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SHERMAN’S FUNCTIONAL, ITS PROPERTIES WITH

APPLICATIONS FOR f –DIVERGENCE MEASURE

SLAVICA IVELIĆ BRADANOVIĆ ∗ , -DILDA PEČARIĆ AND JOSIP PEČARIĆ

(Communicated by I. Perić)

Abstract. In this paper we define Sherman’s functional deduced from Sherman’s inequality. We
established lower and upper bounds for Sherman’s functional and study its properties. As con-
sequences of main results we obtained new bounds for Csiszár f -divergence functional and as
special cases bounds for Shannon’s entropy. As applications we use the Zipf-Mandelbrot law to
introduce a new entropy and to derive some related results.

1. Introduction

Let I be an interval in R . The well known Jensen inequality
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pi f (xi) (1)

holds for every convex function f : I → R , for any vector x = (x1, . . . ,xn) ∈ In and
nonnegative n -tuple p = (p1, . . . , pn) with ∑n

i=1 pi = Pn > 0.
If it is satified

p1 > 0, p2, . . . , pn � 0, Pn > 0 and
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then the reverse of Jensen’s inequality
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holds (see for example [32]).
Investigating the method of interpolating inequalities, J. Pečarić using Jensen’s

inequality and its reverse proved the following result ([22, p. 717]). This result was nor
published in any journal and due that we give it with a proof.
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THEOREM 1. Let f : I → R be a convex function, x = (x1, . . . ,xn) ∈ In , p =
(p1, . . . , pn) and q = (q1, . . . ,qn) be nonnegative n-tuples such p � q, i.e. pi � qi ,
i = 1, . . . ,n, and Pn = ∑n

i=1 pi > 0, Qn = ∑n
i=1 qi > 0 . Then
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Proof. Applying Jensen’s inequality we have
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On the other side, applying the reverse of Jensen’s inequality we get

n

∑
i=1

(pi−qi) f

⎛
⎜⎜⎝ 1

n
∑
i=1

(pi−qi)

n

∑
i=1

(pi−qi)xi

⎞
⎟⎟⎠ (4)

= (Pn−Qn) f

⎛
⎜⎜⎝

Pn

(
1
Pn

n
∑
i=1

pixi

)
−Qn

(
1

Qn

n
∑
i=1

qixi

)
Pn−Qn

⎞
⎟⎟⎠

� (Pn−Qn)

(
Pn

Pn−Qn
f

(
1
Pn

n

∑
i=1

pixi

)
− Qn

Pn−Qn
f

(
1
Qn

n

∑
i=1

qixi

))

= Pn f

(
1
Pn

n

∑
i=1

pixi

)
−Qn f

(
1
Qn

n

∑
i=1

qixi

)
.

Now, combining (3) and (4), we obtain (2). �
As an easy consequence of the previous theorem the following lemma holds.

LEMMA 1. Let f : I → R be a convex function, x = (x1, . . . ,xn) ∈ In and p =
(p1, . . . , pn) be nonnegative n-tuple such that Pn = ∑n

i=1 pi > 0. Then

min
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Few years later, Dragomir et el. [11], obtained the analogous result to the previous
lemma but as a consequence of a quite different approach. They considered Jensen’s
functional Jn( f ,x,p) , deduced from Jensen’s inequality (1), as a difference between
the right and left side, define as follows

Jn( f ,x,p) =
n

∑
i=1

pi f (xi)−Pn f

(
1
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pixi

)
� 0. (6)

From (6), for p = 1 = (1, . . . .,1), we get

Jn( f ,x,1) =
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∑
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f (xi)−n f

(
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n

∑
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xi

)
� 0. (7)

Dragomir continued the investigation of the properties of normalized Jensen’s
functional, i.e. functional (6) satisfying Pn = ∑n

i=1 pi = 1, and obtained the following
lower and upper bound for the normalized functional (see [9, Theorem 1]).

THEOREM 2. Let f : I → R be a convex function, x = (x1, . . . ,xn) ∈ In, p =
(p1, . . . , pn) be a nonnegative n-tuple and q = (q1, . . . ,qn) be a positive n-tuple with
∑n

i=1 pi = ∑n
i=1 qi = 1. Then

(0 �) min
1�i�n

{
pi

qi

}
Jn( f ,x,q) � Jn( f ,x,p) � max

1�i�n

{
pi

qi

}
Jn( f ,x,q). (8)

We also recommend to the reader the monograph [20], in which results related to
the concept of Jensen’s functional are collected.

2. Preliminaries

For two vectors x = (x1, . . . ,xm) , y = (y1, . . . ,ym)∈ Im, where x[i],y[i] denote their
increasing order, we say that x majorizes y and write y ≺ x if

k

∑
i=1

y[i] �
k

∑
i=1

x[i] k = 1, . . . .,m, and
m

∑
i=1

yi =
m

∑
i=1

xi. (9)

Let Mnm(R+) denotes the set of all n×m matrices with nonnegative real entries.
A matrix A ∈ Mnm(R+) is doubly stochastic matrix if the sum of the entries in each
column and row is equal to 1. A matrix A∈Mnm(R+) is column (resp. row) stochastic
matrix if the sum of the entries in each column (resp. row) is equal to 1. With Cnm(R+)
we denote the set of all n×m column stochastic matrices with nonnegative real entries.
For column stochastic matrices with positive real entries we use notation Cnm((0,∞)) .

It is well known that
y ≺ x iff y = xA

for some doubly stochastic matrix A ∈ Mmm(R+) .
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Moreover, for every convex function f : I →R , the relation y ≺ x implies the well
known Majorization inequality

m

∑
i=1

f (yi) �
m

∑
i=1

f (xi). (10)

Sherman [34] considered the weighted concept of majorization

(y,b) ≺ (x,a),

between two vectors x = (x1, . . . ,xn) ∈ In and y = (y1, . . . ,ym) ∈ Im with nonnegative
weights a = (a1, . . . ,an) and b = (b1, . . . ,bm) under the assumption of existence of
column stochastic matrix S = (ai j) ∈ Cnm(R+) such that

y = xS and a = bST , (11)

where ST is a transpose matrix of S . Under conditions (11), for every convex function
f : I → R , the following inequality

m

∑
j=1

b j f (y j) �
n

∑
i=1

ai f (xi) (12)

holds. This result is known as Sherman’s theorem and (12) as Sherman’s inequality. It
represents a generalization of Majorization inequality (10) as well as Jensen’s inequal-
ity (1). Choosing m = n and b = 1 = (1, . . . ,1) , the condition (y,b) ≺(x,a) implies
y = xS with some doubly stochastic matrix S and a = bST = 1 = (1, . . . ,1) , and as
direct consequence of Sherman’s inequality we get Majorization inequality. Specially,
choosing m = 1 and setting b1 = 1, si1 = pi

Pn
, Sherman’s inequality (12) reduces to

Jensen’s inequality (1). Results obtained for Sherman’s inequality generalize certain
results that are valid for Majorization and Jensen’s inequality. Some resent generaliza-
tions of Sherman’s inequality can be found in [1]–[4], [6], [12]–[19], [25]–[31].

Our paper is organized as follows. In the third section, we define Sherman’s func-
tional. We study its properties and establish lower and upper bounds for it. In the fourth
section, we obtain new lower and upper bounds for Csiszár f -divergence functionals
and Shannon’s entropy. The last section is dedicated to the Zipf-Mandelbrot law. In
combination with results from the previous section, we introduce a new entropy and
derive some related results.

3. Sherman’s functional and its properties

Motivated by Sherman’s inequality (12), i.e.

0 �
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=
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)
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)
, (14)
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we define Sherman’s functional as follows.
Let F (I) denotes the set of all convex functions defined on I. Under the assump-

tions of Sherman’s theorem, we define Sherman’s functional S : F (I)× In× [0,∞)m×
Cnm(R+) → R by

S ( f ,x,b,S) =
n

∑
i=1

m

∑
j=1

b jsi j f (xi)−
m

∑
j=1

b j f

(
n

∑
i=1

xisi j

)
(15)

=
m

∑
j=1

b j

(
n

∑
i=1

si j f (xi)− f

(
n

∑
i=1

xisi j

))
.

THEOREM 3. Sherman’s functional S satisfies the following properties:

a) S ( f ,x,b,S) is positive, i.e.

S ( f ,x,b,S) � 0; (16)

b) S ( f ,x,b, ·) is concave on the convex set Cnm(R+), i.e. for all λ ∈ [0,1]

S ( f ,x,b,λS+(1−λ )T) � λS ( f ,x,b,S)+ (1−λ )S ( f ,x,b,T); (17)

c) S (x, ·,S) is linear mapping, i.e.

S ( f ,x,b+d,S) = S ( f ,x,b,S)+S ( f ,x,d,S), (18)

S ( f ,x,λb,S) = λS ( f ,x,b,S);

d) S ( f ,x, ·,S) is increasing on [0,∞)m , i.e. if b,c ∈ [0,∞)m such that b � d, i.e.
b j � d j, j = 1, . . . ,m, then

S ( f ,x,b,S) � S ( f ,x,d,S) � 0. (19)

Proof. a) Positivity of functional S follows from Sherman’s inequality (12).
b) We have

S ( f ,x,b,λS+(1−λ )T) (20)

=
n

∑
i=1

m

∑
j=1

b j (λ si j +(1−λ )ti j) f (xi)−
m

∑
j=1

b j f

(
n

∑
i=1

(λ si j +(1−λ )ti j)xi

)

= λ
n

∑
i=1

m

∑
j=1

b jsi j f (xi)+ (1−λ )
n

∑
i=1

m

∑
j=1

b jti j f (xi)−
m

∑
j=1

b j f

(
n

∑
i=1

(λ si j +(1−λ )ti j)xi

)
.
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Further, by convexity of f we have

m
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b j f
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)
(21)

�
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[
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(
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si jxi

)
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(
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)]

= λ
m
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j=1
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(
n
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si jxi

)
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b j f

(
n

∑
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ti jxi

)
.

Combining (20) and (21), we prove the concavity property b).
c) It is obvious.
d) Case b = c is trivial. Let b > c . Since

b = (b− c)+ c,

using the property linearity (18) and positivity (16), we have

S ( f ,x,b,S) = S ( f ,x,(b− c)+ c,S)
= S ( f ,x,b− c,S)+S ( f ,x,c,S)
� S ( f ,x,c,S) � 0,

what we need to prove. This ends the proof. �
In the following theorems we establish lower and upper bounds for Sherman’s

functional.

THEOREM 4. For b = (b1, . . . ,bm)∈ [0,∞)m and S = (si j)∈Cnm(R+), we define

m̃ =
m

∑
j=1

b j min
1�i�n

{si j},

M̃ =
m

∑
j=1

b j max
1�i�n

{si j}.

Then
0 � m̃ ·Jn( f ,x,1) � S ( f ,x,b,S) � M̃ ·Jn( f ,x,1). (22)

Proof. The first inequality in (22) is consequence of nonnegativity of all entries of
b, S and Jensen’s functional Jn( f ,x,1) .

Again this is a consequence of Theorem 1. We present an alternative approach
(analogous to [9]).

We prove

min
1�i�n

{si j} ·Jn( f ,x,1) �
n

∑
i=1

si j f (xi)− f

(
n

∑
i=1

xisi j

)
� max

1�i�n
{si j} ·Jn( f ,x,1), (23)
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for all j = 1, . . . ,m.
Let us denote m̃ j = min1�i�n{si j} and M̃j = max1�i�n{si j}, j ∈ {1, . . . ,m}.
Then (23) can be written as

m̃ j ·Jn( f ,x,1) �
n

∑
i=1

si j f (xi)− f

(
n

∑
i=1

xisi j

)
� M̃j ·Jn( f ,x,1). (24)

Since n · m̃ j +
n
∑
i=1

(si j − m̃ j) = 1, applying Jensen’s inequality we have

f

(
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)
= f

(
n · m̃ j

(
1
n
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)
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)

� n · m̃ j f

(
1
n

n

∑
i=1

xi

)
+

n

∑
i=1

(si j − m̃ j) f (xi)

=
n

∑
i=1

si j f (xi)− m̃ j

(
n

∑
i=1

f (xi)−n f

(
1
n

n

∑
i=1

xi

))

=
n

∑
i=1

si j f (xi)− m̃ j ·Jn( f ,x,1)

which gives the left hand side of (24).

Further, since M̃j > 0 and 1
M̃j

n
∑
i=1

(
M̃j
n − si j

n

)
+ 1

nM̃j
= 1, applying Jensen’s inequal-

ity we have

f

(
1
n

n

∑
i=1

xi

)
= f

(
1

M̃j

n

∑
i=1

(
M̃j

n
− si j

n

)
xi +

1

nM̃j

(
n

∑
i=1

si jxi

))

� 1

M̃j

n

∑
i=1

(
M̃j

n
− si j

n

)
f (xi)+

1

nM̃j
f

(
n

∑
i=1

si jxi

)

=
1
n

n

∑
i=1

f (xi)− 1

nM̃j

(
n

∑
i=1

si j f (xi)− f

(
n

∑
i=1

si jxi

))
,

which gives the right hand side of (24).
Therefore, the inequality (23) holds. Now, multiplying with b j and summing over

j = 1, . . . ,m, we get (22) what we need to prove. �

THEOREM 5. For b = (b1, . . . ,bm) ∈ [0,∞)m, S = (si j) ∈ Cnm(R+) and T =
(ti j) ∈ Cnm((0,∞)), we define

bmin =
(

b1 min
1�i�n

{
si1

ti1

}
, . . . ,bm min

1�i�n

{
sim

tim

})
,

bmax =
(

b1 max
1�i�n

{
si1

ti1

}
, . . . ,bm max

1�i�n

{
sim

tim

})
.
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Then

(0 �) S ( f ,x,bmin,T) � S ( f ,x,b,S) � S ( f ,x,bmax,T). (25)

Proof. According to the notation, we need to prove

m

∑
j=1

b j min
1�i�n

{
si j

ti j

}( n

∑
i=1

ti j f (xi)− f

(
n

∑
i=1

xiti j

))

�
m

∑
j=1

b j

(
n

∑
i=1

si j f (xi)− f

(
n

∑
i=1

xisi j

))

�
m

∑
j=1

b j max
1�i�n

{
si j

ti j

}( n

∑
i=1

ti j f (xi)− f

(
n

∑
i=1

xiti j

))

Let us consider n -tuples p j and qmin, j such that

p j =
(

t1 j
s1 j

t1 j
, . . . ,tn j

sn j

tn j

)
= (s1 j, . . . ,sn j),

qmin, j =
(

t1 j min
1�i�n

{
si j

ti j

}
, . . . ,tn j min

1�i�n

{
si j

ti j

})
.

It is obviously qmin, j � p j. Applying Theorem 1 to n -tuples qmin, j and p j , we get

n

∑
i=1

si j f (xi)−
n

∑
i=1

si j f

⎛
⎜⎜⎝ 1

n
∑
i=1

si j

n

∑
i=1

si jxi

⎞
⎟⎟⎠

� min
1�i�n

{
si j

ti j

}[ n

∑
i=1

ti j f (xi)− f

(
n

∑
i=1

ti jxi

)]
,

i.e. we get

n

∑
i=1

si j f (xi)− f

(
n

∑
i=1

si jxi

)
� min

1�i�n

{
si j

ti j

}[ n

∑
i=1

ti j f (xi)− f

(
n

∑
i=1

ti jxi

)]
.

Exchanging the roles of min and max, we get the inequality

n

∑
i=1

si j f (xi)− f

(
n

∑
i=1

si jxi

)
� max

1�i�n

{
si j

ti j

}[ n

∑
i=1

ti j f (xi)− f

(
n

∑
i=1

ti jxi

)]
.
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So, we have

min
1�i�n

{
si j

ti j

}[ n

∑
i=1

ti j f (xi)− f

(
n

∑
i=1

ti jxi

)]

�
n

∑
i=1

si j f (xi)− f

(
n

∑
i=1

si jxi

)

� max
1�i�n

{
si j

ti j

}[ n

∑
i=1

ti j f (xi)− f

(
n

∑
i=1

ti jxi

)]
.

Now multiplying with b j and summing over j = 1, . . . ,m , we get the required re-
sult. �

REMARK 1. Choosing m = 1 and setting b1 = 1 and si1 = pi
Pn

, for i = 1, . . . ,n,
Sherman’s functional (15) reduces to Jensen’s functional that corresponds to (6). There-
fore, applying Theorem 4, we obtain the bounds of Jensen’s functional in the form (5),
i.e.

0 � min
1�i�n

{pi}Jn( f ,x,1) � Jn( f ,x,p) � max
1�i�n

{pi}Jn( f ,x,1).

Applying Theorem 3, the concavity property b), for λ = 1
2 , with m = 1, b1 = 1,

si1 = pi, ti1 = qi, for i = 1, . . . ,n, Pn = Qn = 1, it implies the properties of Jensen’s
functional superadditivity

Jn( f ,x,p+q) � Jn( f ,x,p)+Jn( f ,x,q), (26)

and monotonicity

Jn( f ,x,p) � Jn( f ,x,q) � 0, for p � q. (27)

Further, applying Theorem 5, with m = 1, b1 = 1 and si1 = pi, ti1 = qi, for i = 1, . . . ,n,
the inequality (25) reduces to the inequality (8).

4. New bounds for f -divergence functional

Csiszár [7] introduced the concept of f -divergence functional

Df (q,p) =
n

∑
i=1

pi f

(
qi

pi

)
(28)

for a convex function f : [0,∞) → R and nonnegative n -tuples p = (p1, . . . , pn), q =
(q1, . . . ,qn) with the convention

f (0) = lim
t→0+

f (t),
0
0

= 0, 0 f

(
0
0

)
= 0

0 f
( c

0

)
= lim

ε→0+
ε f
( c

ε

)
= c lim

t→∞

f (t)
t

, c > 0. (29)
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For a different choice of the function f , as a special case of (28), we may obtain
various divergences as the Kullback-Leibler distance, α -order Rényi entropy, Bhat-
tacharyya distance, Harmonic distance, κ

2 -divergence, Hellinger distance etc. which
play an important role in Information theory and Statistics. Many papers are devoted to
the notion of f -divergence and the subject of inequalities for different types of diver-
gences (see for example [4], [10], [12], [13], [15], [19], [33]).

In [19], the authors introduced the weighted Csiszár f -divergence functional, with
weights r1, . . . ,rn � 0, defined by

Df (q,p;r) =
n

∑
i=1

ri pi f

(
qi

pi

)
. (30)

REMARK 2. For 1 = (1, . . . ,1) ∈ R
n we have Df (q,p;1) = Df (q,p).

The classical inequality for f -divergence functional, known as the Csiszár-Körner
inequality, is given in the next theorem (see [8]).

THEOREM 6. Let f : [0,∞) → R be a convex function, p = (p1, . . . , pn) ∈ [0,∞)n

and q = (q1, . . . ,qn) ∈ [0,∞)n with Pn = ∑n
i=1 pi > 0 and Qn = ∑n

i=1 qi > 0. Then

0 � Df (q,p)−Pn f

(
Qn

Pn

)
. (31)

If f is normalized, i.e. f (1) = 0 and Pn = Qn, then

Df (q,p) � 0. (32)

In particular, if p and q are two probability distribution, then the inequality (32)
holds for every convex and normalized function f .

Shannon [33] introduced a statistical concept of entropy, the measure of informa-
tion

H(p) =
n

∑
i=1

pi ln
1
pi

, (33)

where p = (p1, . . . , pn) is a probability distribution for some discrete random variable
X . It quantifies the unevenness in the probability distribution p .

Motivated by various communication and transmission problems, Belis and Guiaşu
[5] introduced the concept of weighted Shannon’s entropy with nonnegative weights ri,
i = 1, . . . ,n, defined by

H(p;r) =
n

∑
i=1

ri pi ln
1
pi

, (34)

(see also [35]).

REMARK 3. If we ignore weights ri, i = 1, . . . ,n, then (34) reduces to (33), i.e.
H(p;1) = H(p) for 1 = (1, . . . ,1) ∈ R

n.
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The weighted entropy satisfies the estimate

0 � H(p;r) �
n

∑
i=1

ripi ln

n
∑
i=1

ri

n
∑
i=1

ri pi

(see [24]). In particular, the minimum H(p;r) = 0 is reached for a constant random
variable, i.e. when pi = 1, for some i. The opposite extreme, the maximal H(p;r) is
reached for a uniform distribution, i.e. when pi = 1

n for all i = 1, . . . ,n. In that case we
have

0 � H(p;r) � 1
n

n

∑
i=1

ri lnn.

Specially, ignoring weights ri, i = 1, . . . ,n, i.e. setting r = 1 = (1, . . . ,1), the previous
inequality reduces to

0 � H(p) � lnn.

In the following results we use the convention (29) and notation 〈·, ·〉 for the stan-
dard inner product.

As an easy consequence of Theorem 5 we get the next result.

COROLLARY 1. Let f : [0,∞) → R be a convex function, p = (p1, . . . , pn) ∈
[0,∞)n, q = (q1, . . . ,qn) ∈ [0,∞)n and R = (ri j) ∈ Mnm(R+). Let us define

〈
p,r j

〉
=

n

∑
i=1

piri j,
〈
q,r j

〉
=

n

∑
i=1

qiri j, j = 1, . . . ,m, (35)

Rf (q,p;R) =
m

∑
j=1

[
n

∑
i=1

qiri j f

(
qi

pi

)
− 〈q,r j

〉
f

(
1〈

q,r j
〉 n

∑
i=1

q2
i ri j

pi

)]
.

Then

0 � min
1�i�n

{
pi

qi

}
Rf (q,p;R)

�
m

∑
j=1

(
n

∑
i=1

piri j f

(
qi

pi

)
− 〈p,r j

〉
f

(
1〈

p,r j
〉 n

∑
i=1

qiri j

))

� max
1�i�n

{
pi

qi

}
Rf (q,p;R) (36)

Proof. Applying (25) to the vector x = (x1, . . . ,xn) with xi = qi
pi

, i = 1, . . . ,n ,

weight b = (b1, . . . ,bm) with b j =
〈
p,r j

〉
, j = 1, . . . ,m, column stochastic matrices

S = (si j) with si j = piri j
〈p,r j〉 , i = 1, . . . ,n, j = 1, . . . ,m and T = (ti j) with ti j = qiri j

〈q,r j〉 ,
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i = 1, . . . ,n, j = 1, . . . ,m , we get

0 �
m

∑
j=1

〈
p,r j

〉
min

1�i�n

⎧⎨
⎩

piri j
〈p,r j〉
qiri j
〈q,r j〉

⎫⎬
⎭
(

n

∑
i=1

qiri j〈
q,r j

〉 f

(
qi

pi

)
− f

(
n

∑
i=1

qi

pi

qiri j〈
q,r j

〉
))

�
m

∑
j=1

〈
p,r j

〉( n

∑
i=1

piri j〈
p,r j

〉 f

(
qi

pi

)
− f

(
n

∑
i=1

qi

pi

piri j〈
p,r j

〉
))

�
m

∑
j=1

〈
p,r j

〉
max
1�i�n

⎧⎨
⎩

piri j
〈p,r j〉
qiri j
〈q,r j〉

⎫⎬
⎭
(

n

∑
i=1

qiri j〈
q,r j

〉 f

(
qi

pi

)
− f

(
n

∑
i=1

qi

pi

qiri j〈
q,r j

〉
))

which is equivalent to (36). �

Specially, for m = 1, the previous result reduces to the next corollary.

COROLLARY 2. Let f : [0,∞) → R be a convex function, p = (p1, . . . , pn) ∈
[0,∞)n, q = (q1, . . . ,qn) ∈ [0,∞)n and r = (r1, . . . ,rn) ∈ [0,∞)n. Let us define

〈p,r〉 =
n

∑
i=1

piri, 〈q,r〉 =
n

∑
i=1

qiri,

Rf (q,p;r) =
n

∑
i=1

qiri f

(
qi

pi

)
−〈q,r〉 f

(
1

〈q,r〉
n

∑
i=1

q2
i ri

pi

)
.

Then

0 � min
1�i�n

{
pi

qi

}
Rf (q,p;r) � Df (q,p;r)−〈p,r〉 f

(
1

〈p,r〉
n

∑
i=1

qiri

)

� max
1�i�n

{
pi

qi

}
Rf (q,p;r). (37)

If in addition r = 1 = (1, . . . ,1) , with notations 〈p,r〉= ∑n
i=1 pi =Pn, 〈p,r〉= ∑n

i=1 qi =
Qn, then

0 � min
1�i�n

{
pi

qi

}( n

∑
i=1

qi f

(
qi

pi

)
−Qn f

(
1
Qn

n

∑
i=1

q2
i

pi

))
(38)

� Df (q,p)−Pn f

(
Qn

Pn

)

� max
1�i�n

{
pi

qi

}( n

∑
i=1

qi f

(
qi

pi

)
−Qn f

(
1
Qn

n

∑
i=1

q2
i

pi

))
.

REMARK 4. Note that the results from the previous corollary generalize and refine
the Csizar-Korner inequality (31). Specially, applying (38) to normalized function f ,
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i.e. f (1) = 0, with Pn = Qn, we get the lower and upper bound of Df (q,p) in the form

0 � min
1�i�n

{
pi

qi

}( n

∑
i=1

qi f

(
qi

pi

)
−Qn f

(
1
Qn

n

∑
i=1

q2
i

pi

))

� Df (q,p)

� max
1�i�n

{
pi

qi

}( n

∑
i=1

qi f

(
qi

pi

)
−Qn f

(
1
Qn

n

∑
i=1

q2
i

pi

))
.

In the proofs of the following two corollaries we use the next conclusions.

REMARK 5. Choosing the convex function f (t) = − ln t, we have

Df (q,p) = −
n

∑
i=1

pi ln

(
qi

pi

)
=

n

∑
i=1

pi ln
1
qi

−H(p),

Df (q,p;r) = −
n

∑
i=1

ri pi ln

(
qi

pi

)
=

n

∑
i=1

ripi ln
1
qi

−H(p;r).

Setting q = 1 = (1, . . . ,1), we get

Df (1,p) = −H(p) and Df (1,p;r) = −H(p;r).

We estimate new bounds for Shannon’s entropy.

COROLLARY 3. Let p = (p1, . . . , pn) be a probability distribution and q = (q1, . . . ,
qn) ∈ [0,∞)n, r = (r1, . . . ,rn) ∈ [0,∞)n. Then

〈p,r〉 ln
(

1
〈p,r〉

n

∑
i=1

qiri

)
+

n

∑
i=1

ripi ln
1
qi

− max
1�i�n

{
pi

qi

}
R− ln(q,p;r)

� H(p;r) (39)

� 〈p,r〉 ln
(

1
〈p,r〉

n

∑
i=1

qiri

)
+

n

∑
i=1

ripi ln
1
qi

− min
1�i�n

{
pi

qi

}
R− ln(q,p;r)

� 〈p,r〉 ln
(

1
〈p,r〉

n

∑
i=1

qiri

)
+

n

∑
i=1

ripi ln
1
qi

,

where

R− ln(q,p;r) = 〈q,r〉 ln
(

1
〈q,r〉

n

∑
i=1

q2
i ri

pi

)
−

n

∑
i=1

qiri ln

(
qi

pi

)
.
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If in addition r = 1 = (1, . . . ,1) with ∑n
i=1 qi = n, then

lnn+
n

∑
i=1

pi ln
1
qi

− max
1�i�n

{
pi

qi

}
R− ln(q,p) (40)

� H(p)

� lnn+
n

∑
i=1

pi ln
1
qi

− min
1�i�n

{
pi

qi

}
R− ln(q,p)

� lnn+
n

∑
i=1

pi ln
1
qi

,

where

R− ln(q,p) = n ln

(
1
n

n

∑
i=1

q2
i

pi

)
−

n

∑
i=1

qi ln

(
qi

pi

)
.

Proof. Applying (37) to the convex function f (t) = − lnt, we get

0 � min
1�i�n

{
pi

qi

}
R− ln(q,p;r) �

n

∑
i=1

ripi ln
1
qi

−H(p;r)+ 〈p,r〉 ln
(

1
〈p,r〉

n

∑
i=1

qiri

)

� max
1�i�n

{
pi

qi

}
R− ln(q,p;r),

which is equivalent to (39).
Further, let ∑n

i=1 qi = n and r = 1 = (1, . . . ,1). Then 〈p,r〉 = ∑n
i=1 pi = 1, and

from (39) we get (40). �

5. Applications including Zipf-Mandelbrot law

The Zipf-Mandelbrot law is a discrete probability distribution depending on pa-
rameters n ∈ N , q � 0 and s > 0 with probability mass function defined with

f (k,n,q,s) =
1

(k+q)sHn,q,s
, k = 1,2, . . . ,n,

where

Hn,q,s =
n

∑
k=1

1
(k+q)s . (41)

It is also known as the Pareto-Zipf law, a power-law distribution on ranked data, de-
fined by Mandelbrot [23] as generalization of a simpler distribution called Zipf’s law
[36]. Many naturally phenomena, as earthquake magnitudes, city sizes, incomes, word
frequencies and etc., are distributed according to this distribution. It implies that small
occurrences are extremely common, whereas large instances are extremely rare. The
Zipf-Mandelbrot has wide applications in many branches of science, as well as linguis-
tics, information sciences , ecological field studies and etc.
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If we put pi = 1
(i+q)sHn,q,s

in (33), then Shannon’s entropy becomes

n

∑
i=1

ln(i+q)sHn,q,s

(i+q)sHn,q,s
=

n

∑
i=1

ln(i+q)s

(i+q)sHn,q,s
+

n

∑
i=1

lnHn,q,s

(i+q)sHn,q,s

=
s

Hn,q,s

n

∑
i=1

ln(i+q)
(i+q)s +

lnHn,q,s

Hn,q,s

n

∑
i=1

1
(i+q)s

=
s

Hn,q,s

n

∑
i=1

ln(i+q)
(i+q)s + lnHn,q,s,

i.e. we get Shannon’s entropy for the Zipf-Mandelbrot law, so called the Zipf-Mandelbrot
entropy

Z(H,q,s) =
s

Hn,q,s

n

∑
k=1

ln(k+q)
(k+q)s + lnHn,q,s. (42)

Applying results from the previous section we will obtain lower and upper bounds
for the Zipf-Mandelbrot entropy Z(H,q,s).

COROLLARY 4. Let n ∈ N , q � 0, s > 0 and q = (q1, . . . ,qn) ∈ [0,∞)n with
∑n

i=1 qi = n. Let Hn,q,s and Z(H,q,s) be defined by (41)-(42), respectively. Then

lnn+
1

Hn,q,s

n

∑
i=1

1
(i+q)s ln

1
qi

− 1
Hn,q,s

max
1�i�n

{
1

(i+q)sqi

}
S(n,q,s,q)

� Z(H,q,s) (43)

� lnn+
1

Hn,q,s

n

∑
i=1

1
(i+q)s ln

1
qi

− 1
Hn,q,s

min
1�i�n

{
1

(i+q)sqi

}
S(n,q,s,q)

� lnn+
1

Hn,q,s

n

∑
i=1

1
(i+q)s ln

1
qi

,

where

S(n,q,s,q) = n ln

(
Hn,q,s

n

n

∑
i=1

(i+q)sq2
i

)
−

n

∑
i=1

qi ln(qi(i+q)sHn,q,s) .

Proof. Applying (40) we get

lnn+
n

∑
i=1

1
(i+q)sHn,q,s

ln
1
qi

− max
1�i�n

{ 1
(i+q)sHn,q,s

qi

}
S(n,q,s,q)

� Z(H,q,s)

� lnn+
n

∑
i=1

1
(i+q)sHn,q,s

ln
1
qi

− min
1�i�n

{ 1
(i+q)sHn,q,s

qi

}
S(n,q,s,q)

� lnn+
n

∑
i=1

1
(i+q)sHn,q,s

ln
1
qi

,

which is equivalent to (43). �
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COROLLARY 5. Let n ∈ N , q � 0, s > 0 , Hn,q,s and Z(H,q,s) be defined by
(41)-(42), respectively. Then

lnn− S(n,q,s)
Hn,q,s(1+q)s � Z(H,q,s) (44)

� lnn− S(n,q,s)
Hn,q,s(n+q)s

� lnn,

where

S(n,q,s) = n ln

(
Hn,q,s

n

n

∑
i=1

(i+q)s

)
−

n

∑
i=1

ln((i+q)sHn,q,s) .

Proof. If we choose q = 1 = (1, . . . ,1), then (43) becomes

lnn− 1
Hn,q,s

max
1�i�n

{
1

(i+q)s

}
S(n,q,s) � Z(H,q,s)

� lnn− 1
Hn,q,s

min
1�i�n

{
1

(i+q)s

}
S(n,q,s)

� lnn,

which is equivalent to (44). �
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