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INEQUALITIES IN TIME-FREQUENCY ANALYSIS

SAIFALLAH GHOBBER, SLIM OMRI* AND ONS OUESLATI

(Communicated by I. Peri¢)

Abstract. Different types of Nash inequaliy, Sobolev inequality, Pitt inequality, logarithmic
Sobolev inequality and Gross inequality are proved for the short time Fourier transform. Also,
several formulations of Beckner’s logarithmic uncertainty principle are established for the same
transform.

1. Introduction

Uncertainty principles in harmonic analysis state that a nonzero function and its
Fourier transform cannot be simultaneously and sharply localized, that is, it’s impossi-
ble for a nonzero function to be arbitrary small as well as its Fourier transform. There
are many different formulations of this general fact where the localization and the small-
ness have been interpreted by several ways. In the literature, many of these uncertainty
principles are formulated as inequalities indeed many authors have showed in the Eu-
clidean case different type of uncertainty inequalities as Sobolev and Pitt’s inequalities
[2, 3, 4, 29], which were generalized by Ghobber and Omri [11, 32] for the Bessel-
Kingman hypergroup and by Ghobber and Soltani in the Dunkl setting [10, 30, 31]. For
more detail about uncertainty principles we refer the reader to [9, 16].

It’s well known that in signal analysis, the classical Fourier transform provide a
global description of the spectrum of a given signal, however this description is un-
fortunately devoid of any chronology, loosing then the localization of each spectral
component. To overcome this strong constraint, many authors introduced in the last
decades several time-frequency representations where the temporal and the frequency
variables are simultaneously present in the so-called time frequency plane. One of
the most important time-frequency representations, called the short time Fourier trans-
form, was introduced by Gabor in the sixties, more precisely for a nonzero function
g € L*(R?) called a window function, the short-time Fourier transform (STFT) is de-
fined on L?(RY) by [14]

Yix.w) € R xR %)k ) = [ F@eE=Re ). D
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d
where (., .) is the classical inner product on R? defined by (z,®) = ) z®; and
i=1
dug(z) = (277:)*‘]/ 2dz is the normalized Lebesgue measure. Many harmonic analy-
sis results related to the STFT will be developed in the second section and for more
details about the harmonic analysis of the STFT, we refer the reader to [14].

Uncertainty principles for the STFT say that for a given function f € L?>(R?),
“Vg( f) cannot be arbitrary localized, otherwise f is zero. In this context, Lieb, Omri,
Lamouchi, Grochenig, Zimmermann, Bonami, Demange, Jaming, Fernandez, Galbis,
Wilczok and recently Ghobber and Oueslati [6, 8, 12, 15, 20, 22, 33] showed many
uncertainty principles for the STFT. Moreover, many authors were interested in gener-
alizing different uncertainty inequalities to the Gabor analysis, so the main subject of
this paper is a continuity of these works where we shall generalize through this work
several uncertainty inequalities already proved in the Euclidean case, for more details
about uncertainty principle in Gabor analysis we refer the reader to [7].

Recently, Kubo, Ogawa and Suguro proved different type of logarithmic Sobolev
inequalities as well as Shannon inequality in the Euclidean case [19]. A part of these
results were generalized very recently by Mejjaoli and Shah in the directional short time
Fourier transform setting [25] and for the classical Gabor transform as well [24]. The
results showed in this paper are complementary to those obtained by Mejjaoli and Shah
in [24], and the only commun result which is the logarithmic uncertainty principle, has
been obtained slightly differently.

The paper is organized as follows, in the second section we will recall some har-
monic analysis tools connected with the STFT. In the last section we prove the main
results of this paper, that are Nash, Sobolev, Pitt, Gross and logarithmic Sobolev in-
equalities. Also, we deduce different type of Heisenberg and Beckner’s uncertainty
principles related to the STFT.

2. Harmonic analysis associated with the short time Fourier transform

For every x,w € R?, we denote by .#, and T, respectively the modulation and
the shift operator defined by,

Moh(z) = O n(z), 2.1)
and
Tih(z) = h(z—x). (2.2)
Then, by (2.1) and (2.2), we deduce that for every x,® € R?, we have
Vz e RY, My(Teh)(2) = €@ h(z - x), (2.3)
and ' _
VzeRY, T (Mph)(z) = e OO (7 —x), (2.4)

Again, by (2.2), the STFT may be expressed by

—

() (x, 0) = [Tg(w), (2.5)
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and by (1.1) and (2.1), we have

K(No) = [ TR~ x)dualc) = Mal 5), @26

where * denotes the classical convolution product on R?.
According to Grochenig [14], it’s well known that for every f,g € L?>(R?), the
function ¥4 (f) is uniformly continuous and bounded on the time-frequency plane RY x

RY and satisfies,
176(F)loo2a < || f112.all8l2.a- (2.7)

Moreover, we have the following orthogonality property.

THEOREM 2.1. Let f1,f>,81,82 € L*(RY) such that g; # 0 and g, # 0.
Then, the functions Vg, (f1) and ¥4, (f>) belong to L*(R? x RY), and we have the
following orthogonality relation,

(Yo, (1), Ve, (2) ) 0 = (f15 f2)ma (81,82) pa (2.8)

where (-,-)ga (resp. (-,")pa,pa ) is the usual inner product on L2(RY) (resp. L*(R? x

]IA%‘I)). In particular, for every f,g € L*(R?) such that g # 0, we have the following
Plancherel’s formula

17e(F)l22a = (2.9)
THEOREM 2.2. Let g be a window function and f € L*(RY). Then,
i) Forevery 2 < p < +oo, ¥(f) € LP(RY x H/{?l) and we have

Lo 0| dpsa(x,0) < () .10

R4 x R4

2i) Forevery 1 < p <2, we have

/ |7 )] dia(x, 0) > ( ) 2.11)

R4 x R4

PROPOSITION 2.3. i) Let 1 < p,q < +eo such that 4+ =1 and let g €
L2(RY) NLI(RY) be a window function. Then, for every function f € L*(RY)N
LP(R?), we have

176(f)loo2a < 11l p.allgllga- (2.12)

2i) Let g € L*(RY) NL*(R?) be a window function. Then, for every function f €
L' (RYYNL*(RY), we have

17 (F)leo2a < 11 1.all8]l0.a- (2.13)
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PROPOSITION 2.4. Let g € L*(RY) be a window function. Then, for every f €
L*(RY), we have

W(x, 0) € R xR, F4(f)(x, 0) = e 0 V(f) (0, —x). (2.14)

In the following we denote by . (R?) the vector space of measurable functions
f:R?Y — C. Forevery A >0 and f € .#(R?), we denote by f; the dilate of f
defined on R?, by

fulx) =28 f(Ax). (2.15)

PROPOSITION 2.5. For every A >0 and f € L*>(RY), the dilate f; belongs to
L*(RY) and we have

| fallza = 11fll2.a- (2.16)

PROPOSITION 2.6. Let g € L*(R?) be a window function. Then, for every A >0
and for every f € L*(R?), we have

V() € R < RY, 74, (1) (x,0) = %) (Ax, 3 2.17)

Proof. See [14]. O

THEOREM 2.7. Let g € S(R?) be a window function. Then, the following asser-
tions are equivalents:

(i) feSRY).
(ii) Y4(f) GS<R‘1XI§‘1>.
Proof. See [15]. O

In signal analysis, the short time Fourier transform is closely related to other com-
mon and well known time frequency distributions as the radar ambiguity function and
the cross Wigner transform.

DEFINITION 2.8. Let g € L*>(RY) be a window function and f € L*>(R¢). The
radar ambiguity function <7 (f,g) is defined by

V(x,0) € RY x RY, ﬂ(f,g)(x,w):/Rdf(t%)g(t—’—z“)e*f@v@dud(z). (2.18)

PROPOSITION 2.9. Let g € L*>(RY) be a window function. Then, for every func-
tion f € L*>(R?), we have

Vo) eRIXRY, o(f,8)(x,0) =Y (f) (x, w). (2.19)
In particular,

Y(x,0) ERIXRY, [/(f,8)(x, 0)] = [%(f)(x, ). (2.20)
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Proof. See[14]. O

DEFINITION 2.10. Let f,g € L?(R¢). The cross Wigner transform of f and g is
defined by,

V(x,0) € RY x BY, W(f,g)(x,a))z/ﬂ%df(x—l-%)g( —%)e_i<t’“’>dud(t). (2.21)

PROPOSITION 2.11. Let g € L>(R?) be a window function. Then, for every func-
tion f € L*(RY), we have

Vix,0) eRIXRY, #(f,8)(x, 0) = 29X 5OV ¥4 (f)(2x,20). (2.22)
In particular,
Vix,0) eR'xRY, | #(f0)(x,0) =2 %(f)(2x20),  (2.23)
where
VxeRY, g(x) = g(—x). (2.24)

Proof. See [14]. O

REMARK 2.12. According to Proposition 2.9 and Proposition 2.11, one can see
that all the results that will be shown for the short-time Fourier transform, could be
naturally and easily deduced for the radar ambiguity function and the cross Wigner
transform as well.

3. Uncertainty inequalities for the short time Fourier transform

The purpose of this section is to prove the main results of this paper, more pre-
cisely we will establish many uncertainty inequalities related to the short time Fourier
transform.

3.1. Nash type inequalities

In the next we recall the well known classical Nash’s inequality in the Euclidean
case [26].

THEOREM 3.1. There exists a constant C(d) > 0 such that for every function
f e LY (R NL*(RY), we have

243

124" < C@IFITNIEL

In the following we shall prove an analogous of Nash’s inequality for the STFT.

3a- (3.1
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PROPOSITION 3.2. (Nash type inequality) Let g € L™ (RY)NL*(R?) be a window
function. Then,

i) For every s >0 and for every function f € L'(RY)NL*(R?), we have

2+
||g||2 ¢" <Cls,d) dll\(x OIAGIE (3.2)
where
s+d 2 1 a
C(s,d) = —_—
0= (5 ) ()
and T denotes the Euler gamma function.
2i) Forevery s > 1 and for every function f € L'(RY)NL*(R?), we have
2+
T < < C(s,d) A(f) ;,(f) (3.3)

where

s+d s
__ s+l s+d E 1 d
Clsd) =2 ( d ) 245T(d) ) -

Proof. Let r > 0, we denote by B, the open ball given by
B, ={(x,0) € R x R%;|(x,0)| < r}.
By using Plancherel’s theorem, we obtain
1713 alg 130 = 14D 20 = 13, Y (P20 + 1285 %) 2 p
By using (2.13), we get
12850 B 20 = [, 17505, 0) P (5. )

< uzd(Br)’|7/g(f)Hi,2d

< Hoq (Br)
2d

= 2441 (d)

On the other hand
6B og = [ 4o 0) P (x,0)
< [ o) P () (. 0) it (x,0)

< 21 @) Yo (N34
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Hence,

12all8ll54 < e @) H ()15 50 (3.4)

2ddr( )

By minimizing the right-hand side of inequality (3.4) with respect to the variable r > 0,
we get

2 > _s+d 1 s+l
P

Then, (3.2) is proved. On the other hand, we have

(x, @) Y4 (f )II;%- (3.5)

2+ & s
7 “dH|(x,a))| VAR

7 3 (1 7D Bza + N0l (£)l324) -

Let A >0, replacing f,g by f;,g, in the last inequality and by using (2.16) and (2.17)
we get

(3.6)
by minimizing the right-hand side of (3.6) with respect to the variable A > 0, we get

< C(s,d)

< 2°C(s,d)

2+d

S2°C(s, d)Hfllldllgllm (M I Fe (D3 20 +A% |0 Z ()13

2+d

2s 2s
<2, )1 Il 2 M Xl 2 (f) 0

|0V (f)

In the folowing we recall the well known Carlson’s inequality that we shall use
later, we will also give the proof for sake of completeness.

PROPOSITION 3.3. (Carlson inequality) Let s >0, 0 < p <2 and 0 < g < +oo
such that % = % + Ll]. Then, for every function f € LP(RY)NL*(R?), we have

171557 < C(s.d.q)

d\'*? 1 a
(S d q) sq (1 +—> N .
d sq 2271dr (9)

Proof. By using Holder’s inequality we obtain

\fllzdll\é\ llp.as (3.7

where

1 llp.a = 28, f1lp.a+ 285 f 1l p.a

< (ua(B,))7 “NEF fllpa
1 %4 Csllg s
:<m> rl| fllpg+rNEF flpa- (3.8)
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By minimizing the right-hand side of inequality (3.8) with respect to the variable r, we
get

sq + d) dfxq 1 m dﬂq dﬂq 3.9
1 £llpa < ( =) (F) (72%—1@(%)) IA15 IER g (39)

Which is the desired result. [

THEOREM 3.4. Let g € L*(RY)NL™(RY) be a window function. Then, for every
s > 1 and for every function f € L (Rd) NL*(RY), we have

C(s,d)

(f)

e(f)

||g||2
(3.10)

where

s+d\T 1 N\Tos(  d\'* 1 4
C(s,d) = el .
sa=(7) " (zorm) 7 (13) (2‘5—1411“(%))

Proof. The proof is a consequence of (3.3) and (3.7) for p=1. O

REMARK 3.5. From (2.11) and Carlson’s inequality (3.7), we can deduce the fol-
lowing well known Heisenberg’s type inequality for the short-time Fourier transform,
that is for every window function g € S (Rd), for every 1 < p <2, s> 0 such that
sp = 2 and for all 0 < g < 4-0 such that 1% = % + é, we have for every f € S(R?)

< C(s,d,q,p) I Ve (Nl p2alll@ P ()l p.2a, (3.1D)

where

2 sq sq s -2
2\ e (sq 2d\ 12 1 2
C(s,d,q,p)=( = 2 WD L (4= S —
(S, 7q7p) (p) P Zd +sq der(d)

PROPOSITION 3.6. Let 1 < p,q < +oo suchthat 5+ 4 =1, g € LY(R')NL*(RY)

be a window function. Then, for every s > 0 and for every f € LP(RY)NL*(R?), we

have
2+d

2 2s

< Clsd) 11| qllgllgall e @) Y2 (I3 20 (3.12)
+d\T 1\
N

C“"”:( )" (@)

2s 2s
24" SCEA)fyallgll el 7e(H)ll22alllof Ve (Hll22a,  (3.13)

where

If s > 1, we have

24
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s+d s

‘ +d\ ¢ 1 d

Cls,d) =2+ (2 )"
(5,4) ( d ) (2"Sr(a’)>

Proof. Let r > 0, by using Plancherel’s theorem we obtain

where

1718 a1 = 1750130 = YN+ 15 )
By using (2.12), we get
2
18,56 B s = [, [40)x,0) P (x.0)

< .U2d(Br)H%g(f)Hi,2d
< ta(Bo)I£115 18115
2d 5
= Yar(d )Hfll 1gll-
On the other hand
IIXBg”f/g(f)H;zd — /BC ’7/g(f)(x, w)’zduzd (x, )
< [ o) P () (. 0) i (x,0)

< 21 @) Yo (34

Hence,

zddr( )||fH 8127 +111x, @) Yo ()13 07 - (3.14)

By minimizing the right-hand side of that inequality over » > 0, we get

S+d 1 st s AA s
||f§,d||g||%7d<7(m) Tl T P [ ATS FEAERE)

We get the desired result. [

3.2. Sobolev inequality

First we recall the following classical Sobolev inequality in the Euclidean case.

THEOREM 3.7. (Classical Sobolev inequality) Let d > 3. Then, for every func-
tion f € € (R?), we have

< .
(TS (3.16)
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where € (R?) denotes the vector space of smooth functions with compact support and

o 1 (r(d))”
T e Frdd-2)\r(9))

Proof. See [29]. O

THEOREM 3.8. (Sobolev’s inequality for STFT) Let d > 3, g € € (R?) be a
window function. Then, for every f € €=(R?), we have

Fl 20 4 < Calll0%4()

lgll2.q 2.2d5 (3.17)

where € (R?) denotes the vector space of smooth functions.

Proof. Since f € € (RY) and g € €:°(R?) then forevery x e RY, fT,g € €:°(R?).
Then, by using the classical Sobolev inequality (3.16) we obtain

d—2

d

([ 1@l ()P au@) * <G [ 10Prne0)Fdu(o)

(3.18)

Hence, by integrating both sides of equation (3.18) with respect to the variable x and
Minkowski’s inequality for integrals, we get
d-2

lelzl 1P, = ( L ( L f(w)27}g(a))|2dud(x)>

< [, ([ @1 e du@) " auo

<ci [ 0P o) Pdu(x0).
R4 xR

d—2
_d_
d—

2 d#d(@)

which corresponds to the desired result. [

In the following we shall deduce type of Nash’s inequality from Sobolev inequal-
ity.

COROLLARY 3.9. Let g € €°(R?) be a window function. Then, for every func-
tion f € €= (R?), we have

142

24" IS

1+2

2 2
24" <Nl AT yCalllo] V()

g 2.2d> (3.19)

Proof. By interpolation theorem, we get

1-6 ¢]
1 ll2a < 1Al 11l g.as
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where g = %, % = S—F 1—0,and 6 = dLH' Moreover, by (3.17), we obtain
d_
lgll2.allfll2.a < |d+2Hf||Zl
2 d
anTl (lglallfl 22 )"
d22 ddiZ
Hfll a4 o755

hence, we get the desired result. [

COROLLARY 3.10. Let g € € (R?) be a window function. Then, for every func-
tion f € €= (R?), we have

<Gl o) (3.20)
Proof. By interpolation theorem, we have
1A llpa < 11222 111G 0
where p =2+ 3, q= d2d2, 1_6, T and 6 =1— d% Therefore, by using

Sobolev’s inequality (3.17), we get tﬁe result for the STFT. [
Now, we will show that Sobolev’s inequality (3.17) implies a logarithmic Sobolev

inequality.

COROLLARY 3.11. Let d >3 and g € €°(RY) be a window function. Then, for
every function f € €= (R4)\ {0}, we have

FOP2 . [ 1f)) d. (Gl (3.4
1 d < =1 0 |, 3.21
f T “(fn;d) Halx) < 5 ( TR G20

Proof. Let g € 6°(R?) be a window function and f € ¢(R?) such that ||g[24 =
| fll2. = 1. Then, by using Jensen’s inequality and Sobolev’s inequality (3.17) we ob-
tain

5 [ PP auao) <o ( L f(x>|2+d42dud(x))

2d
= =3 (111 35.0)
2d
i zln(nfudngnz,d)

In (Cyll|@] 74 (f)l2.24) -

d 2
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Then, p
/Rd L) P In(|f(x)]*)dpa(x) < S (Cilllo 7% (F)13.24) - (3.22)

f g

If f is a nonzero function of € (R?) then by replacing f,g by Tha’ Telns in
2d 8112,

(3.22) we get the result. [

3.3. Pitt’s Inequalities

In the following we recall the classical Pitt’s inequality in the Euclidean case.

THEOREM 3.12. Forevery f € S(R?) and 0 < o0 < d, we have

—o| 7 2 1 I dT 2
[ 0P dmat) < 55 (M% ) L P, 3.23)

Proof. See [2]. U

THEOREM 3.13. (Pitt’s inequality for STFT) Let g € S(R?) be a window func-
tion. Then, for every function f € S(R?) and 0 < o0 < d, we have

—o 1 [T(&2
/Rdx@dho‘ 7/g(f)(x7w)2duzd(x,a))<2—a<rg JZ ;) ||g||2d/ 11%1£ (1) Pl pa(2).-
(3.24)

Proof. Since g, f € S(R?) this implies that for every x € R?, fT,g € S(R?). Us-
ing (2.5) and replacing f by fT.g in (3.23), we obtain

101 170 x.0)Pdua(@) = [ o]/ Tgw) Pdi()

d_
<21a (?E“ >/|r| Teg(0)Pdpa(r).
(3.25)

Hence, by integrating both sides of (3.25) with respect to the variable x, we get

~/Rd ‘ | O(|7/( )(x,w)|2d,u2d(x,w)
(s

< —

=1

Q

QL

(%))2/ || % fTeg (1) |*d 1iaa (2, x)
(Z8)) Jeosia! |
(d

@))

Q
~— ~—

!

2 [ 1917 0Pduate). O

—
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THEOREM 3.14. Let g € S(R?) be a window function. Then, for every f € S(R?)

and 0 < o < d, we have

r(ee))’ .
/Rdxﬁd x|~ (f) (x, @) d tia (x, ) < Zla (FE *j; ;) ||g||§,d/Rd 1| £ (1) Pda(t).

Proof. By using (2.5) and (2.14) we have
Ly W) . 0) Pdpaat, )
Rd x R4

= | W) (0, x) P (x, 0)

R4 xR
= Jod g x| f T (—x)|*d taa(x, ©)
= Jod g X~ | f T8 (x)*dptaa (x, @)

By using (3.23) we obtain

2
) Todlloa [, I11%170) Pdua(y)

2
1 (&2
:2_a<1~(d-§a)> ||g||2d/ % F )P dpa(y),

which is the desired result. [

3.4. Other form of Pitt’s inequality

(3.26)

In the following, we give the classical sharp Pitt’s inequality that we shall use.

THEOREM 3.15. Let 1 < p <2 and %—i—% = 1. Then, for every f € S(RY), we

have ,
L 1 &) Paua@) <Kl
where
d ol
g %F(ﬁ r@ |

Y )

(3.27)
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Proof. See [2]. [

REMARK 3.16. (Pitt’s inequality for STFT) From (2.5) and (3.27), one can easily
deduce the following well known Pitt’s inequality for STFT that is for a window func-
tion g € S(R?) and forevery 1 <p <2 and 5+ 1% = 1, we have for every f € S(RY)

d1=3) |y, 24 <K llgl2 I FI12 3.8
Rdx@dlw\ PV (f)(x, 0)"d g (x, @) < Kpllg 2.d f||p7d' (3.28)

3.5. Generalized Pitt’s inequality
In the following we first recall the generalized Pitt’s inequality in the Euclidean

case which will allow us to prove a generalized Pitt’s inequality type for the STFT.

THEOREM 3.17. Let 1 < p < g < oo, 0<a<%,0<ﬂ<l%andd>2. Then,

there is a nonnegative constant A such that for every f € S(R?), we have

(L mresooranm) <a( [ 1 ropau) e

with the index constraint

d d 1 1
—+—4+B-a=d, —-+-=1
P q p

Proof. See [3]. O
THEOREM 3.18. (Generalized Pitt’s inequality for STFT) Let g € S(RY) be a win-

dow function, 1 <p < qg<+oo, 0 <0 < %, 0<B< % and d > 2. Then, there is a
nonnegative constant A such that for every f € S(R?), we have

@]~V (f)llg2a < Allgllgall X1 fllp.a: (3.30)
with the index constraint
d d 1 1
—+-—4B-a=d, —-+—-=1
JZE) p

Proof. Since g, f € S(R?) this implies that for every x € RY, fT,g € S(R?).
We use (2.5) and we replace f by fT.g in (3.29) we obtain

Lol tansto) <a ( [ ol r@)Tsto) (o). 630
R R
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Hence, by integrating both sides of equation (3.31) with respect to the variable x and
using Minkowski’s inequality for integrals, we get

Lo W) . 0) a0

<o [ ([, 1ol storrator o) o

<A ( L ( L |wﬁf<w>ng<w>qdud<x>) 5 dud(w)> ;
—ao (@ loprlstgan)

g
P
—alelly ([ r@ploPraute)) .
RrRd
which corresponds to the desired result. [

3.6. Logarithmic uncertainty principle

In this subsection, we use the Beckner’s logarithmic uncertainty principle for the
classical Fourier transform in the Euclidean case to obtain the Logarithmic uncertainty
principle for the STFT.

THEOREM 3.19. (Beckner’s logarithmic uncertainty principle) Forevery f € S(R?)
we have

[ bl Pana) + [ Inlyl10) Pduaty)
> (WG) +1n(2)> /Rd ()P dua(x), (3.32)

where  is the digamma function given by

d

w(r) = 5 InT()].

Proof. See [2]. U

THEOREM 3.20. (Logarithmic uncertainty for STFT) Let g € S(R?) be a win-
dow function. Then, for every f € S(R?), we have

/Rdx@d Infol|74(f)(x, w)\zdﬂzd(x,a))—k||g||§7d/Rdln|t|\f(t)|2dud(t)

> (v (%) +me) 1

gll3.4- (3.33)
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Proof. Since g, f € S(RY), this implies that for every x € R?, fT,g € S(RY).
Using (2.5) and replacing f by fT,g in Theorem 3.19, we obtain

[ 1ol () 0)Pdua@) + [l £(6)Tg(e) Ppa(e)
R R
= [, 0ol (o) Pdua(@)+ [, nl]Lf0)T5(0) Pua(o)

> (v(§) +0@) [ om0k, 334

then, by integrating both sides of equation (3.34) with respect to the variable x, we get

L, - mleliTe(@) Pduae.o)+ [ kLT Pdps(e.)

> (w(§)+0@) [, OT&0 Pdusto.0.

hence

L ol (. 0) Ppsa(0) + [ el f0) Plgl=)Pdag(1.)

> (w(§) 1) [, L ORGPt

we get

L 10017200 (s 0) g0 + gl [ el 70)Pei0)

(o2 )

which corresponds to the desired result. [

Now, we give another proof of Beckner’s Logarithmic uncertainty principle by
using Pitt’s inequality for STFT.

d—o 2
Proof. For 0 < o <d, let c(@g):%(?%ﬁ%) and
e

me)= [ lol () 0)Pdua(x.0) =c(@)lgly [ 11O dua().

W) == [ mlollol%(f)x0) Pdua(x,0)
—c(@)llglB g [, mlell*1f () Pdpato)
~(@)lgli3a [, l1717(0) Ppate) (339
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By (3.24), h(ot) <0 and h(0) = 0 which implies that 4'(07) < 0. Hence, by (3.35) we
get

~(0)
< [, ol 0) Pdpa(v. ) + gl [ L0 Pdpa(),

hence we obtain (3.33). [

THEOREM 3.21. Let g € S(R?) be a window function. Then, for every function
f € S(RY), we have

[ 70 (. 0) Pdpaa e 0) + gl [ InlellF0) Ppate)
R4 xR R

(o2

Proof. By using (2.5) and (2.14) we have

(3.36)

[ 7). 0)Pdpa) = [ bl Tl (-0 Pdpa()
R4 R4
= [ 0l T ) a0

Since f,g € S(R?) then for every m € RY, we have fT,g € S(R?), we apply (2.5) we
obtain

[ () 0)Pdpa(o)+ [ nfell/Tod(0) Pdpa)

><w<j>+m )/ [ Twd(x)Pdua(x). (3.37)

Then, by integrating both sides of equation (3.37) with respect to the variable @, we
get

[y 10 0)Pdusate,0) + [ Inlal| FTog ) Pdpalx. )
R% xR R4 xR
= [ M0 (5. 0) Plpag (5. 0)
+ [ mIF@P [ g0l dua(@)dua()
= [, () 0P, @) + 815 [ Inll|F ) Pdpa)
= [, () 0) P () + 181 [ 700 Pda (o)

> (v (%) wn@) [ TPt
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:<w<>+m )/’v P [ 1Tud o) Pdua(@)dptata)
= <y/< >+ln(2)) 34 f||%,d
= (v (§)+n@) letzania

which corresponds to the desired result. [

A

A X

| X

3.7. Gross’s inequality
We denote by H'(R?) the Sobolev space defined by

H'(RY) = {f e (R)|Vf € L*(R))},
where Vf is the standard gradiant function.

THEOREM 3.22. Forevery d >2 and f € H'(R?)\{0}, we have
2 2 £112
/ SO (VO g < D [ LMoV Ra) 555
R4 Hf”z.d Hf”z.d 2 dm-e Hf”z.d

Proof. See [4]. U
Let g € S(R?) be a window function, for B >0 we define the Gabor modulation
space with respect to the frequency polynomial weight on R?, by

Mﬁ(Rd) {feLz(Rd) (1+|w\)g (f)eL2(Rd><Rd)}.

For every nonzero function f € Mf (R), we define the measure d1,4 by

%) (x, @)
2

d[.lzd(x,(x)).
1712411812 4

diq(x, @) =
By Jensen’s inequality and Plancherel’s formula, we get
[\ 170 5,0) P 0]dpaat, @)
R4 d
2 /]R _ (|0l (x, )
By (F)3
<n| <>mm><+w 339

113 4118113, 4

ﬁ
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THEOREM 3.23. Let g € S(R?) be a window function. Then, for every f € S(R?)
such that ||f||2q4 =1, we have

d

L Do) oldu(x,0) > 2l [ 1P Inl £l )
R4 xR R

(3.40)

Proof. Let f € S(RY) such that || f]|2« =1 and % is the function defined by

d_d
Vpell2], h(p) = [l|®|2 7 ¥ (f)]3 00 — A o
, - 2d d(l—z) 2
W(p)=— [ o™ P [7%(f)(x o) In|ojdu(x, o) (3.41)
P° JRAXRA

2
2Bl 120 (1010 — 111, [ O L0 ()).

By (3.30), h(p) < 0 and h(2) = 0 which implies that #'(27) > 0.
Hence, by (3.42) we get

Al [ Pl ldnat) < 5 [ (o) oldus(x @) O

COROLLARY 3.24. Let g € L*(R?) be a window function and 8 > 0.
Then, for every f € Mi(R?)\ {0}, we have

FER (1) d _(llol% (N3
1 d Sz —5——75— |- 3.42
fo 71, “(nfad) Hal) < 30 ( T 34

in (3.40), we obtain the desired result. [

Proof. By replacing f by ———

3.8. Logarithmic Sobolev inequalities

THEOREM 3.25. Forevery f € S(R?) with ||f|l2.a =1, we have

g/w F(E)PIn§ldua(§) = /Rd £ ()] In| £ (x)|da (x) + B, (3.43)

By = (2m) " (%w(%) +§ln2+%lnn— %m (%))

2

where

d
up to conformal automorphism, extremal functions are of the form A(1 +|x|>)~2.

Proof. See [2]. U
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THEOREM 3.26. (Logarithmic Sobolev’s inequality for STFT) Let g € S(R?) be
a window function. Then, for every f € S(R?) such that | f|j2.4 = 1, we have

d
5 Loa o 17 ) In|o|dp(x, 0) > ||g||§,d/d ()P In ] f (%) dpta (6) + Ballg 3.0
R4 xR R

(3.44)

whereBd:Z—iln(Z)—M @ d <é>

2 2 27\2 /)"

Proof. Let f € S(RY) such that ||f|[s = 1. Let p €]1,2[ and 4 is the function
defined by

h(p) = |0l Y (£)IB.2a —c(p) s

2d _2
W) =3 [, dxﬂ@vo\ V) @) In oldiz(x, )

2 el s (10110) 11,5 [, LA 0 ) o)

—c'(p) (3.45)
By (3.28), h(p) < 0 and h(2) = 0 which implies that #'(27) > 0.
Hence, by (3.45) we get

l&lBa [, 1O mlf(oldpa ()
d
<5 [, o) foldua(v.0) - K @)gl O

THEOREM 3.27. Forevery f € H'(R?)\{0}, we have

e dr a
[rorin (SO Y < § [ 17&R (511 F) dua()—aw (5 )

(3.46)
1 (T@) )\ . . . . .
where S; = — | —+ is the best possible. This constant is attained by up to
4m \T(4)
d
conformal automorphism f(x) = (1+ |x|2) 2
Proof. See [19]. O

COROLLARY 3.28. Let g € L*(R?) be a window function and f € M;(R%)\ {0}.

Then, we have
WY,
ba [ (fnzd)d”d( )
d

=z 2 —
<5 Loy o 6D 0) P infoldpa(x,0)

(3.47)
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Proof. By replacing f by ——— in (3.44), we obtain the desired result.

O

COROLLARY 3.29. Let B >0 and g € L*(R?) be a window function. Then, there
exists a constant D(B,d) such that for every f € M{i (R)\ {0} we have
) . (3.48)

WP (P d o %I
I8 f||§,d1“<f||§,d>d”d(") Sa" ( B e,

Proof. By using (3.47) and (3.39) we get the desired result with D(f3,d) = o 4B,
([l

We denote by
b
Ly(RY) = {f € L,(RY)| (1+x]?)* f € L"(R)}.
THEOREM 3.30. Let 1 < b < +oo. Then, for every f € L} (R?)\ {0}, we have

()]
/|f (fll )d”d d/ £ In(Cap(1+ ) dpa(x),  (3.49)

where

is the best possible and % + % = 1. Moreover, it is attained up to conformal automor-
phism by f(x) = (14 |x|?)~¢

Proof. See [19]. O
If f € L7(RY)\ {0}, then |f|> € L}, (R)\ {0} and by (3.49) we get

2
= Lo |f(x)21n<|”f;xg| )dud d/ F ()P In(Cazp (1 + |x1*)dpa(x). (3.50)
2,d

COROLLARY 3.31. Let g € L*(R?) be a window function. Then, there exists a
constant C(d) such that for every f € L3(RY) N M3 (RY)\ {0}, we have

L R0+ P+ o [ () 0) P nfldp(x, 0)
ke 2glfy e

Cd)|f13.4- 3.51)
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Proof. Let f € L3(RY) N M1 (RY)\ {0}. By using (3.50) and (3.47) we get

~d [ 170P I (Caalt+ ) duta()

2 (P
[ /)P ( Ty ) e

d
S TLE — In|o|[7; , 0 2d , @ —B 3 5
2||g||%7d/u§w 117 (f) (x, @) Pditaa(x,©) = Bal fII5.q

hence,

By 5
— —1InC,
<d n d72) 11154
1
< [ @RI+ ) )+ 5o [l 74(1) (v, @) Pdpaa(r. )
R? 2H8H27d R7xRd
Which corresponds to the desired result. [

COROLLARY 3.32. (Shannon’s inequality) Let 1 < b < +oo. Then, for every f €
L (R?)\ {0}, we have

- [ i ))dud<x><§f||l7dln<f” [ WP >>

(3.52)

where

Clib _ bh(b_ 1)1717 <2n%1"(%)1"(§)>

Proof. See [19]. O

THEOREM 3.33. Let >0 and § <b < +e0 and g € L*(R?) be a window func-
tion. Then, for every f € L(RY) ﬁM’3 (RY)\ {0} we have

1l £12 101 F4 ()10 > C(d, BL B £1135"

Proof. By replacing b by 2b and f by |f|* in (3.52), we get

( )‘2 d 2 d2b b
dHal) < o 3.54
/ ‘f ( ”fH ) ”d(X) 2b ’ n ( Hf” H| | f||2d> ( )

and by (3.48) we get
% B 2\
d2b lolP 7% (224 | *
D(B,d)————="— > 0. (3.55)
(IIf ) (“3 I eI,

S|
Which implies the desired result with C(d,8,b) = D(B,d)* C'j5,. O

(3.53)
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