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LYAPUNOV-TYPE INEQUALITIES FOR A NONLINEAR
SEQUENTIAL FRACTIONAL BVP IN THE FRAME
OF GENERALIZED HILFER DERIVATIVES

NGUYEN MINH DIEN* AND JUAN J. NIETO

(Communicated by J. Pecari¢)

Abstract. We consider a nonlinear sequential fractional boundary value problem (BVP) in the
frame of generalized y -Hilfer derivatives. We obtain the Green function and some of its proper-
ties, from which we derive a new Lyapunov-type inequality for our problem. As a consequence,
we present a lower bound for the eigenvalues of the problem. We give some existence results.
We emphasize that our results are still valid for some other classes of source functions having
some singularities.

1. Introduction

The well-known Lyapunov inequality was firstly proposed and proved by Lya-
punov [10], in which the author showed that the necessary condition for the following
problem

W)+ q(u@t)=0 a<r<b
u(a) =u(b)=0

to have a nontrivial classical solution is

b 4
ds > ——.
| lats)las > =

This result is one of the most significant inequalities and has many practical applica-
tions in the theory of differential equations such as oscillation theory, stability criteria,
disconjugacy, eigenvalue problems, etc., we refer to [2, 12, 14, 15, 16] and the refer-
ences therein.

In recent years, there are numerous versions of Lyapunov inequality that have
been investigated for differential equations with various types of fractional derivatives.
In fact, Ferreira [3, 4] derived some Lyapunov-type inequalities for the fractional BVPs
with Riemann-Liouville and Caputo fractional derivatives. Ma et al [11] investigated
Lyapunov-type inequality for the fractional BVP with Hadamard fractional derivative.
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Wang et al [17] considered Lyapunov-type inequalities for the fractional differential
equation involving Hilfer fractional derivative with multi-point boundary conditions.
Very recently, Zohra et al [19] established Lyapunov and Hartman-Wintner-type in-
equalities for the nonlinear fractional BVP with generalized y -Hilfer fractional deriva-
tive. Besides, the authors also obtained some existence results for this problem.

Lyapunov-type inequalities for BVPs involving sequential fractional derivatives
were also considered in some recent papers. Ferreira [5] and Zhang et al [18] inves-
tigated Lyapunov-type inequality for the linear fractional sequential BVPs involving
Caputo fractional derivatives and Hilfer fractional derivatives, respectively. In 2020,
Ferreira [6] derived Lyapunov-type inequality for the nonlinear sequential fractional
BVP with mixed Riemann-Liouville fractional derivative and Caputo fractional deriva-
tive. Recently, some Lyapunov-type inequalities for nonlinear fractional hybird equa-
tions with sequential Riemann-Liouville fractional derivatives were also considered in
[8] and other existing references therein.

Motivated by [5, 6, 18], we consider the following nonlinear sequential fractional
BVP in the frame of generalized y -Hilfer fractional derivatives

("DLPYEDERY ) (1) + f(1,ut) =0, a <1 <b (1)

subject to the conditions
u(a) ="DEPVu(b) = 0, @)

where 0< 0; <1,0< B <1 (i=1,2,3), oy + 0 >1,and HD‘;;ﬁ"""’ (i=1,2,3)stand
for the y-Hilfer fractional derivatives (see definitions in section 2). Here we obtain a
Lyapunov-type inequality and some existence results for our problem. As a result of
Lyapunov-type inequality, we also obtain a lower bound for the potential eigenvalues
of our problem.

It is worth noting that the results closest to our work were obtained in [5, 6, 18].
However, in the work of Ferreira [5] and Zhang et al [18], Lyapunov-type inqualities
were only investigated for the linear sequential fractional BVPs in the frame of Caputo
fractional derivatives D%, CDE +(+) and Hilfer fractional derivatives Dgﬁ'r’ﬁ ! Dgi’ﬁ 2(9),
respectively. Particularly, Ferreira [6] investigated Lyapunov inequality for the nonlin-
ear sequential fractional BVP with Riemann-Liouville and Caputo fractional derivatives
D¢, CDg (+). In our work, we consider a nonlinear sequential fractional BVP (1) and
(2) in the frame of generalized y-Hilfer fractional derivatives 7 Dg‘}r’ﬁ LY H Dg‘i’ﬁ 2V,

The paper is organized as follows. In section 2, we set up some notations, present
the concept of v -Hilfer fractional derivative and some of its properties. We also intro-
duce some lemmas that will be used in the proofs of the main results. In section 3, we
discuss a Lyapunov inequality and investigate some existence results for our problem.

2. Mathematical preliminaries

This section is devoted to presenting definitions and some basic properties involv-
ing y-Hilfer fractional derivative. Moreover, some auxiliary lemmas are given prior to
proceeding to the main results of this paper. We start by setting some notations.
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For a < b, let us define
Hlla,b)={y e C'la,b]: y'(t)>0 forall € [a,b]}.

For ¢ € C([a,b],R), we denote ||| = sup,c(, 5 |¢(t)[. We also denote Ry = {x € R:
x=0}.

We now present the concepts of fractional integral and fractional derivative of a
function with respect to another function.

DEFINITION 1. (see [9, 13]) For @ >0, y € H![a,b], and f € L'[a,b], the frac-
tional integral of a function f with respect to the function y is defined by

o 1 d ’ o—
L0 = gy [ ¥ @00 (@) f() ar,
where T'(+) is the classic Gamma function.

DEFINITION 2. (see [13]) Forn—1< o <n,and f,y € C"a,b] with y/'(t) >0

for all ¢ € [a,b], the left-side y-Hilfer fractional derivative Dgf Y(.) of function of
order o and type 0 < B < 1, is defined by

o, n—o 1 d " n— OC
OGPV f() = 12 W(W)E) I PV ). (3)

REMARK 1. The wy-Hilfer fractional derivative is generalized from well-know
fractional derivatives such as Caputo, Caputo-Katugampola, Hadamard, Riemann-Liou-
ville, etc. For example

(i). Taking the limit B — 1 on both side of Eq. (3), we get

Hpo Ly _ By (1 d ! Cryo.y
D) =2 (i) F0 =D )

the y-Caputo fractional derivative with respect to another function.
(ii). Taking the limit B — O on both side of Eq. (3), we get

o, 1 d " n— OC OC.
D0 = (g ) BP0 =D )

the y-Riemann-Liouville fractional derivative with respect to another function.

For complete surveys of basic properties of the fractional operators - jr"’(-) and

H ngrﬁ l"() , we refer to [9, 13]. In this paper, we will use only the following properties.

LEMMA 1. (see [9, 13]) We have
(i) If fe€Ca,b], n—1<a<n,and 0 < B <1, then

10‘ WHDOCI3 Wf ch ))y—k7
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with y=a+ B(n—a) and ¢, = o= k+1 f[" k]l B)n= a)f(a). Herein flgf]f(x) =
(k) 70
(ii). For o, >0, we have I%VIPY £(1) = 1PV £ (1),

Now, we present some lemmas which play an importance role in the proof of main
results of the paper.

LEMMA 2. (see [1]) Let o, be two non-negative numbers. Then, the function

T'(x)T(o+p+x)

PP e

is completely monotonic on (0,+o). Moreover, we have

T'(x)T(a+ B +x) -
T(o+x)T(B+x) ~

forany x > 0.

LEMMA 3. (Jensen’s inequality) Let U be a positive measure and let Q be a mea-
surable set with () = 1. If u is a real functionin L' (1), if a < u(t) < b forall t € Q,
and if f is a convex on (a,b), then

f(/gudu> </Q(fou) du. (4)

If f is concave on (a,b), then the inequality (4) holds with < reversed.

LEMMA 4. (The nonlinear Leray-Schauder alternatives fixed point theorem [7])
Let B be a Banach space, and let W be a closed convex subset of B. Let V be a
relatively open subset of W and 0 € V. Suppose that Q : V — W is a continuous
compact mapping. Then we have either

(i). O has a fixed point in V
or

(ii). There exist A € (0,1) and u € dV such that u = AQu.

3. Main results

This section is divided in three parts. In the first part, we investigate the Green
function of our problem and some of its properties. In the second part, we present a
Lyapunov inequality and give a lower bound estimate for the possible eigenvalues of
the problem. In the third part, based on the properties of the Green function, we discuss
the existence results for our problem.
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3.1. Green’s function

We begin by transforming the problem (1) and (2) to integral equation.

LEMMAS. Let 0<o0; <1, 0<B; <1 (i=1,2,3) and oy +0p > 1, and let
v € Hlla,b]. Let u be a solution of the problem (1) and (2). If f(-,u(-)) € L'[a,b]
then u is a solution of the following integral equation

b
=/ G5,y (s)(w(b) — w(s)) 1%~ f(s,u(s)) ds S
where
o a+y—1 (w()—w(s ))a1+a2—1 <<t <
Gls,1) = Ci(y(t) —y(a))®n C2( (b)—y(s)e1To2—o3-1> ass<tsb, (6)
Ciw(1) - wla) @ n-t a<i<s<bh,

with yy =04 +Bi1(1—o0y) and C, =T (0 +7 —ag)/[l“(az—i—yl)l"(al +on—o3)(y(b)
— (@)@t ¢ = 1/T(0n + o).

REMARK 2. The Green function G in Lemma 5 is independent of the parameters
B2, Bs. Consequently, if the problem (1) and (2) admit a mild solution then, it may not
depend continuously on these parameters.

Proof. We have
1Y (DI I DEPY ) (1) = — 1Y e, u(e). )
On the other hand, we invoke Lemma 2.4 to deduce that
1Y (DB D@L (1) = DB —di () — @) @)
Combining (7) and (8), we obtain

TDEEPVu(e) = — I8V f (1 u(1)) + di (w(2) — w(@) .

Again, using Lemma 1, we get
) = o) — (@) Iy (0) — wla)) ) — 1 )
= ()~ (@)= s )~ @) Y )
)

dueto I3 (y(r) — y(a) "~ = et (y(n) — y(a) ™1 ~! where %= o+ Bi(1 -
o) for i = 1,2. Using the condition u(a) =0 and p— 1= (1—0p)(B; — 1) <0, we
figure out that d, = 0. On the other hand, we have

DBV u(e) = DGRV Y (1Y £ u(0) )

=IOV f(tu(n)
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and “DIPY (y (1) — y(a) 2 = T(on+71) (w(r) — w(a) 1=~ T +71 —
03). It follows from (9) together with d, = 0 that

H 03,839 _ I'(n) _ oty —o3—1 _ joqtop—os,y
D Yutt) = iz ()~ yta) Y ()

From the condition 7/ Dgi’ﬁ 3Yu(b) = 0, we obtain

d T(n)(w(b) — W(a))aﬁyl—arl
1 Top+y—os)
1

b
e | VO v () as =0,

— (oo +7—03)
T(71)T (o + 0 — 03) (w(b) — y(a))®tn—0-T

b
< [ WO B) =) e () ds,

d,

Finally, pushing the obtained coefficients d; and d, into (9), we have

u(t) = T(0n + 1 — 03)(w(t) — y(a)) 2!
F(OCQ + yl)l“(al + 0 — O@)(V](b) _ W(a))aﬁylfogfl

b
< WO B) = w(s) ™ f(su(s)) s

- [ VO - v s s

b
= [ Gl () wb) — w(s) @ fls,uls)) d.
The proof of Lemma is completed. [

DEFINITION 3. The function G(-,-) given by (6) is called the Green function of
the problem (1) and (2).

In the following propositions, we investigate some properties of the Green func-
tion.

PROPOSITION 1. Let 0 < 0; <1,0< ;<1 (i=1,2,3) and oy + o > 1, and
Vi =04+ Pi(1—o). Let v € H![a,b] and the Green function G be defined as in
Lemma 5. Then, for any a < #; <1, < b, we have
1G(s,11) — Gls,2)| < Clwts) — w(1))°,

where 6 = min{oy + o — 1,03} and C = Cy(y(b) — y(a))®2 =1 4 Cy(y(b) —
y(a))™.
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Proof. For a <1 <1, <s < b, using the fact that |A* — B*| < |A — B|* for any
A,B>0, x€0,1], we have

G(s,12) = G(s,11)| = C1 (w(t2) — w(a) >~ = (w(nn) — w(a)) "M 1)
f) = y(n) Nt
b) = (@) M1 (y(n) — y(n))° (10)
dueto 0 < op+79 —1< 1, where c =min{o; +on—1,03}.

For a < s <t; <1, < b, we also use the fact that |A* — B*| < |A — BJ* for any
A,B>0, x€0,1] together with 0 < oj + oo — 1 < oy + 7 — 1 < 1 to obtain

G(s,12) = G(s,11)]

<G ((y(n)—w(@) @ —(y(n) —y(a)®n)
(w(r2) —w(s) 2+t — (y(n) —y(s)nre!

(w(b) —y(s)nteaos-t

_ oty —1 (y(ty) — w(ty))toa!
<Ci(y(n) —y(t)) +C o) )T
) —

< Ci(w(n) = y(0) = 1+ Gy (b) — w(s)® (w(t) — yi(n)°
= [CL(w(b) = w(a)) > =+ Co(y (b) — w(@)™] (w(r2) = w(n)?, (A1)

where o = min{a; + o — 1,3} . Here we have used the following estimate

(y(r2) = y(ny))utoe!
(W) —y(s))urtea-as—l
op+op—o—1
- (Yo (W) — ws)® (wlts) — w(n))°
<(y(b) —y(a)®(y(t) —y(n))°.

For a <1t; <s <1t <b, we have

NN

+C,

(2%}

|G(s,12) — G(s,11)]|

<G ((wl) = y(@)™ ™" = (y(n) - wi@) =)
(w(t2) — y(s))nto-l

(y(b) — y(s))mto—as—1

<Ci(y(n) =)=+

+G

(y(n) —y(n))Mte!
(w(b) —y(s))™
< [Cr(w(b) — w(a) 2 M=o 4 Gy (y(b) — w(a)®] (w(2) —w(t))®,  (12)

where 6 =min{oy + 0 — 1,03} . Combining (10), (11) and (12), we obtain the desired
result of Proposition. [
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PROPOSITION 2. Let 0 < 0; <1,0< <1 (i=1,2,3) and oy + o > 1, and
Vi =04+ Pi(1—oy). Let v € H![a,b] and the Green function G be defined as in
Lemma 5. Then
max |G(s,1)| = Cmax,

asst<b
where
F(OCQ—I—%—O@) o
Chax = b) — 3
max maX{F(a2+71)F(OC1+062—063)(W( ) W(a))

o +op—1
n—o (y(b)—y(a)™ (F(az+%—l)r(a1+az—aa)) =
m+yn—1 T(og+o) C(on+op— (0 +7 —03)

with 71 > ¢, and
(y(b) —y(a))*®

C =
max F(Otl T Otz)

with 1 = oy .
Proof. We define the function

D(s,1) = Cr (1) — yla) !

for a <t <s<b. Using the fact that C; >0, oo +7 = o+ oy > 1, and y is the
increasing function, it follows that

_ win-1_ Lo +7—os)(y(b) —y(a)™
agi}éb@(s’t) = Ciy(b) - yla) ™ = (o + 1) (on + 00 — 03)

. (13)

We continue by defining the function

¢, W) —w(e)e!

5.1) = —wla))%tn—1 _
Y(s.) = €1 (w(0) = ()7 - o UM

fora<s<tr<b.
Let us fix 7 € [a,b] and consider the function Y with respect to second variable,
then

(p(t) — y(s) M2 2 (y(b) — y(s)) Mt n2
(w(b) — y(s))2eator—os—1)
X [(on+ o —1)(y(b) —y(s)) — (o +0n—o3—1)(y(r) — y(s))]

YS(SJ) =—-0G

<0
due to (01 + 0 — )(y(b) — w(s)) — (1 + 0 — a5 — D)(w(r) — w(s)) > (00 + 0 —
D) (w(0) — w(s)) — (01 + 02— 05— 1)(w(t) — y(s)) = o5 (y(r) — y(s)) > 0. Therefore,

Y(s,) is a decreasing function of s, which implies

max [Y(s,0)] = max {|T(a,0)},[Y(,0)]}

a<s<t<b
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It is clear to see that |Y'(r,7)| = ®@(s,#). Hence, we only find maximum of the
function |Y(a,t)|. To this aim, let us consider the following function

_ a op+on—1
0(1) =Ci(y(1) —y(a) ="' -G (VEEI;(;Z Wléja()))oaﬁ-az—az,—l
_ T(og+7—03)(y(t) — y(a))%2tn-1
T(0 + 1) (o + 0 — 03) (w(b) — y(a))tn—o—T
1 (w(t) — y(a)) @+t
C(oy + o) (y(b) — y(a))utea—o-1"

We can easily see that ©(r) =0 for 73 = oy . So, we consider only the case y; > o .
Firstly, for 9 > oy, we will prove that ©(¢) < 0 for all 7 € [a,b]. Indeed, it is

clear to see that ©(a) = 0. Therefore, we only show that ©(r) < 0 for all ¢ € (a,b].

Applying Lemma 2 with x := o + 0 — a3, o := 03, f := ¥ — 04, one has

Dot m)l(op+rn—o0)  Th+a)lx+p) <
Do+ +0m—0z) TEDx+a+p)
This leads to

L (pl) - @yt
%0 = Fon T o) (o)~ wla)erraat

o [ Tlon +on)l(on+71 — o) ( v(t) — y(a) )Vlo" »
(o +7)T(ou + 02 —05) \ y(b) — y(a)

< 1 (p(t) = y(a)@ro! (r

= r((Xl —+ 062) (l’/(b) _ V/(a))aﬂrazfogfl T

<0

Py g

ato)l(n+y—o) 1)
o+ 7)o+ o — o)

dueto vy — oy >0 and (y(t) — yw(a))/(y(b) — y(a)) < 1 forall ¢ € (a,b].
Secondly, for y; > o, by direct computations, we have

ol ! (W) — y(a) @+

Floa 06— 1) (w(b) — y(@) e
% (F(a1+a2—1)r(a2+y1 03) (l{/(t)—ul(a))”al_l).

T +y— 1l (oq + 0 — 03) \ w(b) — y(a)

Thus, ©'(1p) = 0 if and only if

(a)>y'a' _ Tlop+n—D(on +0on—o3) (14)

C(oy +oo— (0 +7 —oa)
Or,

— _ 1/(yi—ou)
w(to) = w(a)+ (w(b) — w(a)) (F(Ocz +71— Doy + 0 a3)>

oy +or— DI (047 —o3)
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Applying Lemma 2 with x:= oy +0p— 1 and o :=y — ay, B :=1— a3, we have

Foo+n—D g+ —o03) T+ o)l(x+p)

O ot D)(oat 7 —o5) TGt ot B)

<. (15)

It follows y(a) < y(1) < w(a)+ (y(b) — y(a) = y(b), or a =y~ (y(a)) <1 <
v (y (b)) = b. Thus, from the facts that ©(a) = 0 and ©(¢) < 0 forall 7 € (a,b], we
deduce that max,<,<, |©(r)| = |O(t0)|. Using (14), we have

1 (w(to) — y(a)) @t

0= Foq +a) (w(B)— la)e T &1
o [ Tlon +on)l(on+71 — o) (‘I/(fo) - W(a))%a' 1
[ +71)T(on+ 0o —03) \ y(b) — y(a)
_ 1 (w(b) — y(a))mtea!
T(on + ) (y(b) — y(a))tea-os-l
<F(a2 +1— Do + o — oc3)> = (F(al +o)l(+n—1) l)
(o + o — Do +1 — o) (e +1)T(on + 02— 1)
_a-n (w(b) - w(@)™ (F((Xz 91— (o +0n— a3>> R
wn+n—1 T(a+o0) Ty +o— DT (047 —a3)
due to

1"(061+O€2)1"(O€2-|—7/1—1)_l_O€1+O€2—1_1 o —"

(o +7)T (o + 0 —1) n+n-—1 Cmtyn—1

Combining the above equality and (13), we obtain the desired result of Proposition. [

REMARK 3. Itis clear to see that 3 — a; — 0 if and only if o — 1 or B; — 0.
Moreover, we find from (15) that

n—oa (y(b)—yla)*® < (OC2+)/1—1)F(a1+a2—a3))a%/ragzll
Cotn-1 T(o+a) \Tlea+o—1(oa+n—o0s)
)
)

nn—on (y(b)—wyla

Tom+n-1 Tlo+o

)%

—0asy —oq — 07, (16)

Therefore, we deduce from (16) that if the values of f; sufficiently close to zero or o
sufficiently close to one, then

T —
max ‘G(S l‘)‘ (0524'7/1 (X3)

a<s1<b ]—'(az + fyl)l"(al +on— (X3) W(b) - W(a))%.

3.2. Lyapunov-type inequality

We present a generalized Lyapunov-type for our problem. We start by making an
assumption and a definition.
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e Assumption (</1): There exist g : (a,b) — R, and a positive, non-decreasing
and concave function 4 : R — R such that

[f ()] < lg(@)[|A(w)]

for any 7 € (a,b) and u € R.

DEFINITION 4. Solution u of the Eq. (5) is called mild solution of the problem
(1) and (2).

Based on the above assumption and definition, we can state and prove the main
result of this part.

THEOREM 3. Let 0 < oy <1, 0< B <1l (i=1,2,3) and oy +0p > 1, and
vi =ou+Bi(l — o). Assume that Assumption (/1) holds. If w € H}[a,b] and
gu() =y () (yp(b)—y(-))nt®2-%"14(.) e L' (a,b) and the problem (1) and (2) has
a nontrivial mild solution, then

L [[ul]
Cimax h(”““)7

b
| v Ow®) —ws)™ = () ds >

where Cnax defined in Proposition 2.

Proof. 1f the problem (1) and (2) has a nontrivial mild solution, then we obtain
from Eq. (5) and Lemma 3 that

)] < G [ W/6)W5) — (5 s ) s
< Cowe [ W) (W5) — (9 ) Iu(5) s

b s
= Conl8vl s | T )

g‘I/HLl(mb)
b

<Canlselnt ([ T2 o )
a HgWHLl(a,b)

< Cmax||gWHLl(a7b)h(HuH)7

where gy (-) == ¥/ (-)((b) — w(-))®*+%~%~14(.). This implies

L ull
lgwlloan > 5 h(|Jul))”

The proof of Theorem is completed. [
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COROLLARY 1. Suppose that there exists q: (a,b) — Ry such that
(1) < q(t)|u

forall 1 € (a,b). If /(Y (y(b) - y(-)) @ +e-"1g() € L' (a,b) and

b
| V6 wo) = ys) @0 g(s) ds < 1/ G

where Chmax defined in Proposition 2, then the problem (1) and (2) has no non-trivial
mild solution.

If B; = B> = B3 = 1 then y-Hilfer fractional derivatives become the y-Caputo
fractional derivatives (see Remark 1) and we obtain the following result which is a
general result of Ferreira [5] as follows.

COROLLARY 2. Let the assumptions in Theorem 3 hold for By = B, =3 = 1. If
the following problem

(D" DGy u) (1) + f(t,u(1)) =0, a<t<b,
u(a) =Dy u(b) =0
has a nontrivial mild solution. Then

Ll
Chrax h(llull)’

b
| v Ow®) —ws)™ = () ds >

where

Top+1— o)
T+ D0y + 0 —o03)’

Coun = (W(b) — W(a)™ max{

l—ay 1 ( ()T (0t + 0 — 03) ) =
oy T(og+op) \T'(lag+0p— 1Mo+ 1—03)

with o < 1, and
o v~ yla)®

mx T T(14 o)

with o = 1.

Proof. Apply Theorem 3 with remark that if f; = 1 then 93 = 1 and Cyax =

C;;ax D
The obtained Lyapunov inequality gives us a lower bound for the sequential frac-

tional BVP as below.
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COROLLARY 3. Let 0< oy <1, 0< <1 (i=1,2,3), and y € H![a,b]. Sup-
pose that A is an eigenvalue of the following problem

(HDZ‘L’IB””HDZ‘i’ﬁ“”u> (t)=Au(t), a<t<b,
u(a) = “"DEPVu(p) =0,

Then
1 o+ 0 — 03

Cinax (W(b) — q/(a))oc1+a2_a3 )

where Cnax defined in Proposition 2.

Al >

REMARK 4. If oy = 0p = 03 = 1, we have 1/Cmax = W(b) — w(a) and obtain
Al=>1.

Proof. Apply Theorem 3 with g(r) = —A, h(u) = u, we obtain

b
[ VO B) () 51 Can

(y(b) —y(a)®re—os
o)+ 0 — 03

2]

This leads to the desired result of Corollary. [J

= 1/Cmax~

3.3. Existence and non-existence results

This part, based on properties of the Green function, we obtain some existence
results for our problem. It is worth noting that our results hold for some source functions
having some singularities.

In the following result, we use the following assumption.

e Assumption (.72): There exist two functions ky,ls : (a,b) — R, and a posi-
tive, non-decreasing function ¥ : R; — R, such that

|/ (2,u)]
[f(tu) = £(2,)]

where ¢ € C(R x R;R) and ¢(u,v) — 0 as |u—v| — 0.

ke(1)0(Jul), a<t<b,ueR,

f
! lf(l)‘g(u,V)L a<t<b,uvekR,

<
<
We now state and prove the existence result for our problem.

THEOREM 4. Let 0 < oy <1, 0< B <l (i=1,2,3) and oy + 0 > 1, and

Y=o+ Bi(l— o). Assume that Assumption (</2) holds. Suppose further that
V() (w(b) = y() "+ Tk ()
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€ L' (a,b) and y'(-)(y(b) — y(-))u1+t%=%=1.(.) € LY (a,b). If there exist M > 0
such that

M > Conax (M) |9 () (w(B) = W)k ()| 1
where Cnax defined in Proposition 2, then the problem (1) and (2) has at least one mild
solution.

Proof. Define the operator Q : Cla,b] — C[a,b] by

= /ab G5, )W/ (5) (W(b) — y(s) ™5 f(s,u(s)) ds. (A7)

We firstly verify that Q is a compact operator. Put Qg = {u € Cla,b] : ||u|]| < R}.
Claim 1. Q(€g) maps bounded sets into bounded sets in C[a,b]. For u € Qg, in
view of Proposition 2 and Assumption (72), we have

[ Gw () 8) — (o)™ ) s

|Qu| = max
a<t<b

< Conax / W () (W(b) — w(s)) A= ()9 (Ju(s)]) ds

< Cnax®(R)|[W () (w(B) =y () O] 1

where Cpax defined in Proposition 2.

Claim 2. Q is continuous operator, i.e., |Qu(t) — Qv(t)| — 0 as u — v in Cla,b].
Without lost of generality, we assume that u,v € Qg for some R > 0. Using Assump-
tion («72), we have

|Qu— Qv
b
/u Gs,)y/ () (w(b) — w(s)) 72571 (f(s,u(s)) — £(5,v(5))) ds

= max
a<t<b

< Cinax /ab W () (w(b) — w(s)) 25y (1) g (u(s),v(s))| ds
< Conax [[W/ () (W (B) = w(:)) 277 ()| Ly IS )y )]

—0 as lu—v|—0,

where Cpax defined in Proposition 2.
Claim 3. Q(Qg) maps bounded sets into equicontinuous sets of Cla,b]. For u €
Qg and a < 11 <1y < b, using Assumption (<72) and Proposition 1, one has

|Qu(t2) — Qu(ty)|
/ [G(s.12) = Gs,10) [y (5) (W (B) — w(5) 277 f(s,u(s)) ds

<C(y(n) - l//(tl))"/ah W () (w(b) — ()25 kp () O (Ju(s)]) ds
<C(y(n) = y(e) O R)||W () (w(®) = w() 25t O 1 )



LYAPUNOV-TYPE INEQUALITIES FOR A NONLINEAR SEQUENTIAL FRACTIONAL... 865

where C and o defined in Proposition 1. The latter inequality shows that |Qu(s,) —
u(ty)| — 0 uniformly as |t; — ;| — 0.
We now at a position to prove the result of Theorem. Put

Q={ueCla,b]: |lul| <M}.

Since |f(t,u)| < O (M)ky(t) for any u € Q and ¢ € (a,b), by an argument analogous
to that used for the proof of Claim I, one has

HQuH CmaX ( )||V/(>(Vj(b) - W('))aﬁr(hiogilkf(')||Ll(a7b)7 (18)

where Cpax defined in Proposition 2. If there exists A € (0,1) and u € dQ such that
u = AQu, then we obtain from (18) that

M = JJul| = A]|Qull < [|Qull < Coax® M)y’ () (w(B) = w() 275" hp ()] 1 -

This contradicts the hypothesis. Therefore, by virtue of Lemma 4, we conclude that O
has a fixed point in €, which is a mild solution of the problem (1) and (2). The proof
of Theorem is completed. [

COROLLARY 4. Suppose that there exist K1,k > 0 and 1,7 < 01 + 0p — 03,
01,6, < 1, and a positive, non-decreasing function ¥ : Ry — Ry such that

£ (20)] < wr (w(b) = wi(0) M (w(t) = w(@) " O(ul), a<t<b ucR,
[£(t,0) = f(2,9)] < 2y (B) = wi() 2 (w(n) = wi(@) " *lg(u,v)], a<1<b uyveR,
where ¢ € C(R X R;R) and ¢(u,v) — 0 as |[u—v| — 0. If k; sufficiently close to zero
then the problem (1) and (2) has at least one mild solution.

Proof. By change the variable of integration from 7 to z= (y(r) — w(a))/(y(b) —
y(a)), we can prove that

/ub(l!f(b) —y()) () — yla)™ dr = (y(b) — w(a) 7 Blx,1 -y),  (19)

where x > 0 and y < 1. Using (19), we can check directly that the assumptions in
Theorem 4 hold. [l

To close this paper, we present a uniqueness result for our problem.

THEOREM 5. Let 0 < oy <1, 0< B <1 (i=1,2,3) and a; +0p > 1, and
Y = ou +PBi(1 — o). Assume that there exists kg : (a,b) — R such that
|f(t,u)— f(t,v)| <kg(t)|lu—v|, a<t<b, u,veR.
Iy () w(b)—y() el f(,0), y' () (w(b) —y() "% ky(-) € L' (a,b),
and satisfying

b
| V6 w) = )0 (5) ds < 1/ Coa

where Cmax defined in Proposition 2, then the problem (1) and (2) has a unique mild
solution.
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Proof. Regarding the operator Q given by (17), we firstly verify that Q is well-
defined. It is clear to see that |f(r,u)| < kg(r)|u|+|f(¢,0)|. For any u € Cla,b] and
a <t <ty < b, we obtain from Proposition 1 that

|Qu(r2) — Qu(1)]
/ |G(s,12) = Gs,10) |y (5) (W (b) — w(5) 257 f(s,u(s))| ds

< Cy(n) —y(n)) / V(s = () AT B k(1) |u(t)| +£(2,0)) ds
<C(y(n)—y(n) IIuHHw D (B) = w2k (] )
+C(y(n) - l//(tl))"Hw’(-)(w(b) =y )RS C0) |1 )
—0 as |ph—1|—0.
Herein C and o defined in Proposition 1. This shows that Q is well-defined. For

u,v € Cla,b], by virtue of Proposition 2, one has

b
1Qu—0Qv| < Cmax/u W (s)(w(b) — w(s)) 2B f(s,u(s)) — f(s,v(s))] ds

b
< o [ W6 (WB) = y(s) ™A k(5 ()~ ()] ds

< Cona W O W B) W ()™ 4 kg ()] 1l

Since Coax || W/ () (w(b) — w(-)) 4102 ks (.) HU o) < Cmax(1/Conax) =1, we
conclude that Q is a contraction. Consequently, QO admlts a unique fixed point in
Cla,b], which is a mild solution of the problem (1) and (2). The proof of Theorem is
done. O

COROLLARY 5. Suppose that there exist K1,k >0, 71,7 < 0 + 0 — 03, and
01,6, < 1 such that

|/ (2,0)]
[f(tu) = f(2,v)]

If K> is small then the problem (1) and (2) has a unique mild solution.

() "M(w(t)—w(a) ™, a<t<b,
z(llf(b) —y(1) 2 (w(t)— w(a) 2lu—v], a<t<b uyveR.

E
=
|
<

Proof. We can use (19) to verify that the assumptions in Theorem 5 hold. [
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