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THE GENERALIZED GAO’S CONSTANT OF
ABSOLUTE NORMALIZED NORMS IN R?

ZHAN-FEI ZUO*, YI-MIN HUANG AND JING WANG

(Communicated by S. Varosanec)

Abstract. In this paper, we give the method to calculate the generalized Gao’s constant under
the absolute normalized norms in R?. Using this method, we can compute the exact values of
the generalized Gao’s constant of some concrete Banach spaces easily, such as Banach lattice,
Lorentz sequence spaces etc.

1. Introduction

Let X be a real normed space with the unit ball By and the unit sphere Sy . Re-
cently, the geometric constants have received widespread attention, for the reason that
it not only essentially reflects the geometric properties of a space X, but also enables

us to study the space quantitatively. Among which, the Baronti constant A,(X), the

Gao constant dNJ (X) and the generalized von Neumann-Jordan constant Cl(\ﬁ) (X) have

been treated by a lot of mathematicians (see [1-4, 7, 8, 19, 22]), they play an important
role in the geometric theory of Banach spaces, which were defined as follows:

llx+ Il + [lx =yl |

Ay (X) :sup{f .x,yeSx}.

2 2
CNJ(X):sup{x+y|| :Hx i :x,yESx}.

Y7+l —yl”
0 x) = sup{ IF : 0.
NJ ( ) Sup 21,_1(”pr+ ||pr) HX” + Hy” 7é

They gave the specific descriptions of the geometric properties, such as uniformly non-
square, normal structure etc in the context of fixed point property (see [7, 11, 13, 23,
24).
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Strongly motivated by the constant A, (X), C;U (X) and Cl(\ﬁ) (X), Yang and Wang
introduced the generalized Gao’s constant ~I(\I’}) (X) in [20] as follows:

~ p —v||P
0% — sup { -+ 117+ e =

NI T :x,yESX} (1 < p<Hoo).

From the definition of the generalized Gao’s constant, it is obvious that C‘I(VIJ) X) =
Ay (X) and CN'I(\?]) X) = C;\U (X). Now, let us collect some properties of the constant
C‘l(\{}) (X) in [20] as follows:

==

(i) Let X be a Banach space, then C’l(\,’}) (X) < Cl(\,’}) (X) <227P[1+ (25 (CN'I(\II}) (X))
1)1

(i1) The Banach space X is uniformly non-square if and only if C‘I(\ﬁ) (X) <2 for some
1 < p < Hoo.

1
(iii) Let X =€, 1o with p > 2, then CP(X) < 3 — (2217,

It is readily seen that the constant C’l(\,’}) (X) play a significant role in the geometry theory

of Banach space, such as the relation between the generalized Gao’s constant and some

well known constants via several inequalities, equivalent conditions of uniformly non-

square which are described by the generalized Gao’s constant, the estimations of the

constant on some specific space. Therefore, the calculation of the generalized Gao’s
constant C‘g}) (X) for some concrete spaces is very important in studying geometric
properties of the Banach space. However, some problems in the existing literature
need solving: for instance, how to compute the values of the constant CN‘I(\,’}) (X) for the
absolute normalized norms of some concrete Banach spaces?

In this paper, we are interested in determining the values of the generalized Gao’s

constant C‘g}) (X) for the absolute normalized norms in R?. As an application, we get

the exact values of the generalized Gao’s constant C’l(\,’}) (X) for some concrete Banach
spaces, such as 612, space, Banach lattice space X”, X, , ; space, Z; , ., space, Lorentz
sequence spaces d?)(w,q) etc.

2. Preliminaries

To obtain the main results, we firstly recall some definitions and notions.

DEFINITION 2.1. If a < b are real numbers, then any number m(a,b) is called a
mean of numbers a and b if it satisfies

a<m(a,b) <b.
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One of the most known means is the weighted mean of order s, which is defined as
(0a* + (1 — @)b*)5, s 0,-+oo, —oo,
a®bl=0 =0,
mb (a,b;0,1 — 0) =
max{a,b}, s= oo,
min{a,b}, s= —co,

where a,b are positive real numbers and @ € (0,1).

The norm on R? is called absolute, if for all (z,w) € R2, such that
[ zw)ll = [l (Iz], DI
Anorm || - || is called normalized if
[(L,0)[| = (0, D)[| = 1.

Let N, denote the family of all absolute normalized norms on R2, and W denote the
family of all convex functions on [0, 1] such that

y(0)=w(1)=1 and max{l —z,7} < y() < 1.
PROPOSITION 2.2. ([5]) If ||.|| € Na, then w(t) = ||(1—1t,t)|| € ¥. On the other
hand, if y(t) € ¥, then

oy = | 100y (%) <z,w>¢<(<)),o>,

is anorm .|y € Ny .

The typical example is the £, norm as follows:

1
(|xP+1y|P)?, 1< p<eo,
)l =
max{|x[,[y[}, p=-ce.

The corresponding convex function y,(z) is defined as

wp(t) = { {(1-0)P+17}r, 1< p<eo,

max{l —7,t}, p=oo.
It is well known that |||l < ||.|[y < ||.|[1 for any ||.|y € Ni. Moreover, by taking
different convex function y(¢), Proposition 2.2 also enables us to obtain many non-

¢, norms. In particular, X = R? with an absolute normalized norm |.||x and with a
function yx € ¥, X? denotes the space with the norm

1
[ell = [l 1 -
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It is proved that if X is a Banach lattice, then X?” space is a Banach lattice for any
p € (1,4-o0), some more results about X? space can be found in [15, 17]. The following
lemma help us utilize our results.

LEMMA 2.3. ([18]) Let y(t) = ¢(¢) = 0 in [a,b], if the function y(t) — ¢(t)
attain the maximum at t = c € [a,b] and the function ¢(t) attain the minimum at t = c,

then the function % attains its maximum at t = c.

3. Main results

Firstly, we can easily get the equivalent definitions of the generalized Gao’s con-
stant C‘l(\{}) (X) from the Proposition 4.3 in [3].

PROPOSITION 3.1. Let X be a non-trivial Banach space, for 1 < p < 4o, then

~ l[x +yI1” + [|x = ||
CI(\II.)I)(X) = Sup{ 21, :xvy S BX )

l[x +yI1” + [|x = y||”
= sup Nl Iyl #0 ¢
{Zl’maX(XIlp,yllp)

PROPOSITION 3.2. Let X be a non-trivial Banach space, for 1 < p < 4o, then
G (X) = sup{C (V) : ¥ € P(X)},
where P(X) is the set of all two-dimensional subspaces of X .
Proof. Firstly, it is obvious that
G (X) = sup{C)(v) : ¥ € P(x)}

Secondly, for any € > 0, there exist xy and yg in Sy such that

x+y[|P+ [lx—y||P
< ylP = yllP

a3 x) 5 e

Let Yj be a two-dimensional subspace that contains xo and yg, then

e3P+ = y1l” _ -
5 <O () <sup{C (1) : ¥ € P(xX))},

thus, we obtain
CP(X) < sup{CP(Y): ¥ e P(X)} +e.

Since € > 0 is arbitrary, it follows that

GO (x) <suplEF (1) : ¥ € P} O
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THEOREM 3.3. Let X and Y be isomorphic Banach spaces, then for Banach-
Mazur distance d(X,Y),

~(p)
oY (X) ~(p) ~(p) p
A(X.7)P <SGy (V) <SGy (X)d(X,Y)P.

In particular, CN’I(\II}) (X)= CN'I(\II})(Y), if X and Y are isometric.

Proof. Suppose that x,y € Sy, by the definition of Banach-Mazur distance, for
each € > 0, there exists an operator 7 from X onto Y such that

ITIT™ ) <d(X.Y)(1+e).

Consider
Tx

X1 = =
I

T
€ By and YIZﬁEBY-

By the definition of C’l(\,’]) (X), we obtain

[+ 3117+ [l =ylI” _ [TIPAT G+ )P+ 1T e —yo)l1P)
2r 2P )

et +yi |12+ ||x1 = yi||?
p p
<d(X,Y)"(1+¢) ( 5 :

<d(X,Y)P(1+e)PCH (),
which implies that
O () <d(X.Y)(14) G (v) <d(X,¥)"C (1),

The last inequality is true for every € > 0, so we obtain the left-hand side of our as-
sertion, the right-hand side of the assertion follows by simply interchanging X and
y. 0o

In the following text, we will use notation Xy, for the space X with norm ||.||y
and write C'l(\f})(HH,,,) instead of C‘I(\ﬁ) (Xy).

COROLLARY 3.4. Let ||.| and |.| be two equivalent norms in X such that
ol | <[ <Bll (0<a<p),

then

arC (1)
[}p

hen C\P) — ¢

, then Cyy ([|-]1) = Cyy (1-)-

Bray ()

<EQ L < =2

Moreover, if ||x|| = alx
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Proof. This follows from Theorem 3.3 and the fact that d(X,Y) <

Q™
U

Now, let us denote

¢(t)

t
M, = max —~ and M, = max L
0<i<1 y(t) o<i<1 ¢(t)

THEOREM 3.5. Let y(t),¢(z) E‘P and l//( )< o(t )forall t €[0,1], if the func-
9(1) l.le) =

tion <ze5 attains its maximum at t = § and CNJ (NIl 7%’ Tor(D) then
~(p) 1
G . = .
Ny () 2Ty (1)

Proof. By the condition of y(z) < ¢(¢) and the definition of M, we have

—|| llo < M-y < [1-[lo-

By taking o = AT and B =1 in Corollary 3.4, which implies that

CO(I1ly) < MPEL)(II-l19)-

1
It is noted that the function % attains its maximum at t = %, ie., M| = 0(z)

v and
C (I-lo) = grmrgzrgy - then
~(p) pA(p) _ 1
GO l) < MECE (o) = 3 G.)
(1 1 P |
Let us put x; = (2W(%)’2W(%))’ yi= (214/(%)’ 2lV(%)),then
lxtlly = [Iyilly =1,
et =9l = I =yally = —
Xt Yilly = [IX1 = Villy = — 717
w(3)
Ayl + b —wnl” 1 (3.2)
2 2 Tyr()’ '
From (3.1), (3.2), we obtain
A(p) _ ) _ 1
GOl =M o) = 3

We get the desired result. [J
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THEOREM 3.6. Let y(t) € ¥ and y(t) < y,(r) (2 < p <o) forall t €[0,1],
then
G (-ly) = M.

Proof. Let x,y € Sx, by the condition of y(r) < y,(¢) and Clarkson inequality in
[6], we have

e+ 311+ e =yl < e+ yllp+ [lx =I5
<277l + (1 l15)
< 277 M (|1l + 11 11%)
=2"MP.
The definition of CN’I(\I’})(H ||w) implies that
C&)(I1-lly) < M. (3.3)
vp()

On the other hand, note that the function attains its maximum at 7y, i.e. M| =

Yp(t1)
y(n) -

v(1)
Let us put x, = (1 —tl,tl), V2 = (1 —ll,—tl), then

(2| = [ly2ll = w(er).

2 +y2llfy + 2 = yallfy = 2P[(1 —11)P + (11)"]
= 2"y (1)
— 2P My (1)),

Therefore, we can get

22 +y2 Iy + [1x2 = y2I
2P max (||x2 |4, [[y2114)

(1) = =M. (3.4)

From inequalities (3.3) and (3.4), we infer that
¢l I — M7
Ny (l-[ly) = My
We end the proof. [J

COROLLARY 3.7. Let XP (2 < p < o) be a two-dimensional Banach lattice
space, if the corresponding function WYy attains its minimum at the point t = % then

1

) = 3
xr\2
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1
Proof. 1tis clear that ||x|| = |||x|?|| 4 € N from the norm of the space X7, and its
corresponding convex function is

w0 = 0 =10 o = [0 =07+ (= )

Since yx (1) <1, then yyxr (1) < yp(r) (2< p <eo) forall 7 € 0,1], it is easy to check

that the function
W (1) _ W%l ( tr )
wee(t) T \(L=0)p 417 )

For arbitrary ¢ € [0,1], the variable s = (l_t’)%;ﬂp

. . . . 1 P
function yy (¢) attains its minimum at the point 7 = 3, then yy (m)
=1

.. 1 PR . . 7 1P
minimum at ¢ = 5, this implies that the function vy (m

is also belongs to [0,1]. Since the

attains its

) attains its maximum

at % . By Theorem 3.6, we can get that

1

D(llxr) = =1
G 2 Ty, (D)’

We complete the proof. [J]

THEOREM 3.8. Let y(t),¢() E‘P and l//( )= ¢(¢) forall t € [0,1], if the func-
[-llo) =

tion % attains its maximum at t = % and CNJ (II.l9) =207(3), then

~ 1
B =2v (3)-

Proof. From the condition of y(z) > ¢(¢) and the definition of M, , we have
Ilo < M-y < M2l [lo-

Taking oo = 1 and B = M, in Corollary 3.4, we get the following inequality

D1 1y) < MEED (1. ]10)-

[0l —

v(z)

5177 and G (Ilg) = 267 (3). then

Since M, =

~ ~ 1
SO 1L) < MECE L) =29 (5). 6:5)
On the other hand, let us put x3 = (1,0), y3 = (0,1), then

I3l = [lysll = 1.

1
s ally = sl =2v 5.
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Joes + sl + s = yslly _ 201w (5)
2P 2r

1
=2w”(5> Uy 36

By the inequalities (3.5) and (3.6), we can get that

6 ~ 1
CO1lly) = MECE (- llg) = 297 <§> .

We end the proof. [

L40) , then

THEOREM 3.9. Let y(t) € ¥ and y(t) > y,(t) (1< p<2) foralltel0,1], if
the function 0] attains its maximum at t = %

CR () =275
Proof. Let x,y € Sx, by the condition of y(r) > y,(¢) and the Clarkson inequality
in [6],
< M3 ([x+y015+ Ix=ylp)
< 2M3([Ix[15 + IylIp)
< 2M3(|Ix[1y + 1yll)-

[P+ 1l + [l =yl

Which implies that
AP (1) < 22 7M. (3.7)

w(
vp(3)

1 p
Bl = Ity = (3)

1
sl = s sl = (3 ).

)
)

ol —
—

On the other hand, since M, =

,letus put x4 = (1,0),y4 = (0,3), then

|

|24 -+ yallly + llxa — yally _ 5 p<1> — 92— H¥G3) (

=22PMD < CD (|| ]ly). (3.8)
20 max(|xalll, [val%) 2 wh( S

NI»—‘ =

From (3.7) and (3.8), we infer that
(1) =227 md.

The proof is completed. [J

In the following, let us state the conclusion related to the general mean m(z).

COROLLARY 3.10. Let w(t) < ¢(t) € ¥ forall t €[0,1] and m(t) :=m(y(t),¢(t))
is the mean convex function of the functions y(t) and ¢(t).
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(i) If ’% attains its maximum at t = % and CNJ (II-1le) = W then
A(p) _ 1
CN] (H”m) - 2p_1mp (%) .

(ii) If % attains its maximum at t = % and CN’I(\II})(HHW) =2yP(3), then

~ 1
Y =207 (5).

Proof. The general mean m(r) has the property

w(r) <m(1) < ¢(t)

for all # € [0,1]. Since y(r),p(r) € ¥ and the assumption of the function m(z) is
convex, it is easy to check that m(t) € W¥. We can get the results from the Theorem 3.5
and Theorem 3.8, respectively. [J

For the general case w(t) € ¥, we give the lower bound and upper bound of the
generalized von Neumann-Jordan type constant C‘I(\I’}) (I-ly)-

Y1) v()
THEOREM 3.11. Let w(t) €Y forallt €(0,1], M; = foax M= [0ax -

(i) If 1 <p <2, then
22" pMp N] (H ||V/) <22 pMpMp

(ii) If 2 < p < oo, then
8 (11 1ly) < M{My.
Proof. (1) If 1 < p <2, itis easy to get the left inequality from the (3.8),
22 pMp NJ (H ||V/)
Let x,y € Sx, by the definition of M|, M, and the Clarkson inequality, we obtain

e+ 21+ e =yl < M5 ([lx+ylI5+lx—yI5)
2m5 (JIx[l5 + 11v115)

<
< 2M7 M ([l + [y11)-

The definition of C’l(\ﬁ)(H J|y) implies that

(1) < 22 PMIME.
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(1) If 2 < p < oo, the left inequality is obvious from the inequality (3.4),
My <G (- lly)-
Let x,y € Sx, from the Clarkson inequality, we get

e+ Y1l + e =yl < M3 (lx+ylI5+ [lx = ylI7)

<

<227 Mg (|Ixll5 + IvlI5)

<227 MM (1 + Iy 1)
= 2’MPMD.

<

The definition of C’l(\,’}) (||.]ly) implies that the right inequality as follows:
G (I-1ly) <mfmg. O

In fact, from Theorem 3.6 and Theorem 3.9, the generalized Gao’s constant
C'l(\f})(HH,,,) coincides with the lower bound. In the following, we can only get some

conditions under which the constants Ax(||.||y) and CI,\U(H |ly) coincides with the up-
per bound in the case of y() = y(1 —1) e V.

THEOREM 3.12. Let y(t) € ¥ and y(t) = (1 —1t) for all t € [0,1]. If there
exist unique points t1,t, € [0, 3] such that

v(t2)
va(12)

M, = llfz(fl), M, =

v(t)

1
and (1 —ll)(l —1‘2) = 5

then
A2(H~||u/) = \/§M1M2» CNJ(H'HV/) :M%M22~

Proof. On the one hand, taking o = MLI and = M, in Corollary 3.4, then

Ax(Illy) < Az(lll)MiM2, C([1-lly) < Cna([1-l2)M7 M3

Since A3 (|.]l2) = V2 and Cyy(]|.]|2) = 1, this implies that

Ay([|-ly) < V2Mi My, (3.9)
Cra(l-lly) < M3M3. (3.10)

On the other hand, note that (1—1,)(1—1,) = 3. Putx= ﬁ(l—thtl), y= W(“*“ -

1), we get x+y= 4i5(1,21 — 1), x—y = g (1—211,1) and

4l

Ixlly =1, [Iyly =1,
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. (2—211) 1—-21 . W(t2) . le{/z(tz)
bty =2 (350 ) =y = v
=yl = (2—2n) ( 1 ) _ yl-n) M)

YT () 221 v(n)(1-n) yt)(l-n)

It is well known that

V=055, ) = e

Consequently, we obtain

[+ ylly + (X = ylly

Ax(|llly) = 3 = V2M\ M. (3.11)
/ x4+ yII5 + llx =yl
Cry([[-lly) = £ n Y — Mim3. (3.12)

From the inequalities (3.9)—(3.12), we infer that

Az(H-”w):‘/EMle, Ca(ll-lly) =Mim3. O

4. Some Examples
In this section, we will calculate the exactly values of C‘g}) (X) for some examples.
These results which not only give the exact value of the generalized von Neumann-
Jordan type constant CN‘I(\,’}) (X), but also give some new supplement results about the

constant C‘l(\{}) (X) for some concrete Banach spaces.

EXAMPLE 4.1. If X is the 612,(1 < p < =) space, then

~ 22 P 1<p<2,
G (x) = { 1, 2< pp< oo,

2.

In particular, € ((|-|1) = € (|1[1-)
Proof. On the one hand, let 1 < p <2 and x,y € Sy, we can get that
(1) <2277, @1
from the Clarkson inequality
(4315 + e =y115) < 2(lxl5 + I1175)-
On the other hand, put x = (1,0), y = (0,1), then

x+yllb ||X—YHI€_ 2-p
—i—p ) — 2P 4.2)
27 max(|[x[|5, [|y]1p)
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The definition of C%/(||.]|,) from (4.1)~(4.2) implies that
A (1) =2 (43)
Let 2 < p <0 and x,y € Sy, from the Clarkson inequality
(b + 3115+ e = yl15) < 2P~ (llxllh + [Iv115)-
then
Q) < 1. (44)
On the other hand, put x = (1,4),y = (3, —%), then

x+yllp+ I —yllp

4.5)
2r max(||x|[3, [[¥[I%)
The definition of C{)(||.]|,) from (4.4)—(4.5) implies that
By =1. (4.6)
Since ||.[[, < |l.][1(1 < p < 2), it is well known that wl) — 1 agtains

Wﬁ(t) [(171)[)4',,/7]%

the maximum at 1 = %, then

Vi) _1-

==

M> = ma
27 0221 1)

By Theorem 3.9, we obtain
20 (11 1) =22 PMp =2,

Since [|.[|e < ||.][p (2< p <o) and

1
(i) Let 0<r < &, 2 = WP — (1) then ¢/(1) > 0 and M = g(}) = 27

1
(ii) Let 1 <r<1, V‘{i(’) = 0" iy then () < 0 and My = (L) =27 .

() !
Therefore, CN‘I(\,’})(HH.X,) = M} =2 by Theorem 3.6. [

EXAMPLE 4.2. Let X = R?, the convex function wy(t) is defined on [0,1] as
wx ()= (1 —t+t2)2 , the corresponding norm is || (x,y)|| = (|x|> + |x||y| + |y|2)% , then

1 23

& -l = 5oy = 5
XP \2
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Proof. Ttis obvious that ||(x,y)| is an absolute normalized norm on R?. By a stan-
dard discussion, it is easy to check that the corresponding function yy (1) = V1 — 1 + 12
attains its minimum at the point % For p > 2, the corresponding space X? has the
norm

1
Gy = (3?2 + el yl? + [y127) 2.

And the corresponding convex function is

1L tP
ar(0)= 11 =1l = 00 70w () < wi)

By Corollary 3.7, we have that

8 1 2V3
& (o) = 5oy = 5+ O
Xr \2

REMARK 4.3. Since the generalized Gao’s constant C’l(\ﬁ) (X) has two-dimensional
character and the concept of an absolute normalized norm concerns spaces with bases,
therefore we can firstly consider the examples are norms in R?, such as the two-
dimension space Ef, and X? in Example 4.1 and Example 4.2, This method can be
helpful for us to deal with the values of CN'I(\II? (X) for the general spaces X from the
Proposition 3.2.

EXAMPLE 4.4. Let X,, , ; be the space R? with the norm

1-11p.g.2 = max{|[-[lp, A-ll4}

1 1
where 1 <g< p< e and A €27 4,1], then
“(0) 2AP2P if1<g<p<2,
O\ (”Hpq/l) = P
-, if2<g<p<ee

Proof. Tt is easy to check that .||, ;3 = max{||.|[,,A||.||4} € Ng and its corre-
sponding convex function is

w(t) = (L =1,0)][p g0 = max{yp(1), Ayy(1)}.

In fact, () is symmetric with respect to 1 = % , we can only consider the function y(z)
on the interval [0, 1], which is expanded to the whole interval [0,1]. Let to € [0, ] be
a point such that y,(19) = Ay, (t0), then

wit) = { Vp(1), 1t €[0,10],
Ayy(t), t € [to, 3.
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(i) Suppose that 1 < g < p <2, it is obvious that y(z) > y,(¢) and the function

17 ZE[OJO]U[I_I(%IL

t € to,1—1]

attains the maximum at t = 1. By Theorem 3.9, we obtain
-~ - 2_
Rl g) =227 7ME = 2202577

(ii) Suppose that 2 < g < p < oo, since WY, (1) < y,(¢) and Ay, () < y,(r), then
v(r) < (1), it is easy to check that the function

Vo) _ { W, re(0n)Ult -1,
1 t € [to, 1 —1o]

attains its maximum at ¢t = % . By Theorem 3.6, we get
214
~(p) —MP —
U lpgr) =M === O

EXAMPLE4.5. Let 1 < p<qg< e, 1<s<oo and A > 0. The Banach space
Z), p.q,s and its corresponding function lV?L,p7q7s( ) is defined on [0, 1] as

1
s

Wi pagalt) = (1HA) 7 (W (1) + A1)

ie WV p, qs(t) is a weighted mean of order s of functions v, and y, with weights
1+_/1 and 5 M The corresponding norm is

1 1
I7p.g.s = A+ (L + A1)

then

V\”a

&) B 2(14+21)5 (ZP —l—)LZq) p<q
NJ (H'”l,p,q,.\') -
21+2)5 (20 4+120)F, if2<p<gq
Proof. Since y, , ,(t) is the weighted mean of order s of the functions v (z)
and (1), then
Va(t) S W pg.s(t) S wp(0).

(i) Let 1 <p<q<2,since yy ,,(t) > y,(t) and the function W#?;)m attains

the maximum at 7 = § by the simple calculations. Take /(1) =y, (¢) and ¢ (1) =
Y, (1) in Corollary 3.10 (i), then

I

P
s

- 1
) =205, (3) =20+ )7 @F +220)5.
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.. . v, (1)
(ii) Let 2 < p < g < oo, since v, , () < y,(t) and W:W
1
2

. Similarly, take y/(t) = y,(t) and ¢(r) = y,(¢) in Corollary 3.10 (ii),

0) attains its maximum
at t =
then

1 P
=————— =2(1+A)s
“1q,7 1
2 lwlm,q,s(f)

—r
5

él(\ll})(H-||7L7p,q,s) (254_&25) 0

REMARK 4.6. (i) In fact, take ¢ =2 or p =2, = 1 in Example 4.4, some
classical constants such as Baronti constant A>(X) and the Gao constant CNJ (X)
have been calculated for these concrete Banach spaces in [1, 16]. Now, Example

4.4 calculates the values of the constant C‘g})(HH p.q.r) for the general case 1 <
1 1

g<p<eand A €27 4,1].
(ii) In particular, the concrete Banach space Z, » .. ; in Example 4.5 has been studied

in some papers (see [21, 22]). However, the exact value of C‘I(\I’})(HH Ap.gs) for
the general case remain undiscovered. Example 4.5 give the exact value of the

generalized von Neumann-Jordan type constant C‘I(\f})(HH A.p.g.s) for the general
case | <p<g<oo, 1 <s<ooand A >0.

EXAMPLE 4.7. Let 2 < p < e and V), be the space R? endowed with the norm

x| ; X |P\ 7
aanly, =max{ (|3 [ +1a) " (14 [2]) "],
then .

Proof. The norm ||(xy,x2)||v, is absolute normalized norm on R?, and the corre-
sponding convex function is

vp (1)
W, (1)

P
symmetric with respect to ¢ = % Thus, it suffices to consider l;f,’,’ ((?) for ¢ € [0, %], the
Vp

function w5 (1) — l[/{,’p (f) = (1 — 2)t” attains the maximum at ¢ = § and the function

wy, (t) attains its minimum at ¢ = % . By Lemma 2.3, we get the function quf (8) attains
D

From the form of function wy,(¢), it is easy to check that yy, (1) < W, (1), is

its maximum at ¢ = % . From Theorem 3.6, we get that

2p+1

~(p)
O V) =M} = .
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EXAMPLE 4.8. Let 0 < @ < 1 and 2 < g < . The two-dimensional Lorentz
sequence space d? (m,q) is R? with the norm

1
[ Moq= () +o(7))7,
where (x*,y*) is the rearrangement of (|x|,[y|) satisfying x* > y*, then

P
~ 1 q
o) =2 (135 )

Proof. The norm ||(x,y)||w,q is an absolute normalized norm on R?, and the cor-
responding convex function is

1
(1—-1)I+wt)a, 0<t< 3,
Voq(t) = .
1+ o(l—1)%), $<r<L
It is easy to check that yq, (1) < y,(r). Since 0 < @ < 1, W"fq(t()t) is symmetric with

_1 : V210 1 1
respect to ¢ = 5, it suffices to consider %jq(t) for t € [0,5]. Forany ¢ € [0, 5], put

q
flt)= %, then

() — QL= 0)fr(1 =)~
fi)= [(1—=1)7+wr9]?

therefore, f(r) >0 for 0 <1 < %, this implies that the function f(¢) is increased for

0<r< % Therefore, the function wtqy()t) attains its maximum at t = % By Theorem
3.6, then
E0 (I log) =M =2(——). O
NJ 4 1 I+

EXAMPLE 4.9. Let 2 < p < and Y, be the space R?2 endowed with the norm

1 1
P P
<x17xz>||y,,=max{(xl|l’+2xz|ﬂ) ,(2x1|P+xz|P) }

~ 4
O () =M = 3.

then

Proof. The norm ||(x1,x2)||y, is absolute norm on R?, However, ||(1,0)|y, =

1 1
[(0,1)]ly, =27, so this norm is not normalized. Let ||.|[=2"7||.||y,, itis easy to check
that ||.|| is absolute normalized norm on R?, and the corresponding convex function is
given by the formula

1
2(1—t)P42P \ P 1
(%) ) 0 < t < 2

y(t) = L
1—1)P+21P
(o) yern
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Yp (1)
y(t)

for # €10, 3]. Forany 7 € [0, 1], the function y} (1) — y* (1) =

It is easy to check that y(r) < y, (1), is symmetric with respect to # = 1. Thus, it

N /10)
suffices to consider WI’)’ 0)
. attains the maximum at 7 = % and y/(7) attains its minimum at ¢ = %, therefore the

2
function “;f((f)) attains its maximum at ¢t = % by Lemma 2.3. From Theorem 3.6, we get

that

REMARK 4.10. (i) Taking ¢=2 and @ =27 € (0,1) (2< p < ) in Ex-
ample 4.8, we obtain the Lorentz sequence space £, » which were studied in [10,
16] and the following formulas were established

2
(14+2071)3

2

;o Onllp2) = 2
142r

A2(€p72) =

Now, we get the exact value of the generalized von Neumann-Jordan type con-

stant C‘I(\ﬁ) (d®(w,q)) for the general case 0 < @ < 1 and 2 < g < e in Example
4.8.

(ii)) The Banach spaces V,, Y» have been studied widely in [1, 13], some classical

constants were calculated for these spaces. Now, the the values of CN'I(\II}) (X) are
calculated for the general Banach spaces V), Y}, in Example 4.7 and Example
4.9 by Theorem 3.6.

In the above Examples, the maximum value M| always attains at r = % . However,
we give some examples to show that M| does not attain at ¢ = % .

EXAMPLE 4.11. Foreach 0 <o < 3 <B <1, X = (R%||ly,,) is the Banach
space and its corresponding function is

1—1, if 0<r <o,
Wa,ﬁ(t): W’ if o<t<p,
t, if <<l

If the function wy g (¢) < W,(t) (2 < p < +o0), then

pre0-py -
Py y=d B erPsL
NJ (” Wa.[i) ol +(1—a)?

Ty o+p>1.
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Proof. Let us define the f(r) = WW";[()[) , taking derivative of the function (), by

the similar discussion in Example 4.8 show that

W) _ <ﬁp+<1ﬁ—ﬁ>f’>%, wiB<l,

My wa.,z(/:> o
Ypla oP4+(1—a)P)P
Waljﬁ(a): I—a ) a+ﬁ>1.

From Theorem 3.6, we get that

BB o ip<t,

ol +(1-a)?

C 1l ) = MY =
Ty o+p>1.

1
EXAMPLE 4.12. Let 2 < p < o and % <B < 25_1, the corresponding convex
function is given by ypg(¢) = max{l —¢,7,8}, then

Br+(1-B)

O ) = mf = =

1
Proof. 1If % <B <27 then v (1) < yy(t), itis easy to check that by the simple
calculation

v VolB) (1= p)

v (B) B

From Theorem 3.6, we have that

B+ (1-B)

pr -

C)(I-llyy) = MY =

At last, we will present a practical example which satisfies the conditions of The-
orem 3.12, thus the exact value of the von Neumann-Jordan type constant A,(X) and
Cyy(X) coincide with their upper bound.

EXAMPLE 4.13. Let vV3—1<c¢ <1, the corresponding convex function is given
by
2
v (1) :max{l —ct,l—c+ct,1—?} for 0<r <1,

then
2(c2 —2c+2) / 2(c? —2c+2)?
Ar(X) = =7 and (| flye) = S
2(%) e " N (e 2-2)7
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Proof. Ttis easy to check that y,(¢) € ¥ and y(r) = y(1 —¢) forall € [0,1]. If

Vi-l<e<l, easy calculation shows that

t S ——
, M2:VIC(2): C2_2C+2,

wa(t2)

1- 1

where t; = §, 1) = ==, which satisfy the condition (1 —1#)(1 —#,) = 5 in Theorem
3.12, then

[1]
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[6]
[7]
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[9]

[10]
[11]
[12]
[13]
[14]
[15]

[16]

[17]

[18]

2(c? —2c+2)
V2—c2

2(c? —2c+2)?

(2—c?)?

A ([|-[ly.) = V2M M, =

Cnal-llye) = MiM3 = U
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