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INEQUALITIES FOR TRIGONOMETRIC SUMS IN TWO VARIABLES
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n
Abstract. We prove sharp inequalities for the two-variable versions of the sum 2 -

1. Introduction

Inequalities for trigonometric sums and polynomials have many applications in
approximation theory, special functions theory, see e.g. [4]. The classical one is

B i sin(kx)
-k

The validity of (1) was conjectured by Fejér in 1910 and proved one year later by
Jackson [5]. Many refinements, generalization can be found in the literature [7].

In 1932, Koschmieder [6] showed that the Fejér-Jackson inequality (1) can be
applied to prove an extension for two variables:

(n=1, 0<x<m). (1)

n M k
xyzzﬂ 0 (=1, 0O<xy<n). )

Turén [8] published in 1938 an upper bound for F,(x,y). Let 0 <y < . Then

T— if 0<x<y,
Flry) < {770 HOsxsy 3)
(m—x)y, if y<x<m.

In 2009 Alzer and Shi [3] proved that
Fxy)<m/8  (n>1, xye(0,m), 4)
where 72/8 is the best possible constant. They also proved for n > 1, x,y € (0,7)

2 cos(kx)cos(ky) _ n?

_1<Gn(x7y): z 2 ?7 (5)
k=1
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\/—(34-\/—) i cos (kx sm(ky) _ V3(3+3)
w2 = 42

where the constants are the best possible.
In 1932, Koschmieder [6] showed thatforn > 1,0 <x—y< 7w, 0<x+y<m

(6)

n? % cos(kx) cos(ky) - n?

- <q, z
73 < Gnlay) = P 6

The aim of this paper is to improve these results and to give some other estimations
for trigonometric sums.
We prove the following estimations in Theorem 1-3:

(x(z —x)y(m—y))'"/2.

N —

Fn(x»y) <

Here (x(7 —x)y(m —y))'/?/2 < n?/8, (see (4)), and for

<x<y<m, or

Ty

41 —3y
it is sharper than (3).
The next one is

Gn(x,y) < (%2 - %ﬂﬂ—ﬂ) " (%2 - %y(ﬂ—y)> 1/27

which is sharper than 2 /6, (see (5)).
At last, we have

Hy(x,y) < (%2 - %ﬂﬂ—ﬂ) " (%y(ﬂ—y)> 1/27

that is sharper than (6) for certain numbers x,y € (0,7).

In Theorem 4 a refinement of (6) is given. In Theorem 5 a lower estimation is
given for a generalization of F,(x,y). In Theorem 6 we extend the validity of (3) for a
generalization of F,(x,y). In Theorem 7 a lower estimation of G,(x,y) is derived.

2. Known and new Lemmas

We define for positive integers n and real numbers x the function

B i sin(kx)
B

LEMMA 1. For n> 1 and x € (0,7) we have g,(x) > 0.
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Proof. See [3] Lemma2.1. [

In the next lemma we give an improvement of [3] Lemma 2.3.

LEMMA 2. Let s,t be real numbers with 0 < s <2n, —n <t <mw,andt <s
Then we have for n > 1

enls), if —m<t<0,0<s<m,
gn(s)+gn(t)< 0, if —m<t<0,m<s<2m,
2 ) ebel s rogr<s<,
””2(’), fO<t<mm<s<2n

Proof. We use the idea of [3] Lemma 2.3, modifying it where it is needed.

Case l. —mw <t <0.
Let 0 < s< 7. Lemma | gives g,(¢) < 0. Thus

gn(s) +gn(?) < gn(s)
2 =2
Let m <s<2m. Since
gn(s) = —gu(2m—5) <0
we have
gn(s) +gn(?)

<0.
2

Case 2. 0 <t <
Let m <s. Then T <s<2mand g,(s) <0. We obtain

gn(s) +gn(t) < gnlt)
2 S22
This completes the proof of lemma. [J

LEMMA 3. Forn>1 and 0 < x < m we have

n
Z (1 —x)
with the best possible constant factor
o — 1, if nisodd,
" 10.663959..., if niseven.

Proof. See[1] U

The next lemma is well-known.
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LEMMA 4. For n > 1 we have

| 1 2 By 6By
_—1 - _ P
kg’l KB trE 2n ]Z’l 2kn%*  2pn?r’

where 0 < 01 < 1, y is the Euler’s constant, and B;’s are the Bernoulli numbers,
B, =1/6, B4=—1/30.

LEMMA 5. Forn>1 and 0 < x < we have

2 sin(kx
(=3 5D g n ),
ok
where
1, if n=1,
ﬁn: 5/6, lfn:3
(1—op)log2+ oy =0.896884..., if n#1,3.

Proof. Using summation by parts we obtain
L 1 S
= Z +> n)
= k k+1 +1
Case 1. n="2m.

Applying Lemma 3 we can write

2m
1 1 0m (T —x)
gam(x ZO"‘” %) (k /<+1)Jr 2m 1

2m 1 1 o
=(m—x) (kzlak<%_k+1>+2m+1 :

2m m
11 o 1 1
2 (k k+1>+2 +1_a12<2]‘—1_2—j>

k=1
2 1 1 [0%]
a —_
+ 2§(zj 2j+l)+2m+l

Here

=(a a)i ! +a+a2_ Zl
= (0 2-_12j—1 73 27
j_ —
Since ,
UL | o 1 ALy
Sr+igiodt
.,':12] j:12]_1 k=1k
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that is,
i 1 ] 1%1
j=12j—1 =k 2/21]
we obtain
2m 2m m
1 1 oh 1 1
ol ———— =(og — o oh— o op.
g,l k(k k+l)+2m+1 (en 2>,§1k+( ) 1)2,1]4- )

Using Lemma 4 with p =1, we get for m > 1

2m

1 Zo1
(=) Y —+(m—a) Y -+
-1k =1/

1 6:B>
= (o — ) <log2+log( )—H/—i——m—zl )

1 6,B
— (o — ) <log(m)+y+%— : 2)

1 46,—06
2(061—062) <10g2—%+#>+a2

48m?
< (o —ap)log2+ o =0.896884 ...

Thus
gom(x) < (o — ) log 2+ o) (7w — x).

Case2. n=2m—1.
Applying Lemma 3 we can write

2m—1 .
gm-1(x) < Y, o(r—x) (l ! ) + Oom—1 (T —X)

2m

k=1 =
—1
+a2r:=21<2ij_2J1+1>
_a2+(a1—a2)j§ﬁ OQ;O“’:_E
_a2+(a1—a2);12121_1_0‘22;n051 Otz;oq;l;
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Since

we obtain

= m 2m

Using Lemma 4 with p =1, we get for m > 3

2m m
o) — 0 1 1
B — +062+(061—062)2%+(062—051)2—.
m k=1 j=1

= (o — ) (log 2+
< (o —ap)log2+ o =0.896884 ...
For m =1 we obtain

o) — 0 2m 1 m
oo+ Hlon—0m) Y, -+ (m—o) Y,
2m i1k j=1

is strictly increasing and

For m = 2 we obtain

We prove that the function f is strictly increasing.
Let us write

flx)= % Sricn_(sz (32 + 18cos(x) + 16cos2(x)).
Then |
f/(x) = 36(7T—.X)2F(x)’

2m—1
1 1 o o — 0 1
Zak<k k+1>+2 =+ + (ou 062)Zk+(062 o)

OCl—OCQ_L 492—91
2m 4m 48m?

Jj=1

~. | —
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where

F(x) = (m —x)(48cos’ (x) + 36.cos?(x) — 18)
+ sin(x)(32 + 18 cos(x) + 16cos’(x)).

We have to show that F(x) > 0 for x € [0, 7). Calculation gives

F'(x) = —72(m — x) sin(x) cos(x) (2 cos(x) + 1).

845

It yields that F is strictly increasing in [0,7/2] and [27/3, 7], strictly increasing in
(n/2,21/3]. Since F(0) = 66m, F(n/2) = —91+32, F(21/3) = —5m+27+/3/2

are positive numbers and F (7) = 0 it follows that F is positive in [0, 7).
From the strictly monotonicity of f on [0,7) we get

5
f(x) < lim f(x) =2 =0.833333...,
x—m—0 6

that is,
(m—x). O

AN W

g3(x) <

LEMMA 6. Let a; (k=1,...,n) be real numbers such that ay > a > ...

0. Then we have for all integers n > 1 and x € (0,7)

Proof. See [2] Corollary 1. [

LEMMA 7. The Taylor series of tangent function is

tan(z) = i 22— )¢ @2n)r 2L 7 < /2,

n=1

where { is the zeta function of Riemann.

Proof. Seee.g. [4] 1.20(4). O

LEMMA 8. Forn>1 and 0 < x < we have

n kx 2
mix) =Y S g Bion )
k=1

where



846 V.E.S.SzABO

Proof. Applying the inequality in Lemma 3 we obtain

cos(kx) —cos(k0) & 1
2 * ,;1 2

3. New Theorems

In this section we prove our sharp estimations for the trigonometric sums in two
variables, which we defined in the first section.

THEOREM 1. For all integers n > 1 and real numbers x,y € (0,7) we have

F(ry)= 3 SnE0sinh) L oym— )2,

because

> sinz(kx) 1 & 1—cos(2kx)
)Y 5;7

n? °°1

I\JI'—‘

THEOREM 2. For all integers n > 1 and real numbers x,y € (0, 1) we have

2 cos(kx)cos(ky) 1 2 ;2 1/2
Gn(x;y):kg,lT< (z—ix(n—x)> (?_Ey(n_y)> )
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Proof. By the Cauchy-Schwarz inequality we have

i s(kx) COS(ky) - (i Cogz(kx)> 1/2 (i cOsz(ky)>l/2

k=1 k=1
_ i — sin? (kx) 1 il—sinz(ky) 1
k=1 k2 k=1 k2

- (%2 —~ %x(n—X)) " (%2 - %Y(”—Y)) 1/2~ -

THEOREM 3. For all integers n > 1 and real numbers x,y € (0,7) we have

& cos(kx) sin(ky) 1 12 12
Hn(x7Y)—]§1k72< (?_Ex(n_x)> (53’(”—)’)) .

Proof. By the Cauchy-Schwarz inequality we have

i )sin ky) < (i cosZEkx)) 12 (i sinj{ﬁkx)) i

k=1 k=1

THEOREM 4. For all integers n > 1 and real numbers x,y € (0, 1) we have

%(n—x—y)7 {m/2<x,y<m—x}, or
{y<x<nm/2};

0, {m/2<x,m—x<y<xh

Pum =), x<m/2,x<y<m—x};

%(ﬂ:_y_-x)7 {xgﬂ:/z,ﬂ—xgy}7 or
{m/2<x <yl

L cos(kx)sin(ky)
Hy(x,y) =Y, — 2 S
=1

and

~B(rry-x), {m/2<xy<m—2}, 0r
{y<x<m/2}

— By, (m/2<x, m—x<y<x}

0, {x<m/2,x<y<m—x};

~B(ety—m), {x<m/2,m—x<y} or
{m/2<x <y}

Hn(xay> 2
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Proof. First consider the upper estimation. Let 0 <x,y <7, s=x+y,and t =

y—x. Then we get
8n(s) +8n(t)

Hn(xay> = 2

Since 0 < s <2, —w <r < 1, and f <s we can apply Lemma 2. Solving the inequal-

ities for x and y we have the following cases.

Casel. m/2<x<mand 0<y<m—x,or 0<y<x< /2.
In this case

1 n
Hae) < gl ) < P (mx ),
Case2. n/2<x<m,and T —x<y<x.
In this case
H,(x,y) <0.

Case3. 0<x<m/2and x<y<m—x.
In this case
Hn(x7y) g ﬂn(n_y)

Case4. 0<x<rm/2and m—x<y<m,ort/2<x<y<T.

In this case
n

|

Hy(x,y) < (T —y+x).
Now consider the lower estimation. Since
Hn(xay) = —Hn(TC—x,TC—y),

from the upper estimation we immediately obtain the lower estimation. [l

THEOREM 5. Let a; (k= 1,...,n) be real numbers such that ay > a; > ...

a = 0. Then we have for all integers n > 1 and x,y € (0,7), x>y

i sin(kx) sin(ky) _ J aip(x,), x+y< W
Ay———%» =2
= k2 ap(r—x,mt—y), x+y>m,

where

1
px,y) = 150" (15x4(377: —x) — (457% 4+ 50%)x°

+15m(m? + 6y)x* — 15y*(3n% + y)x + 5°y* + 9my?) .

>

Proof. Since sin(k(m — x))sin(k(m —y)) = sin(kx)sin(ky) we may assume that

x+y < . Obviously
sin(kx)sin(ky)  cos(k(x—y)) cos(k(x+y))
TR I
sin

X4y
= / (k) dt.
x—y k
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It yields
dt.

Ay

i sin(kx) sm(ky) 1 & sin(ke)
pas 2k &k

Applying Lemma 6 we obtain

= 4 Jiy 2 2

Here 0 <x+y< 7w, 0<x—y<m. Using Lemma 7 it implies

/:Jyrytz (cot (%) — TCT_t dt = /:J;yt2 (tan (TCT_[) - ET_I) dt
2 / x+yt : M dt
—y 24
=50’ (le (37 —x) — (457 + 50y%)x°
+157(n2+6y%)x? —15y* 3 +y*)x+5my* +9my*) .
Now the proof is complete. [

COROLLARY 1. Ifwe assume that x < 1t/2 in Theorem 5, then the sum is positive.
By numerical investigation we can extend the restriction beyond 1 /2.

THEOREM 6. Let a; (k= 1,...,n) be real numbers such that ay > ay >
an = 0. Then we have for all integers n > 1 and x,y € [0, ]

L sin(kx)sin(ky) {aly(ﬂ:—x)7 y <X
3 g Snlko)sinlly)
=1

k2 ax(m—y), x<y

ez

Proof. Since sin(k(m — x))sin(k(m —y)) = sin(kx)sin(ky) we may assume that
x+y < m. In addition, we may assume that x > y. As we have seen in the proof of
previous theorem it holds

Ay

z (kx)sin(k 1 & in(kt
Eak sin(kx sm( y) sin( )dt,
k=1 2 X=Y k=1 k

where 0 < x—y < x+y < m. Here we have the identity (see also [2] (3.13))

iak Sinl(ckt) - i ((ak_ak-H) Sin(.jt)) (@1 =0).
k=1 k=1 J

Using the estimation of Turdn [8]

k

j=1

sin( jt
2 (.J ) <m—t,
J

J=1
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and agy —agy1 =0 (k=1,...,n) it follows

4 k 1 xty
z sin(kx sm( y) 2 al(n:—t)dt
= aly(n: —X).

The other cases, x <y, x+y > 7 can be handled similarly, see [&], p. 281. [

THEOREM 7. Forall integers n > 1 and real numbers x,y € [0,x], x >y, x+y <
T we have
=, cos(kx)cos(k
Gyl 2%/ n+ 3 T(— 2nx+x2+y2).

Proof. Since 2cos(kx)cos(ky) = cos(x —y) +cos(x+y), we can write

hn(x =)+ ha(x+)
> .

Gn(x7y) =

Applying Lemma 8 we get

1 (0% Oy
> - My _ _ oy —
Gale) > 5 (3= T (= 0) 2= 2) + 5= 2 (x4 1) (27— x )

o,
=T+ —(2mx+x*+y?). O

2 (
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