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Abstract. In this paper, we calculate a family of geometric constants for Morrey spaces, small
Morrey spaces and discrete Morrey spaces. This family of constants measures uniformly non-
squareness of the associated spaces. We obtain that the value this family of constants for the

aforementioned spaces is 21− 1
t for 1 � t < ∞ , which means that the spaces are not uniformly

non-square. The main results obtained in this paper generalize some existing results in the recent
literature.

1. Introduction and preliminaries

In recent years, various geometric constants for a Banach space have been defined
and studied. In general, the study of the geometric property of a Banach space is not
easy. Alternatively one can do this with the help of some certain geometric constants.

For a real Banach space X , let SX = {x∈X : ‖x‖= 1} and BX = {x∈X : ‖x‖� 1}
be the unit sphere and the closed unit ball of X , respectively. Also, let Λ denote the set
of all continuous functions λ : [0,∞)× [0,∞) → [0,∞) such that λ is homogeneous of
degree 1 and λ (1,1) = 1.

Recently, Amini-Harandi and Rahimi [2] has introduced the constants Cλ ,t(X) and
C′

λ ,t(X) of X by

Cλ ,t(X) = sup
{

λ
(‖ru+ sv‖,‖ru− sv‖) : u,v ∈ SX , r,s � 0 and ‖(r,s)‖t = 1

}
for each λ ∈ Λ and t ∈ [1,∞] , where

‖(r,s)‖t =

{(|r|t + |s|t) 1
t , 1 � t < ∞,

max{|r|, |s|}, t = ∞

and

C′
λ ,t(X) = sup

{
λ

(‖u+ v‖,‖u− v‖)
2

1
t

: u,v ∈ SX

}
.

Notice that since for each r,s ∈ [0,1] , we have ‖ru+ sv‖,‖ru− sv‖,‖u+ v‖,‖u− v‖∈
[0,2] and λ is bounded on [0,2]× [0,2] , then Cλ ,t(X) < ∞ and C′

λ ,t(X) < ∞ .
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For each r,s∈ [0,∞) and t ∈ [1,∞) , set ε(r,s) = min{r,s} , αt(r,s) =
(

rt+st
2

) 1
t and

π(r,s) =
√

rs . It is obvious that the constants Cλ ,t(X) and C′
λ ,t(X) include some known

geometric constants such as the generalized von Neumann-Jordan constant C(t)
NJ(X) =

22−t(Cαt ,t(X))t ([4, 5, 6]), the generalized Zbăganu constant C(t)
Z (X) = 22−t(Cπ ,t(X))t

([17, 18]), the generalized von Neumann-Jordan type constant C(t)
−∞(X)= 22−t(Cε,t(X))t

([7, 14]), the generalized modified von Neumann-Jordan constant C
(t)
NJ(X) =

22−t(C′
αt ,t(X))t ([16]), the James constant J(X) = Cε,∞(X) ([11]), Baronti-Papini’s

constant A2,t(X) = 2
1
t Cα1,t(X) ([3, 8]), Alonso-Llorens-Fuster’s constant T (X) =

C′
π ,∞(X) ([1]). It is interesting to remark at this point that for all 1 � t < ∞ ,

2
1
2− 1

t � C′
λ ,t(X) � Cλ ,t(X) � 21− 1

t .

Recall that a Banach space X is called uniformly non-square provided that there
exists δ > 0 such that either ‖x+y‖� 2−δ or ‖x−y‖� 2−δ for all x,y∈BX . In [11]
it was proved that uniformly non-square Banach spaces are reflexive. It is worthwhile to
mention that X is uniformly non-square if and only if Cλ ,t(X) < 21− 1

t for all 1 < t < ∞ .
The goal of this work is to compute the values of the constants Cλ ,t(X) and

C′
λ ,t(X) for Morrey spaces X = M p

q (Rd) , small Morrey spaces X = mp
q(Rd) and dis-

crete Morrey spaces X = �p
q(Zd) , where 1 � p < q < ∞ and 1 � t < ∞ . Our main

results tell us that all of those spaces are not uniformly non-square. Moreover, the main
results obtained in this paper generalize some previous results in the recent literature
on this topic.

2. Small Morrey spaces

For 1 � p � q < ∞ , the small Morrey space mp
q = mp

q(Rd) is the set of all mea-
surable functions f such that

‖ f‖mp
q

:= sup
a∈Rd ,R∈(0,1)

∣∣B(a,R)
∣∣ 1

q− 1
p

(∫
B(a,R)

| f (y)|pdy

) 1
p

< ∞,

where |B(a,R)| denotes the Lebesgue measure of the open ball B(a,R) in R
d , with

center a and radius R . Small Morrey spaces are Banach spaces [15]. Note that for
p = q , the space mp

q is identical with the space Lq
uloc [15].

Our result for small Morrey spaces is presented in the following theorem.

THEOREM 1. Let 1 � p < q < ∞ and 1 � t < ∞ . Then

Cλ ,t(m
p
q) = C′

λ ,t(m
p
q) = 21− 1

t .

Proof. Suppose that 1 � p < q < ∞ and 1 � t < ∞ and let f (x) = χ(0,1)(|x|)|x|−
n
q ,

where x ∈ R
n and |x| denotes the Euclidean norm of x . Then f ∈ mp

q . For each ε ∈
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(0,1) , we consider g(x) = χ(0,ε)(|x|) f (x) , h(x) = f (x)−g(x) and k(x) = g(x)−h(x) .
Note that g depends on ε , so that h and k also depend on ε . Therefore, we obtain

‖ f‖mp
q
= sup

R∈(0,1)
|B(0,R)| 1

q− 1
p

(∫
B(0,R)

|y|− np
q dy

) 1
p

=
(

Cn

n

) 1
q
(

1− p
q

)− 1
p

,

‖g‖mp
q
= sup

R∈(0,1)
|B(0,R)| 1

q− 1
p

(∫
B(0,R)

|χ(0,ε)(|y|) f (y)|pdy

) 1
p

= sup
R∈(0,ε)

|B(0,R)| 1
q− 1

p

(∫
B(0,R)

|y|−−np
q dy

) 1
p

=
(

Cn

n

) 1
q
(

1− p
q

)− 1
p

= ‖ f‖mp
q
,

‖h‖mp
q
� sup

R∈(0,1)
|B(0,R)| 1

q− 1
p

(∫
B(0,R)

|χ(ε,1)(|y|) f (y)|pdy

) 1
p

= sup
R∈(ε,1)

|B(0,R)| 1
q− 1

p

(∫
B(0,R)\B(0,ε)

|y|−−np
q dy

) 1
p

= sup
R∈(ε,1)

(
Cn

n

) 1
q− 1

p

R
n
q− n

p

(
Cn

∫ R

ε
r−

−np
q +n−1dr

) 1
p

= sup
R∈(ε,1)

(
Cn

n

) 1
q
(

1− p
q

)− 1
p (

1−R
−np
q −nε−

−np
q +n

) 1
p

=
(
1− εn−−np

q

) 1
p ‖ f‖mp

q

and

‖k‖mp
q

= sup
R∈(0,1)

|B(0,R)| 1
q− 1

p

(∫
B(0,R)

∣∣(χ(0,ε)(|y|)− χ(ε,1)(|y|)
)

f (y)
∣∣p

dy

) 1
p

= sup
R∈(0,1)

|B(0,R)| 1
q− 1

p

(∫
B(0,R)

| f (y)|pdy

) 1
p

= ‖ f‖mp
q
,

where Cn denotes the “area” of the unit sphere in R
n . First, let us compute the constant

Cλ ,t(m
p
q) . Then, we have

Cλ ,t(m
p
q) � 1(‖ f‖t

mp
q
+‖k‖t

mp
q

) 1
t

λ
(‖ f + k‖mp

q
,‖ f − k‖mp

q

)

=
1(‖ f‖t

mp
q
+‖k‖t

mp
q

) 1
t

λ
(‖2g‖mp

q
,‖2h‖mp

q

)

� 1

2
1
t ‖ f‖mp

q

λ
(
2‖ f‖mp

q
,2‖ f‖mp

q

(
1− εn−−np

q
) 1

p
)
.
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Since we may choose ε to be arbitrary small, it follows that Cλ ,t(m
p
q) � 21− 1

t . Since

Cλ ,t(m
p
q) � 21− 1

t , we conclude that Cλ ,t(m
p
q) = 21− 1

t .
Next, we move to the constant C′

λ ,t(m
p
q) . Due to ‖ f‖mp

q
= ‖k‖mp

q
, we consider

f
‖ f‖

mp
q

and k
‖ f‖

mp
q

. Hence, we have

C′
λ ,t(m

p
q) � 1

2
1
t ‖ f‖mp

q

λ
(‖ f + k‖mp

q
,‖ f − k‖mp

q

)

=
1

2
1
t ‖ f‖mp

q

λ
(‖2g‖mp

q
,‖2h‖mp

q

)

� 1

2
1
t ‖ f‖mp

q

λ
(
2‖ f‖mp

q
,2‖ f‖mp

q

(
1− εn−−np

q
) 1

p
)
.

By using similar arguments as before, we conclude that C′
λ ,t(m

p
q) = 21− 1

t . �

COROLLARY 1. Let 1 � p < q < ∞ and 1 � t < ∞ . Then

C(t)
NJ(m

p
q) = C

(t)
NJ(m

p
q) = C(t)

Z (mp
q) = C(t)

−∞(mp
q) = J(mp

q)

= A2,t(mp
q) = T (mp

q) = 2.

REMARK 1. Corollary 1 generalizes and improves existing results in [10, 12, 13].

3. Morrey spaces

For 1 � p � q < ∞ , the (classical) Morrey space M p
q = M p

q (Rd) is the set of all
measurable functions f such that

‖ f‖M p
q

:= sup
a∈Rd ,R>0

∣∣B(a,R)
∣∣ 1

q− 1
p

(∫
B(a,R)

| f (y)|pdy

) 1
p

< ∞,

where |B(a,R)| denotes the Lebesgue measure of the open ball B(a,R) in R
d , with

center a and radius R . Morrey spaces are Banach spaces [15]. Note that for p = q , the
space M p

q is identical with the space Lq = Lq(Rd) , the space of q -th power integrable
functions on R

d . Note that for all p and q , the small Morrey spaces properly contain
the Morrey spaces.

Our result for Morrey spaces is stated in the following theorem.

THEOREM 2. Let 1 � p < q < ∞ and 1 � t < ∞ . Then

Cλ ,t(M
p
q ) = C′

λ ,t(M
p
q ) = 21− 1

t .
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Proof. Suppose that 1 � p < q < ∞ and 1 � t < ∞ and let f (x) = |x|− n
q , where

x ∈ R
n and |x| denotes the Euclidean norm of x . Then f ∈ M p

q . Now, we consider
g(x) = χ(0,1)(|x|) f (x) , h(x) = f (x)− g(x) and k(x) = g(x)− h(x) . One may observe
that

‖ f‖M p
q

= ‖g‖M p
q

= ‖h‖M p
q

= ‖k‖M p
q

=
(

Cn

n

) 1
q
(

1− p
q

)− 1
p

.

First, we calculate the constant Cλ ,t(M
p
q ) . Hence, we have

Cλ ,t(M
p
q ) � 1(‖ f‖t

M
p
q

+‖k‖t
M

p
q

) 1
t

λ
(‖ f + k‖M p

q
,‖ f − k‖M p

q

)

=
1(‖ f‖t

M p
q

+‖ f‖t
M p

q

) 1
t

λ
(‖2g‖M

p
q
,‖2h‖M

p
q

)

� 1

2
1
t ‖ f‖M p

q

λ
(
2‖g‖M p

q
,2‖h‖mp

q

)

= 21− 1
t .

So Cλ ,t(M
p
q ) � 21− 1

t . Since Cλ ,t(M
p
q ) � 21− 1

t , we conclude that Cλ ,t(M
p
q ) = 21− 1

t .

Next, for the constant C′
λ ,t(M

p
q ) , we consider f

‖ f‖
M

p
q

and k
‖ f‖

M
p
q

as ‖ f‖M
p
q

=

‖k‖M p
q
. Then, we have

C′
λ ,t(M

p
q ) � 1

2
1
t ‖ f‖M p

q

λ
(‖ f + k‖M p

q
,‖ f − k‖M p

q

)

=
1

2
1
t ‖ f‖M p

q

λ
(‖2g‖M p

q
,‖2h‖M p

q

)

� 1

2
1
t ‖ f‖M

p
q

λ
(
2‖g‖M p

q
,2‖h‖M p

q

)

= 21− 1
t .

By applying the same arguments as above, we conclude that C′
λ ,t(M

p
q ) = 21− 1

t . �

COROLLARY 2. Let 1 � p < q < ∞ and 1 � t < ∞ . Then

C(t)
NJ(M

p
q ) = C

(t)
NJ(M

p
q ) =C(t)

Z (M p
q ) = C(t)

−∞(M p
q ) = J(M p

q )

= A2,t(M p
q ) = T (M p

q ) = 2.

REMARK 2. Corollary 2 generalizes and improves existing results in [10, 13].
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4. Discrete Morrey spaces

Let ω := N∪{0} and m := (m1,m2, . . . ,md) ∈ Z
d . Define

Sm,N :=
{
k ∈ Z

d : ‖k−m‖∞ � N
}
,

where N ∈ ω and ‖m‖∞ = max
{|mi| : 1 � i � d

}
. Then |Sm,N | = (2N +1)d denotes

the cardinality of Sm,N for each m ∈ Z
d and N ∈ ω . Let 1 � p � q < ∞ and define

discrete Morrey spaces �p
q = �p

q(Zd) as the set of all functions (sequences) x : Z
d → R

such that

‖x‖�
p
q
:= sup

m∈Zd , N∈ω
|Sm,N |

1
q− 1

p

(
∑

k∈Sm,N

|x(k)|p
) 1

p

< ∞.

The discrete Morrey space �p
q with the above norm is a Banach space [9]. Note that for

p = q , the space �p
q is identical with the space �q .

Our result for discrete Morrey spaces is presented in the following theorem.

THEOREM 3. Let 1 � p < q < ∞ and 1 � t < ∞ . Then

Cλ ,t(�
p
q) = C′

λ ,t(�
p
q) = 21− 1

t .

Proof. Suppose that 1 � p < q < ∞ and 1 � t < ∞ . Let us first consider the case

where d = 1. Assume that n ∈ Z be an even number with n > 2
q

q−p −1, which can be

written as (n+ 1)
1
q− 1

p < 2−
1
p . Therefore (n+ 1)

1
q− 1

p 2
1
p < 1. Consider the sequence

(xk)k∈Z defined by

x0 = xn = 1 and xk = 0 for all k /∈ {0,n}

and the sequence (yk)k∈Z defined by

y0 = 1, yn = −1 and yk = 0 for all k /∈ {0,n}.

Hence, we have

‖x‖�
p
q
= sup

m∈Zd ,N∈w
|Sm,N |

1
q− 1

p

(
∑

k∈Sm,N

|xk|p
) 1

p

= max

{
1, |S n

2 , n
2
| 1

q− 1
p

(
∑
n
2 , n

2

|xk|p
) 1

p
}

= max
{

1,(n+1)
1
q− 1

p 2
1
p

}
= 1.

Similarly, we can show that ‖y‖�
p
q
= 1. Moreover, we may observe that ‖x+ y‖�

p
q
= 2

and ‖x− y‖�
p
q
= 2.
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Now we shall consider the general case where d � 1. Assume that n ∈ Z be

an even number with n > 2
q

d(q−p) − 1, which can be written as (n+ 1)d( 1
q− 1

p ) < 2−
1
p .

Therefore (n+1)d( 1
q− 1

p )2
1
p < 1. Define the function x : Z

d → R by

x(k) =

{
1, k = (0,0, . . . ,0),(n,0, . . . ,0)
0, otherwise

and also define the function y : Z
d → R by

y(k) =

⎧⎪⎨
⎪⎩

1, k = (0,0, . . . ,0),
−1, k = (n,0, . . . ,0),
0, otherwise.

Thus, we have

‖x‖�
p
q
= sup

m∈Zd ,N∈w
|Sm,N |

1
q− 1

p

(
∑

k∈Sm,N

|xk|p
) 1

p

= max

{
1, |S n

2 , n
2
|d( 1

q− 1
p )

(
∑
n
2 , n

2

|xk|p
) 1

p
}

= max
{

1,(n+1)d( 1
q− 1

p )2
1
p

}
= 1.

By the same argument, we can show that ‖y‖�
p
q

= 1. Moreover, we may observe that
‖x+ y‖�

p
q
= 2 and ‖x− y‖�

p
q
= 2.

First, let us compute the constant Cλ ,t(m
p
q) . Then, we obtain

Cλ ,t(�
p
q) � 1(‖x‖t

�
p
q
+‖y‖t

�
p
q

) 1
t

λ
(‖x+ y‖�

p
q
,‖x− y‖�

p
q

)

=
1

2
1
t

λ (2,2) = 21− 1
t .

So Cλ ,t(�
p
q) � 21− 1

t . Since Cλ ,t(�
p
q) � 21− 1

t , we conclude that Cλ ,t(�
p
q) = 21− 1

t .
Next, we move to the constant C′

λ ,t(�
p
q) . Hence, we get

C′
λ ,t(�

p
q) � 1

2
1
t

λ
(‖x+ y‖mp

q
,‖x− y‖mp

q

)
=

1

2
1
t

λ (2,2) = 21− 1
t .

By using similar arguments as before, we conclude that C′
λ ,t�

p
q) = 21− 1

t . �

COROLLARY 3. Let 1 � p < q < ∞ and 1 � t < ∞ . Then

C(t)
NJ(�

p
q) =C

(t)
NJ(�

p
q) = C(t)

Z (�p
q) = C(t)

−∞(�p
q) = J(�p

q) = A2,t(�p
q) = T (�p

q) = 2.
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REMARK 3. Corollary 3 generalizes and improves existing results in [10, 14].

As a consequence of Theorems 1, 2 and 3, we obtain the following result.

COROLLARY 4. Morrey spaces M p
q , small Morrey spaces mp

q and discrete Mor-
rey spaces �p

q with 1 � p < q < ∞ are not uniformly non-square.
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