeed, if p € .7 (n|m) is a positive strictly convex
sequence then, forall i€ {n+1,...,m—1},

1 < Pi—1+ Dit1 .
2pi

Therefore,
l<q:= min Pi—1+ Dit1
ie{n+1,...m—1} 2pi

)

which implies that p is g-convex with a number ¢ > 1. Analogously, p € .7 (n|m) is
a negative strictly convex sequence, then it is g-convex with a number 0 < g < 1.

The subclasses of g-convex and g-concave sequences in . (n|m) will be denoted
@, (n|m) and €' (n|m), respectively. Finally, .7 (n|m) will stand for the subclass of
q-affine sequences, that is,

Ay (n|m) := ‘Kqu(n\m) ﬂ‘fqm(n\m).

It is easy to see that <7 (n|m) is a linear subspace of .#(n|m) and €’ (n|m) and
@, (n|m) are convex cones in .”'(n|m), i.e., they are closed with respect linear combi-
nations with nonnegative coefficients.

The aim of this paper is to investigate the basic properties of these classes of se-
quences and to show their surprising connection to Chebyshev polynomials of the first
and of the second kind. Therefore, in the next section, we recall the notions of Cheby-
shev polynomials and establish the basic relationships among them.

In Section 3, we describe all g-affine sequences in terms of Chebyshev polyno-
mials and show that .27 (n|m) is a two-dimensional linear subspace of . (n|m). In
another result of this section, we deduce inequalities that are consequences of the ¢-
convexity/concavity and we also establish an analogue of the so called support theorem
and thus we obtain that g-concave sequences are the pointwise minima of g-affine
sequences.

In Section 4, we consider minimum problems for positive sequences in terms of a
(power) mean M . In the cases when M is either the arithmetic, or the geometric, or the
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maximum mean we obtain the precise solution of this minimum problem. For a general
power mean with a positive parameter, we only obtain lower bounds. The case when
M = max is strongly connected to the results obtained for g-concave sequences.

In the last section, we consider a nonlinear selfmap of the n-dimensional space
R" and prove that it has a unique fixed point. For the proof of this result, we introduce
a new norm in terms of g-concave sequences and show that the nonlinear operator
becomes a contraction with respect to this norm, and hence, by the Banach Fixed Point
theorem, it has a unique fixed point.

2. Auxiliary results for Chebyshev polynomials

For k€ Z,let T, : R — R and Uy : R — R denote the Chebyshev polynomials of
the first and of the second kind of order k, which are defined by the system of equations

To(x) =1, Ty (x) :=x, Ti—1(x) + Ty 1 (x) = 2xT (x) (keZ), 3)
Up(x) :=1, U (x) :=2x, Ur—1(x) + U1 (x) = 2xUi(x) (keZ),
respectively. The last equalities in (3) rewritten as
Tier1(x) = 2xTi (x) — Tp— 1 (x), Uit1(x) = 2xUg(x) — Up—1 (x),
can be used to compute T; and U for k > 2 recursively. If we rewrite them as
Tie1(x) = 2xTi(x) = Teg1 (%), Up—1 (%) = 20U (x) = Upq1 (%),
then 7; and U can be determined for £ < —1. One can easily prove that, for k € Z,

T_k = Tk and U_k = _Uk—2~

In particular, U_; = 0. It is clear that, for k£ > 0, the degree of T; and U equals k. It
is well-known that these polynomials satisfy, for all u € R and k € Z, the equalities

Ty (cos(u)) = cos(ku) and Ty (cosh(u)) = cosh(ku) 4)

and

_sin((k+1)u)

Uy (cos(u)) = G _ sinh((k+ 1))

and Uy (cosh(u)) = Sinh() Q)

From these representations it easily follows that the roots of T} (for k # 0) and U;_
(for k ¢ {—1,0,1}) are given by

{cos<2i2;177:>|i6{17...,k|}} and {cos(én)|i6{1,...,|k—l}},

respectively. Therefore, the largest root of T} (for k #0) and Uy (for k¢ {—1,0,1})

are given by
cos il and cos i
2k k)’

respectively.
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LEMMA 2.1. For 0<x < 1, the sequence (T(x )),f(x% is strictly decreasing, where
T(x) = LW’Z(X)J . For x > 1, the sequence (Ti(x))y_, is strictly increasing.

Proof. If x > 1, then there exists u > 0 such that x = cosh(u). Thus, in view of
the second formula in (4), we have

Ti(x) = Ty (cosh(u)) = cosh(ku) (ke NU{0}),

which by the strict monotonicity of the cosh function implies that the right hand side is
a strictly increasing function of k.

If 0 < x < 1, then there exists # €]0, 7] such that x = cos(u). In view of the first
formula in (4), we have

Ty (x) = Tx(cos(u)) = cos(ku) (ke NU{0}),

which, using that cos is strictly decreasing on [0, 7], implies that 7;(x) is strictly de-
creasing for k € {0,...,|Z|}. O

u

LEMMA 2.2. Let n > 3 be an odd number. Then, for all xi,...,x, € R with the

notation Xiin :=x; (i € {1,...,n}), we have
n—1 n n—1 )
Zsm ( > (- x,+j> sin(x;) =0 and ) sin ( D (—l)fx,-+j) cos(x;) =0. (6)
j=1 i=1 j=1
Proof. Let xy,...,x, € R and denote
n—1 )
yir= 2 (=1 xy; (i€ {l,...,n—1}).

j=1

Then, by the well-known product-to-sum identities

n—1
2sin < D (—l)fx,-ﬂ') sin(x;) = 2sin(x;) sin(y;) = cos(x; — y;) — cos(x; + y;),
=1

n—1
2sin < 2 (—I)Jx,-ﬂ') cos(x;) = 2cos(x;) sin(y;) = sin(x; + y;) — sin(x; — y;).
j=1

Observe that, by the equality x; = x;1+,, and by the oddness of n, we have

n—1 n—1
Xi—yi =X — 2 (—I)Jx,-ﬂ' =Xi+Xi+1+ 2 (—I)Jilx,urj
J=1 Jj=2

= X1+ (= 1) xipn + 2 (—1)xit 14 = Xit1 +Yip1-
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Therefore

n—1
2sin ( )y (—1)"xi+j> sin(x;) = cos(xir1 +Yi+1) — cos(xi +yi),
J=1

n—1
2sin < Y (—I)Jx,-ﬂ') cos(x;) = sin(x; +y;) — sin(xi11 +yit1)-
J=1

Summing up these equalities side by side for i € {1,...,n}, respectively, we can see that
the right hand sides are telescopic sums which are equal to zero, hence both equalities
in (6) hold true. [

LEMMA 2.3. Forall i,j.k € Z, we have
U j Uit Uj i Uy =U i \Uj and U j \Ti+Uj i 1\ Ti=Ui1T;.  (7)
Furthermore, for i, j € Z, we also have
Ui j+ Ui j=2T;U; and T, j+T;=2T;T;. ()
Proof. Inthe particular case n = 3, with x| :=x, xp :=y and x3 := z, the identities
in (6) yield

sin(z — y) sin(x) + sin(y — x) sin(z) = sin(z — x) sin(y),
sin(z —y) cos(x) + sin(y — x) cos(z) = sin(z — x) cos(y).

)

Let g €]— 1, 1] be arbitrary, let u := arccos(q) and let i, j, k € Z. With the substitutions
(x,3,2) := ((i + Du, (j+ Du, (k+ 1)u) and (x,y,z) := (iu, ju,ku), the first and second
identities in (9) imply

sin((k — j)u) sin((i +1)u)  sin((j—i)u) sin((k+ 1)u)  sin((k—i)u) sin((j+ 1)u)

sin(u) ‘ sin(%t) sin(.u) | 'sin(u) B ‘ sin(u)' sin(u)
WCOS(M) + Wcos(ku) = Wcos(m).

In view of (4), from these equalities we can easily obtain that

Uk-j-1(@)Ui(q) + Uj-i-1(q)Uk(q) = U-i-1(q)U;(q),
Ur-j-1(@)Ti(q) + Uj-i-1() Tk (q) = Ur—i-1(q) Tj(q)
hold for all g €] —1,1] and hence for all ¢ € R. This completes the proof of the
equalities in (7).
To prove (8), let g €] — 1,1] be arbitrary, let u := arccos(q) and i, j € Z. Using
(4) and the addition formula for the sine and cosine functions, we obtain

Ui (@) + Ui (@) = Ui (cos()) + U j(cos(w)
_ sin((i—j+ Du)  sin((i+j+ u) _ 2sin((i—|— Du)
sin(u) sin(u) sin(u)
— 20 (cos(u)Ty(cos(u)) = 2U(@)Ty(a)

cos(ju)
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and

Ti-j(q) + T+ j(q) = Ti- j(cos(u)) + Ti j(cos(u)) = cos((i — j)u) + cos((i + j)u)
= 2cos(iu)cos(ju) = 2T;(cos(u))Tj(cos(u)) = 2Ti(q)Ti(q)-

This completes the proof of (8). U

Observe that, in the particular case j = 1, the equalities in (8) reduce to the recur-
sive formulas in (3)

REMARK 2.4. For the difference of two Chebyshev polynomials of the second
kind, using the equality —U; = U_;_,, we can deduce the following identity:

Uipj —Uimj=Uirj+ U_iyj2 = Uiy (iv1) Y UG- 1)~ (iv1) = 2Ti1Uj—1. - (10)

On the other hand, to compute the difference of two Chebyshev polynomials of the first
kind, the following equality can be established:

Ti-i(q) — Tj+i(q) =2(1 — ¢*)U;-1(q)Ui-1(q). (11)

To prove this, let g €] — 1, 1] be arbitrary, let u := arccos(g) and i, j € Z. Using (4)
and the addition formula for the cosine function, we get

sin(ju) sin(iu
sin(u) sin(u)

~—

2Uj-1(q)Ui-1(q) = 2U;-1(cos(u))Ui-1(cos(u)) = 2

~cos((j—i)u) —cos((j+i)u)

sin’ (u)
_ Tiile) = Tivila) _ Ti-i(g) — Tj+i(q)
1 —cos?(u) 1—q? '

From here, (11) directly follows.

3. g-concave, convex and affine sequences
The next proposition shows that o7, (n|m) is a two dimensional subspace of .7 (n|m).

PROPOSITION 3.1. A sequence p € ./ (n|m) is q-affine if and only if there exist
a,b € R such that

pi = aU;i_,(q) +bTi_,(q) (ie{n,...,m}). (12)
In addition, if p € </;(n|m), then, forall i,j.k € {n,...,m},
U j-1(@)pi+ Uj-i~1(q) Pk = Uk—i-1(q) ;. 13)

In particular, for i € {n,...,m} and j € {1,...,;min(i —n,m—1i)},

pi—j+ pi+j = 2Ti(q)pi- (14)
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Proof. First assume that p = (py,...,pm) is g-affine. Define

_ Pn+1 . bi— an_pn-&-l.
q
We prove the equality (12) by induction with respect to i. Observe that p, =a+b =
aly(q) +bTy(q) and p,y1 = a(2q)+bg=aU,(gq)+bTi(g), which show that (12) holds
for i=n and i = n+ 1. Assume that we have proved (12) for i < ¢, where n+ 1 <

¢ <m—1. Then, applying the g-affinity of the sequence, the inductive hypothesis and
finally the recursive property of Chebyshev polynomials, we obtain

Pe+1=29pe — pr-1
=2q(aUi—n(q) +bTi-n(q)) — (aUr—1-4(q) + bT—1-n(q))
=a(2qUi—n(q) = Ur—1-n(q)) +b(29T1—n(q) — Tr—1-n(q))
=aUp1-4(q) +bTp41-n(q).

This shows the validity of (12) for i=/¢+ 1.

For the sufficiency part of our assertion, assume that (12) holds for some a,b € R.
Then, by the recursive property of Chebyshev polynomials, for i € {n+1,...,m— 1},
we have that

pi+1 = aUit1-4(q) +bTi11-n(q)
= a(2qUi-n(q) = Ui-1-n(q)) +b(24Ti-n(q) — Ti-1-n(q))
=2q(aUi-n(q) +bTi-n(q)) = (@Ui-1-n(q) +bTi-1-n(q))
=2qpi—pi-1,
which proves that p is a g-affine sequence.
To verify the last two assertions let p € o7 (n|m). Then, as we have seen it, (12)

holds for some a,b € R.
Let first i, j,k € {n,...,m} be arbitrary. Then, applying Lemma 2.3, we get

U—j-1(@Ui-n(q) +Uj—i 1(@)Ur—n(q) = Ur—i-1(q)U;-n(q) and
Ur—j-1(@)Ti-n(q) +Uj—i-1(@) Te—n(q) = Ur—i-1Tj—n(q).

Multiplying the first and second equalities by a and b, respectively, and then adding
them up side by side, we obtain

Us- j-1(q)(aUi-n(q) + bTi-n(q)) + Uj-i-1(q)(aUx-n(q) + bTi—n(q))
=Ur_i-1 (CI) (an—n(q) + ij—n(‘]))7
which, in view of (12), shows that (13) holds.

Finally, let i € {n,...,m} and j € {1,...,min(i —n,m —i)}. In view of (8), we
have that

Ui-j-n(q) + Uit j-n(@) = 2Tj(@)Ui-n(q),  Ti-j-n(q) + Titj-n(q) = 2Tj(q) Ti-n(q)-
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Multiplying the first and second equalities by a and b, respectively, and then adding
them up side by side, we obtain

pi—j+ pitj = (aUi-j-n(q) + bTi-j—n(q)) + (aUst j-n(q) + bTi+j-n(q))
=2T;(q)(aUi—n(q) + bTi—n(q)) = 2T;(q) p:.

This completes the proof of (14). [

In the following statement, we establish some properties of the class of g-concave
(and hence of g-convex) sequences.

PROPOSITION 3.2. The cone €,'(n|m) is closed with respect to the pointwise
minimum and the cone %qu (n|m) is closed with respect to the pointwise maximum.

Proof. To prove the statement for ¢ '(n|m), let p,r € €,'(n|m) be arbitrary and
denote s := min(p,r) (i.e., s; :== min(p;,r;) for all i € {n,...,m}). Let ie {n+
1,...,m—1}. Then, by the g-concavity of p and r, we have

Si—1+8it1 < pi—1 + piv1 < qpi and Si—1 +Sip1 < rim1 +ripr < gr

Therefore,
Si—1+sip1 < min(gp;,qri) = gmin(p;,r;) = gsi,

which shows that s is also g-concave. The proof of the statement for ¢’ (n|m) is
analogous. [J

As g-affine sequences are g-concave and also g-convex, we obtain that the point-
wise minimum and maximum of a finite family of g-affine sequences are g-concave
and also g-convex, respectively.

PROPOSITION 3.3. Let i,j,k € {n,...,m} with i < j < k. Assume that
T
> S — 15
1= (max(j—i,k—j)) 4
Then, for all p € 6, (n|m),

Ui—j-1(q@)pi +Uj—i—1(q)pr < Ur—i—1(q)p;- (16)

In particular, if i€ {n+1,...,m—1} and j€{1,...,min(i —n,m —1i)} and

g > cos <5> (17)
j

pi—j+ pi+j < 2Ti(q)pi- (18)

then



ON CONVEX AND CONCAVE SEQUENCES 735

Proof. We shall verify (16) by inductionon ¢:=k—i. If £ =2, thatis, j—i=
k— j =1, then (16) is equivalent to the g-concavity of p, because Uy(q) = 1 and
Ui(q) =2q.

Assume that we have verified (16) for all i < j < k with k—i < ¢, where ¢ > 2.
Suppose that k—i = ¢+ 1 > 3 and (15) holds. Then max(j—i,k— j) > 2. We now
distinguish two cases.

The first the case is when j—i>2. Then k— (i+1)=C¢and j—i<k—i—1</
and, using (15), it follows that

n T
q>cos<max(j—(i+l),k—j)> and "”03(max<<i+1>—i,f—<i+1>>>'

Thus, applying the inductive hypotheses for the triplets i+ 1 < j <k andfor i <i+1 <
J, we obtain

U—j-1(@)pi+1 +Uj-i-2(q) pr < Uk-i-2(q)Pj,
Uj-i-2(q)pi+ Uo(q)pj < Uj-i-1(q)pi+1-
The inequality (15) shows that ¢ is nonsmaller than the largest roots of U;_;_1 and
U—j—1,hence U;_;_1(q) = 0 and Us_j_i(¢g) > 0. Multiplying the first inequality by
Uj-i-1(q), the second one by Us_;_i(g), and adding up the inequalities so obtained
side by side, we get

Ui—j-1(@QUj-i2(q)pi +Uj—i-1(q)Uj—i—2(q) px
< (Uj-i-1(@)Ur-i-2(q) = Us—j-1(9)Uo(q) ) ;-

On the other hand, applying Lemma 2.3 for the numbers k— j— 1 <k—i—2<k—i—1,
we have that

Ui—i1(@)Us—i-2(q) = Uo(q)Us—j-1(q) + U;j—i2(q)Ur—i-1(q)-

Therefore, the above inequality can be rewritten as

Ui 1(@)Uj-i2@)pi +Uj—i-1(@)Uj—i2(q)pk <Uj—i-2(q)Ux—i-1(q)p;-

T

By (15), g is strictly bigger than cos ( o 1), which is the largest root of U; ; 5 if
j—i>2, therefore U;_; 2(q) >0. If i — j =2, then Uj_;_2(q) = Up(q) = 1 > 0.
Now dividing the last inequality by this positive value side by side, we arrive at the
desired inequality (16).

The proof in the second case when k — j > 2 is completely analogous, therefore it
is omitted.

Finally, let i € {n+1,....m—1} and j € {1,...,min(i —n,m —i)} and assume
that (17) is satisfied. We apply the previous statement to the triplet (i — j,i,i+ j). Then,
also using identity (8), we get

Ui—1(@)pi—j +Uj—1(@)pivj < Uzj—1(q)pi =2U;-1(q)T;(q)pi. (19)

In view of (17), we have that ¢ is bigger than the largest root of U;_ if j > 2, hence
Uj_1(gq) > 0. This inequality is obviously true if j = 1. Thus, after dividing (19) by
Uj_1(q) side by side, this inequality implies (18). [
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PROPOSITION 3.4. Let j,k € {n,...,m} with j <k. In addition, assume that
b
q>cos(k_ ) (20)

Let p € €"'(n|m) and define

Ui_i_ Ur—i— .

T = Pk / 1(61) pPj ki 1(61) (lE{I’l,...,m}).
Uk—j-1(q) Ur—j-1(q)

Then, r = (ry,...,rm) is a q-affine sequence and, for i € {n,...,m},

>pi ifi<jork<i.
ris=pi ifi€{j.k}.
<pi ifj<i<k
Proof. If k—j=1,then Uy_j_1(q) =Uy(q) =1>0.If k—j >2, then g is bigger
than the largest root of U_;_;. Therefore U_;_i(gq) > 0 and hence the sequence

(r;) is well-defined. From the recursive formula (3) of Chebyshev polynomials of the
second kind, for i € {n+1,...,m — 1}, it follows that

Ui—1)-j-1(q) + U(is1)—j-1(9) = 2qU;—j-1(q),
ka(ifl)fl( )+ Uk—(ir1)-1(9) = 2qUs—i-1(q).

Multiplying theses equalities by —2— and by —ti—, respectively, and then
U—j-1(9) U—j-1(q)
adding them up side by side, we obtain that r;_; + riy; = 2gr;, which shows that (r;)
is a g-affine sequence.
If i=j,ori=k,then,by U_; =0, we can see that r; = p; and r; = p;. Suppose
first that j < i < k. From the equality (13) of the second assertion of Proposition 3.1
applied to the g-affine sequence (r;), we get

Up—j-1(q)ri = Ur—i—1(q@)rj + Ui j—1(q) 1.

On the other hand, applying inequality (16) of Proposition 3.3 for the g-concave se-
quence (p;), we get

Uk-i-1(@)Pj + Ui j-1(a) pr < Ur—j-1(q)pi
Using that r; = p; and ry = py, it follows that
Uk—j—1(@)ri = Up—i=1(q)rj + Ui j-1(q)re
= Uk-i~1(@)Pj + Ui j-1(@) Pk < Ur—j-1(q) Pi,

which, by Ui_;_1(g) > 0 simplifies to the inequality r; < p;.
For the remaining inequalities, suppose first that i < j. By the ¢ affinity of (r;),
the second assertion of Proposition 3.1 implies

Uk—i—1(q)rj = Up—j—1(q@)ri + Uj—i—1(q)rx
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and hence
U j-1(@)ri = Up—i—1(q)rj — Uj-i-1(q) 1.
On the other hand, applying inequality (16) of Proposition 3.3 for the g-concave se-

quence (p;), we get

U j-1(@)pi+Uj-i-1(@) Pk < Ur—i-1(q)p;
and hence
Ur—i—1(q)pj — Uj—i—1(q)px = Ux—j—1(q)pi-

Combining these inequalities and using r; = p; and r; = p;, we can conclude that

U j-1(@ri = Uit (@)rj = Uj—ic1(@)rk = Us—i-1(@Q)pj — Uj—i-1(@) Pk = Ur—j—1(q) pi-

This inequality, by Ux—;_1(q) > 0, is equivalent to r; > p; as desired.
The proof of r; > p; in the case k < i is completely similar and therefore omit-
ted. O

In the following proposition, we establish a characterization of g-concave se-
quences.

PROPOSITION 3.5. Let p € . (n|m). Then p is g-concave if and only if, for all
j€A{n,...,m—1}, there exists r € </;(n|m) such that

pj=rj, Pj+1 =Tjs1s and pi<ri for i€{n,....m}. (21)

Proof. Assume first that p is g-concave and let j € {n,...,m — 1}. Then, with
k= j-+ 1, we can see that (20) holds, therefore applying Proposition 3.4, the sequence
r € . (n|m) defined by

ri:=pjr1Ui—j-1(q) + pUj-i(q)

is g-affine and satisfies all te conditions in (21).
To prove the sufficiency part of the assertion, assume that j € {n,...,m— 1}, there
exists g-affine sequence r/ € <7, (n|m) such that

_ _ J :
pj=rj, P+l =Tiyy, and p;<rl for ie{n,...,m}.

Then, it follows that

pi= min r],
n<j<m—1

which shows that p is the pointwise minimum of finitely many (in fact, m —n) g-affine
sequences. Thus, by Proposition 3.2, it follows that p is g-concave. [J
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4. A minimax-type problem

Throughout this section, n,m are integers with 2 < m —n and we consider the
following minimum problem: Let M : R’_ﬁ_”_l — R4 bean (m—n— 1)-variable mean.
Our aim is to find the largest nonnegative constant Cy; such that, for all p € . (n|m)
with p,,pm 2 0 and py+1,...,pm—1 >0,

Cur < M<pn+pn+2 Pi—1+ Pit1 pm—2+pm>.

T 2 S

By taking p as a constant sequence, one can see that the right hand side of this inequal-
ity then equals 1, hence it follows that Cyy < 1. As we shall see below, this estimate
can be essentially improved for several concrete means.

In the case when M is the (m —n — 1)-variable arithmetic mean A,,_,_1, we can
obtain the following result.

PROPOSITION 4.1. C4 = :::Zj that is, for all p € . (nlm) with py,pm =0
and DPntls-sPm—1 > 0,

m—n—2 1 "l piii 4 pi
< 22
» @

~
m—n—1 "m—n—1,“=, 2pi

and the constant on the left hand side is the best possible.

Proof. If m —n =2, that is, m = n+ 2, then the left hand side of (22) equals
zero, thus, the inequality is trivial. On the other hand, for (pp, pp+1,pPn+2) = (0,1,0)
equality holds in (22). Thus, in the rest of the proof, we may assume that m —n > 2.

To prove (22), let p € .7 (n|m) with p,,pm >0 and p,i1,...,pm—1 > 0. Then
(using the arithmetic-geometric mean inequality in the last step), we obtain

'”21 Pist £Pitt _ PutPasa "N PintPist | Pr2t P
i1 2Di 2pnt1 i 2pi 2pm-1
S Prv2 n? (pil Pi+1> L Pm2
2pni1 Ao\ 2pi 0 2pi 2pm—1

m—2 m—2
> _<@+L>> S B P,
iZnt1 2\ Pi o pivt) T ST\ P Pt

Dividing the above obtained inequality by m —n — 1 side by side, we can see that (22)
holds. On the other hand, for (pn, ppi1,---sPm—1,Pm) = (0,1,...,1,0) equality holds
in (22), therefore, the left hand side of (22) is the largest possible, indeed. [J

In order to reach a higher level of generality, for r € [—ec,e0] and k € N, we define
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the k-variable rth power mean (or Holder mean) of the variables uy,...,u; € Ry by
min(xy,...,xx) if r=—oo,
1
uy +---+u,’c> T
_= if re R\ {0},
an(ul,...,uk) = ( k \{ }

N if r=0,
max(xy,...,x) if r=oo.

Obviously, the mean H| ; equals the k-variable arithmetic mean Ay and Ho; equals
the k-variable geometric mean Gy. It is well known that, for all k € N and —eo <7 <
s < oo, the comparison inequality H,; < Hyj holds. In particular, G < Ay, which is
the celebrated inequality between the geometric and arithmetic means.

For the investigation of the more general problem in terms of power means, for
r€ R and k € N, we introduce the function F : Rﬁ — R, by

1 ro 1
Frp(up,...,u) = MH'Z <—+ui+1> +—.
— \u; uj,

LEMMA 4.2. Let r > 0 and k € N. Then

2 ifk=1,
r+1 r+l

F> {27 +(k—2)2r +27 ifk=>2,r<1, (23)
VIR (2 4 (k—2)+27F) ifk=2,r>1,

and the estimates are sharp if k € {1,2} or r = 1. Furthermore, for all k € N
F> k2T, (24)

which is also sharp if if k € {1,2} or r = 1. In the particular case when k is odd, we
also have that

Fa > k+1, (25)
which is sharp if k =1 and which is sharper than (23) and (24) if r is a sufficiently

small positive number.

Proof. If k=1 then, by the arithmetic-geometric mean inequality, for all u; € R,
we easily get

1 1 1 1
Foa(un) =+ 1 = 2A2<u{7u—q> > 2G2<u{7u—q> =2, fuf- =2

Observe that F,(1) = 2, hence the lower estimate 2 is best possible in this case.
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Now assume that » < 1 and k > 2, and let uy,...,u; € R4 be arbitrary. Then, by
the comparison inequality H,» < Hj» =A;, forall i€ {1,...,k— 1}, we get

1/1 1
E( +Mz+1> Az( Mz+1>

1
>Hr72(_aui+l>
uj

(3 rw))

1

Using this inequality and arithmetic-geometric mean inequality at the end, we obtain

ro 1
Frp(uy,...,u —M1+22r< ( +Mz+1>> +y
%

1
u1+22r < uz+1)>+u

-
k

- 1 1
= u} +2Hu_’ + 2 2! <E +u{> 4+ 2"y + ”

1

—24 ( ) 2A ( .’> 24,(27! ,-)
2 Z 2 u |+ 2( U 0

> 26, (4,2 >+22’G2(1 ) +2G (2 i)
! u; kauk

=25 4 (k—2)2 +2'F

This proves the assertion when r < 1 and k > 2. Finally, by arithmetic-geometric mean
inequality again, we get

r+l

Fr,k(ulr"auk) 2 (k 2)2r+2
= kA (27 27,2020
> kG (2% ,2,...,27,2F)

_ k(z(k—Z)r+r+l) ;

1—r
— ot
=kK2" %

which shows that (24) is also valid.

In the case r > 1 and k > 2, using the comparison inequality Ay = Hj o > H Lok
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and the 2-variable arithmetic-geometric mean inequality, we obtain
ro1

Fralun, ... +22 —( ) 4

k

1/1 r 171 r 1
— 2kA ’,...,—(— . ),—(— . )—
2%k (Ml 2\ + Uit 2\ + Uit "
1/1 r1/1 r 1
2ZkH%Qk(u{a“':E(u_i"'ui-&-l) ’§<u_i+ui+l> ’”_12>

— 171 1 d
—2]{(5( u1+22-2 '(u +u,+1>+u—k>)

i=1
1 - 171 1 1\’
— (21" ol-7 211 (_ i) A
(2k) <u1+ u+z gyt ) F 2 e
(2.2 42(k—2)2" 7 +2.27)

2’k1 r(z? +(k—2)+27)"
This proves the assertion when r > 1 and & > 2. Finally, by arithmetic-geometric mean
inequality again, we get

1—r

Fuaur, o) > YK T2 4 (k=2)+277) = 2k4, (271, 1,27
> VkG (27, 1,..., 1,27 ) = k2 =kt

which shows that (24) is also valid.
If k =2, then the lower estimates (23) and (24) simplify to the inequality

34r
Fr,2 2 27,

. r—1 1—r
On the other hand, with u; :=272 and u, := 272 , one can see that

1 roo1
Fro(uy,uz) = up + <—+M2> +— =27 27 =277,
ui us

which proves that the lower estimate 2% s sharp.
If r =1, then all the lower estimates simplify to the inequality

Fl,k P 2k7

which is attained at u; = --- = u; = 1. This proves that the lower estimate 2k is sharp
in this case.

Finally, we prove that (25) holds. This inequality is a consequence of (23) in the
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case k= 1. Thus, we may assume that k > 3 is odd. Then, for uy,...,u; € R}, we get

L1 ro k21 r 1 ro1
Fr,k(uly---auk):u1+<_+u2> + <—+ui+1> +(—+uk) +
uj = \u u

i k—1 M_;rC
k=3
>’+1+i<(l+ )r+< ! + )r>+ +
up+— — tuji Ujy2 e+ —
! - 2j " Uzj j+ ¢ Uy
k=3
r 1 8 r r l
>M1+u_r+ I/l2j+1+ = +I/lk+y
1 =1 2j+1 k
k-1 k-1
2 1 2
:Z<ugj+1+ ; )>Zzzk+1
j=0 2j+1 j=0

If r tends to zero in (23), then the limit of the lower estimate is 2v/2 4k —2, which
is smaller than k+ 1, showing that (25) provides a better lower estimate than (23) for
small positive values of r. [

PROPOSITION 4.3. Let r > 0. Then

1
5 ifm=n+3,
257 4 ( 4) 125\
m—n— v
CH, oy 2 ( ) ifm>n+4,0<r<l1,
rm—n m—n_l
=2\t 2 f(m—n—4) 427
(m . ) : Tmon 4y fm>=n+4,1<r
m—n—1 m—n—72

(26)
and the constant on the left hand side is the best possible if either m € {n+3,n+4} or
r=1. In addition, if m — n is odd, then

Chtyy 1 > 27)

N =

Proof. If m—n =2, that is, m = n+ 2, then the left hand side of (22) equals
zero, thus, the inequality is trivial. On the other hand, for (py, pp+1,Pni2) = (0,1,0)
equality holds in (22). Thus, in the rest of the proof, we may assume that m —n > 2.

To prove (22), let p € .7 (n|m) with p,, py >0 and pyy1,...,Pm—1 > 0. Then

m—1 m—2

o Z <Pi71+l?i+1>’: <pn+pn+2>’+ Z (Pi71+pi+1>’+<l?m72+pm>’
i=n+1 2pi Pn+1 i=n+2 Di Pm—1

m—2

> <Pn+2>’+ 2 (Pi—l +Pi+1>’+ <pm—2>’
Pn+1 i=nt2 ~ Di Pi Pm—1

—F (pn+2 pm—B)
—Orm—n=2\ —— 5o |-
Pn+1 Pm—2
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Therefore,

1
1 " pici+pis\ 1 Pn+2
L Pin1 T Pitl >(——  F P2
<m—n—1 z < 2pi ) 2"m—n—1) " 2 Dl

i=n+1
If m =n+ 3, then, by the k =1 case of Lemma 4.2, we get
n+2 . . %
(1 2 (P11+Pz+1>’> 2 1
250N 2 2

Applying Lemma 4.2, for k:=m—n—22>2and 0 <r <1, we get

1 mil (Pi71+l?i+1>’ %> 25" 4 (m—n—4)+2""
i - m—n—1

m—n—ll.:n+1 2pi

Similarly, for k:=m—n—22>2 and r > 1, it follows that

Pm-3
' Pm—2

)

743

i

( ! mil (pi1+Pi+1>r):>(m_n_2>% 2% +(m—n—4)+27
_ 1 > . :

—n—1,, 2pi m—n—1

m—n—2

To prove (27), assume that m —n is odd. Then, applying the inequality (25) for k =

m—n—2,we get

1 1
1 "il (pi_1+pi+1>r ’> (m—n—2)+1 ’:1
m—n—1 2pi “\ 2/(m—n—1)

i=n+1

which was to be shown. [

)

In the case when M is the (m —n — 1)-variable geometric mean G, we can estab-
lish the following result in which we will get an exact formula for the constant Cg, .

_1\m—n—
ProposSITION 4.4. Cg, , | = %

with Pn;Pm = 0 and Pntls-sPm—1 > 0,

1+ (=1t < ol ”ﬁ Pi—1+ Pit1
4 izl 2Di

and the constant on the left hand side is the best possible.

1
, that is, for all sequences p € . (n|m)

(28)

Proof. Assume first that m —n is even. Then the left hand side of (28) equals
zero, thus, the inequality is trivial. To show that the left hand side is optimal, define the

sequence p € . (n|m) by

Pni2i =€ (ie{0,....,m51}) and  ppyoi1i=1 (i €{0,.

m—n—2 })

ey )
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where € > 0 is an arbitrary positive number. Then, using that m —n is even, we can
obtain that

ml:f Pioi+Pit1 _ "i—[ REI N
imnr1 2D i=n+1
Therefore, the rights hand side of (28) equals "=/, which can be arbitrarily small.
Hence, in this case, we obtain that C; = 0.
Consider now the case when m —n is odd and m —n > 3. Using that the product
has an even number of factors, we get

1 m—n—3
"i—I pi-1+Dpir1 ﬁ Pnt2j 1+ Pnt242j Prt142j T Pni342)
i=n+1 2pi j=0 2Pn+l+2j an+2+2j
n175173
H Pnt242j  Pntl42j 1
- 2m7n71 :

j=0 2pn+1+2j 2pn+2+2j

Taking the (m —n — 1)th root of this inequality side by side, we obtain that (28) is also
true in the case when m —n isodd and m—n > 3.

To verify the sharpness of the left hand side of (28), let € > 0 be arbitrary and, for
i€{n,...,m}, define

m—i—1

£ 2 if i — nis even,
pi = i—n—1 P .
g 2 if i —nis odd.
Then
m—1 m—n—3
H Di—1+Diy1 ﬁ Pn+2j+ Pnt242j Pnt142j+ Pni342)
i=n+1 2pi =0 2pnr142) 2pni242j
m=n=3  m-n-2j-1 m—n—2j-3 . .
12[ £ 2 £ 2 el 1+ gitl
- j ’ m—n—2j-3
j=0 2¢ 2e 7z
m—n—3 me—n—1
B HZ <£+1 l+£> B <1+s)
=0 2 2 2

By taking € arbitrarily small we can see that the right hand side of the above equality
can be arbitrarily close to 2,,, =——1 » Which shows that the left hand side of (28) is a sharp
lower bound for the right hand side. [J

PROPOSITION 4.5. Cy ), that is, for all sequences p € . (n|m)

co.m—n—1

with Pn;Pm = 0 and Pntls-sPm—1 > 0,

=Cos (mTin

T . + .
cos ( ) < max DELTPHL (29)
m—n n+1<i<m—1 2pi

Moreover, with p; := sin ( ) the inequality (29) holds with equality.
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Proof. Let
—  max Pi—1+ Dit1
a: n+1<i<m—1 2pi ’
Then, using the positivity of py,..., p,, it follows that the sequence p is g-concave.
In the first part of the proof, we show that, for k € {n,...,m— 1},
0 < Up—n(q) and  Ug—p-1(q)Prt1 < Uk—n(q) Pk (30)

These inequalities are obvious for k = n because Up(q) =1 and U_1(q) =0 < p,. As-
sume that we have proved (30) for some k € {n,...,m—2}. Then, by the g-concavity
of p, we have that

Pr+ Prt2 < 2qpis
Multiplying this inequality by Uy_,(g) = 0 and adding it to the second inequality in
(30) side by side, we get

Uk—n-1(@)Pics1 + Uk—n(@) P2 < 2qU—n(q) Pict1
which, by applying (3), implies

Uk—n(q@)Pk+2 < 2qUs—n(q) = Uk—n-1(q)) Pir1 = Up—n+1(q) P11

This inequality shows that U;_,11(g) is nonnegative and the second inequality in (30)
is valid for k+ 1 (instead of k).
Based on the first inequality in (30), for k € {n,...,m — 1}, we now show that

cos <k—|—%> <q. 31

This is obvious if k = n, since ¢ is nonnegative. If k =n -+ 1, then (30) gives that
0 < U(g) =2q and hence g > 0 = cos (%), which proves (31) in this case.

Now assume that (31) holds for some k € {n+1,...,m —2}. The two largest
zeroes of Upyi_, are cos(kfz” ~) and cos (55=;), furthermore Uy _y(r) < 0 if

= n) <t< cos(kJr2 -) and Upy (1) > 0 if 1 > cos (5= ) . Observe that
2

3 < of < 2. Therefore, cos (g75) < cos (77=;) < cos(5=)- If q
were smaller than cos (H%) , then, by the inductive assumption, cos (Hﬁ) <g<
cos (755=;) and hence Up11-4(g) <0, which contradicts (30) (if it is applied for k- 1
instead of k. Thus must be nonsmaller than cos ( which shows that (31) is valid
for k+1.

Finally, applyinq (31) for k =m — 1, we can conclude that cos (m’in
proves that (29) holds.

To verlfy that (29) is sharp, let p; := sin (=2
ie{n+1,. —1},

cos (

k+2— n)

) < ¢, which

L) for i € {n,...,m}. Then, for

Pi-1+Dit1 sin (0 w) +sin ()
2pi N 251n(m nrc)
25in( i ) (

)

N 2sm(
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which shows that (29) holds with equality for this particular sequence p. [

As a curiosity, we can obtain the following inequality for the cosine function.

COROLLARY 4.6. For m > 3,

m-4+v2 <eos(2), (32)

m—2

and equality holds if m = 4.

Proof. If m = 3, then the inequality is equivalent to V2-1< %, which is obvi-
ously true.

If m >4 and r > 1, then, in view of Proposition 4.3, for all sequences p € .7 (0|m)
with po,pm = 0 and py,...,pm—1 > 0, we have that

<m—2>% 2%+(m—4)+212;rr

m—1 m—2
Po+p2 Pi—1+ Dit1 Pm—2+Pm
<Cy,, , ey ey
2[71 Zpi 2pm—l
< Po+ D2 Pi—1+Pit1 Pm—2+DPm\ Pi—1+ Pit1
X CH, sy gy = ma _—.
‘ 2p, 2pi 2Pm-1 I<ism—1 2p;

By taking the limit r — oo, it follows that

m—4+\/§< Di—1+Pit1
———— < max ————.
m—2 1<i<m—1 2pi
In particular, with p; := sin (#TL’) , we get that
m—4-+2 T
———— < cos (—),
m—2
which was to be shown.
V2

For m = 4, both sides of the inequality are equal to %= and hence equality holds
in (32). O

5. An application of g-concave sequences

In this section, we consider a selfmap of the space R” which originates from the
investigation of approximately convex real functions. Our main aim here is to prove
that it has a unique fixed point.

In what follows, we will adopt the following convention: For an arbitrary sequence
a€ S(1]n), let a be extended to be in .(0|n+ 1) by setting ap := 0 and a,4; :=0.
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For n € N and for a vector y= (7/1""’71%0 cRT , we define the map .7, : R" —
R" by

Ai—j+ aitj

(Fa)), = min ( 3

1< j<min(i,n+1-i)

+y,~> (@eR"ic{l,....n}).

In order to make the map .7, a contraction with respect to a suitable norm on R”,
we construct new norms in terms of positive sequences. Let |- | denote the maximum
norm on R”, which is defined as |a|. := max; <<, |ai|. If p € .7 (1]n) is a sequence
with positive members, then we define |- ||, : R* — R by

A —1 e |
lallp == max p;*ail = p~"al  (a €R").

It is easy to check that || - ||, is a norm, and hence R” is a Banach space with respect to
1 1lp-

THEOREM 5.1. Let p € ./ (1|n) be a sequence with positive members and define

‘= max
a4 1<i<n 2pi

. . 1 < 17
Pi 1+-pz+1 and C]* — {C] fq 33)

TL%J(‘]) ifg>1.

Then, for all vy € RL%J, the mapping Jy is q*-Lipschitzian on the normed space
(R™"||-||p). In particular, if p is strictly concave, then Fy is a contraction on the
normed space (R",||-|,).

Proof. First of all, for all k € N, we prove that the function min : RF S R s
Lipschitzian with respect to the maximum norm |- | with Lipschitz modulus L = 1.
Indeed, if x,y € R¥, then

min(x) = min x; < min
1<i<k 1<i<k

/

(yi+ i —il) < llgl.igk (vi+Jx = yle)

< min y; 4 |x — y|e = min X — Yoo

< min yi+[x -] ) + =yl

Interchanging the roles of x and y in the above argument and then combining the two
inequalities so obtained, we get that

| min(x) —min(y)] < br— 3l

which proves our statement.

The definition of the number ¢ in (33) implies that p € . (0|n+1) is a g-concave
sequence, and according to Proposition 4.5, g > cos (#) . Then, g > cos (%) for all
Jj€{1,...,n}. Therefore, applying the last inequality of Proposition 3.3, we obtain
that, forall i € {I,...,n} and j € {1,...,min(i,n+1—1)}, (18) holds. Hence, on the
same domain,

Pi—j+ Pi+j <
— = < Ti(g).
2 (@) (34)
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If i € {1,...,n}, then min(i,n+1—1i) < W = 2 , which shows that the max-
imal value of j is L”zilj Therefore, (34) implies that, for all i € {1,...,n} and
je{l,...,min(i,n+1-1i)},

Pi—j T Pi+j <m

2pi aX{Tl(Q):---aTszr_lJ(q)}. (35)

In what follows, we show that the right hand side of this inequality equals ¢*.

If cos( ) < g < 1,then 0 < arccos(q) < 11 Therefore, according to the first
part of Lemma 2 1, the sequence Tj(g) is decreasing for j € {0,...,n+ 1} and hence
Ti(q) < Ti(q) =q=q" forall j€ {1,..., | =]} If g =1, then Tj(q) = 1 =g for
all j € N. On the other hand, 1 < ¢, then according to the second part of Lemma 2.1,
the sequence (7i(g));, is increasing and hence Tj(g) < Ln+lJ( q) = q* holds for all
je{t,... =Y.

Observe that, by the definition of the norm || - || ,, for every a € R”, we have that
|lai| < pillal|p is valid for i € {0,1,...,n,n+1}. Now let i € {1,...,n} be fixed. Using
the Lipschitz property of the minimum function with k := min(i,n+ 1 — i) and the
inequality (35), for all a,b € R", we get

P [(Fl@); = (b)),

;. L b.i. b .

~ P 1< j<min(i,n+1—i) 2 1<j<min(i,n+1-i) 2
_ di—j+ diyj bi—j+biyj
et |(GE Ly (Pt
S Pi 1< j<min(i,n+1—i) 2 Y 2 Y
a-,'—b-,- + |a; ._b. .
max ‘ i—J i J| | i+j 1+J|
1<j<m1n(z n+1—i) 2pi
< max Pimj TPy, bll,
1< j<min(i,n+1-i) 2pi
< max a—>b a—>b
< max  T(g)a=bl,<q’la=bl,
Now, upon taking the maximum with respect to i € {1,...,n}, we arrive at

| Fhta) ~ 7)< 4" lla— b,

which completes the proof of the ¢*-Lipschitz property of .7, on (R",||-||,).
If if the sequence p is strictly concave, then it is g-concave with some g < 1.
Therefore, the g-Lipschitz property of .7, shows that the map .7, is a g-contraction

n (R [[-[lp). O

COROLLARY 5.2. Forall y € RL*F , the mapping Jy : R" — R" has a unique
fixed point in R".

Proof. Let p;:=i(n+1—i) fori€{0,...,n+ l} Then, by the geometric mean-
arithmetic mean inequality, we have that p; < ("+1) Thus, forall i € {1,...,n} and
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je{L,...,min(i,n+1—1i)}, we have

Piejtpirj _ (i=jatl-itj)+(i+j)nt+1-i—J)

2pi 2i(n+1—1i)
2i(n+1) =22 -2 i(n+1)—i*—j?
T 2in+1-i)  in+1-i)
in+1-i)—1 pi—1
in+1—i)  pi

()21 2+on-3
(nzil)z Con24+2n+1
(n—1)(n+3)
(n+1)2

N

Therefore, the sequence p € . (0ln+ 1) is g-concave with g = % < 1. Ac-

cording to the Theorem 5.1, the mapping .7, is a g-contraction on (R”",||-||,). There-
fore, by the Banach Fixed Point theorem, it possesses a unique fixed point. [
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